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PKEFACE. 

TN writing the present book, my first aim has been to develop the Theory 
•^ of Oases upon as exact a mathematical basis as possible. The need for 
a sore foundation and an exact treatment is, I think, sufficiently obvious. 
For some years the Kinetic Theory has been regarded by the great majority 
of physicists with ever-increasing distrust and suspicions The origin of this 
attitude of mind is undoubtedly to be looked for in the fact that many 
results which have been deduced from the Theory are found to be in obvious 
o pposition to experi mental results. Deductions which have any relation at 
-^7^1 to physical phenomena cannot of course be arrived at without definite 
physical assumptions, and any inconsistency between theoretical and experi- 
mental results must of necessity be traceable to imperfections in the physical 
assumptions on which the development of the theory is based. Unfortunately 
the assumptions frequently enter in so subtle a form that it is hardly possible 
to realise that a definite assumption has been made at all. Henc e Jihe 
imppmt.ivA n^esff^'^y ^^V fi gt'^l^t' }q&^\ Irei^txnfijat. I have hoped that some 
of the distrust which at present attaches itself to the Kinetic Theory, will 
be removed when the exact relation between premises and conclusions is 
pointed out. 

J One discrepancy between theory and experiment, that connected with the 
^theorem of Equipartition of Energy and the consequent evaluation of the 
ratio of the specific heats of a gas, is of greater importance than all the 
others together. As xegards this particular question, I have tried to 
emphasise the facts, (i) that the theorem of Equipartition is based upon a 
definite assumption, namely that there is no interaction between matter 
and ether, (ii) that wherever we look, in the most literal sense of the word, 
the evidence that the assumption is illegitimate thrusts itself upon us — every 
ray of light which reaches our eyes is evidence against the truth of the 
assumption — and (iii)_that as^on aswe abandon the assumption in question, 
the ory an d experiment harmonise as well as could be desired. 
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vi Preface 

An attempt at an exact treatment of the subject has unfortunately 
involved the introduction of a considerable quantity of mathematical analysis, 
but I have kept before me the desire to reduce the amount of analysis to the 
minimum consistent with efficiency, in the hope of making as much of the 
book as possible intelligible to readers who are not trained mathematicians. 

I have also paid considerable attention to estimates of numerical values, 
to experimental results, and to the physical interpretation of the phenomena 
discussed, my ambition being to endow the subject with more life than 
would have been possible if it had been treated solely as a dynamical 
problem. As regards these parts of my work, I have been fortunate in re- 
ceiving advice and criticism from Mr H. A. Wilson and Mr O. W. Richardson, 
Fellows of Trinity C!ollege. I therefore venture to hope that there are no 
serious inaccui:acies in the more physical parts of the book. It will of course 
be understood that the book makes no claim to give anything like a full 
account of experimental results. Such results as are quoted are meant as 
illustrations only. The reader who wishes for a fuller account of experi- 
4nental work is referred to Meyer's Kinetic Theory of Oases or Weinstein's 
Thermodynamik und Kinetik der Korper. From both these books, as also 
from Travers' Experimental Study of Oases, I have borrowed largely. In the 
more abstract parts of the subject I have made constant use of the writings 
of Maxwell, Rayleigh and Tait, of Boltzmann's Vorlesungen iiber Oastheorie, 
of the papers of the same author in the Wiener Sitzungsberichte, and of 
KirchhoflF's Vorlesungen uber die Theorie der Wd/rme. To all these I express 
my indebtednesa 

It remains only to record my thanks to all who have helped me with 
suggestions and criticisms, and to the staff of the University Press from 
whom I have received every possible assistance and courtesy during the 
printing of the book. 

J. H. JEANS. 

November, 1904. 
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ADDENDA AND CORRIGENDA 

p. 110. § 126. Since writing this section, I have been interested to find that a precisely 
similar treatment had suggested itself to Maxwell in 1877, and was oatlined in a letter to 
Gamett (see the lAft ofMtunoell by Campbell and Gamett, p. 670). 

p. 161, last line, last expression. For ^ read ^ . 

p. 170, last line of § 199. For unit mass read unit volume. 

p 
p. 219. Table of valaes of Cp. In last five values of y-, for 0* read *0. The corresponding 

valaee on p. 218 are correct. 

p. 226, bottom of page. A step has been omitted, namely, a mention of the heat required to 
change the degree of dissociation when the temperature changes. The full argument is 
given in Chapter XYUX. 

p. 267. Table of values of ^. Some of the figures in the last column f — j are inaccurate, 

the correct series being 1-70, 1*77, 1*51, 1*76, 1*77, 1*61, 1-86, 1-50, 1-65— mean: 1*68. 
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CHAPTER I. . 

INTRODUCTORY CHAPTER. 

The Kinetic Theory conception op Matter. 

1. The dynamical theory of gases, as developed in the present book, 
rests solely upon what is commonly termed the Kinetic Theory of matter. 

The essential feature of the Kinetic Theory is that it interprets heat 
in matter as a manifestation of a motion of the molecules which compose 
the matter. It Qeed hardly be said that this identification of heat and 
motion is only a hypothesis: it never has been, and from the nature of 
things never can be, proved. At the same time this hypothesis shews an 
ability to explain and even to predict natural phenomena, such that there 
can be little doubt that it rests upon a foundation of truth. 

2. The Kinetic Theory assumes at the outset that all matter, whether 
soUd, liquid or gaseous, is composed of a great number of small molecules, 
and that these molecules are similar to one another so long as they are 
molecules of the same chemical substance. In making this assumption 
we are again relying upon an unproved and unprovable hypothesis. This 
second hypothesis is of course not peculiar to the Kinetic Theory but is 
borrowed from the science of Chemistry. Chemistry further supposes 
molecules to be capable of division into smaller bodies, namely atoms, and 
modem investigations shew that these again may be capable of division 
into yet smaller bodies — ions, electrons, or corpuscles. The Kinetic Theory, 
however, is concerned primarily with molecules only, and it is hardly 
necessary, at any rate for the development of the pure Kinetic Theory, to 
discuss any hypotheses or speculations as to the structure or divisibility 
of molecules. 

Having once postulated this divisibility of matter into molecules, our 
eveiy-day experience gives a certain amount of guidance as to the properties 
which are to be attributed to molecules. For instance, we know that two 
bodies cannot occupy the same space; any attempt to compel them to do 
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2 The Kinetic Theory co^iception of Matter [ch. i 

so briDgs into play a system of repulsive forces tending to keep the two 
bodies apart, and this system of forces can only be interpreted as the 
aggregate of the forces from individual molecules. It follows that molecules 
exert forces on one another, and that these forces are, in general, repulsive 
when the molecules are sufficiently close to one another. On the other 
hand, the phenomenon of cohesion shews that the force between two mole- 
cules may, under certain conditions, be one of attraction. 

The Three States of Matter. 

3. The fact that a solid body, when in its natural state, resists both 
compression and dilatation, indicates that the force between molecules 
changes from one of repulsion at small distances to one of attraction at 
greater distances. This change from a repulsive to an attractive force 
suggests a position of stable equilibrium in which a pair of molecules 
can rest in proximity to one another. If we imagine a great number of 
molecules placed in proximity and at rest in an equilibrium configuration, 
we have on the Kinetic Theory conception of matter, a mass of matter in 
the solid state, and, as there is no motion, this matter must be supposed, 
in accordance with the fundamental hypothesis of the theory, to be entirely 
devoid of heat. 

The molecules of which the substance is formed will be capable of 
vibration about their positions of equilibrium, and when these vibrations 
occur, we say that the body possesses heat. As the vibrations become more 
vigorous we say that the temperature of the body increases. 

For example, we may imagine the vibratory motion of the molecules 
to be set up in the first instance by rubbing the surface of the body 
against a surface of a similar body : here we have a case of heat generated 
by friction. The act of rubbing will consist firstly in placing the surfietces 
of the two bodies so near to one another that the molecules near the 
surface of one exert a perceptible action on the molecules near the surface 
of the other, and then in moving the surfaces over one another so as to 
disturb these surface molecules from their positions of equilibrium. At 
first the motion will be confined to the neighbourhood of the parts actually 
rubbed, but the motion of these parts will gradually induce motion in the 
adjoining regions, until ultimately the motion will have spread over the 
whole mass. In this latter phenomenon we have an instance of conduction 
of heat. 

As a second example, we may imagine two masses, both devoid of 
internal motion, to impinge one upon the other. The impact will at first 
cause systems of waves to be set up in the masses, but after a sufficient 
time the wave character of the motion will have become obliterated, whilst 
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2-5] The Three States of Matter 3 

motion of some kind must persist in order to account for the energy of 
the original motion. This original motion will, in fact, have become re- 
placed by a small vibratory motion of the molecules about their positions 
of equilibrium — according to the Kinetic Theory, by heat-motion. 

4. If the body under consideration continues to acquire heat in any 
way — if, that is, the energy of vibration is caused continually to increase — 
a stage will in time be reached in which some of the molecules are 
possessed of so much kinetic energy that the forces from the other 
molecules no longer suffice to hold them in position : they will, to borrow 
an astronomical term, escape from their orbits. When the body has reached 
a state such that this is true of a great number of molecules, it is clear 
that the application of even a small force, provided it is continued for 
a sufficient length of time, will, by taking advantage time after time, as 
opportunity occurs, of the weakness of the forces tending to retain individual 
molecules, cause the mass to change its shape. When this stage is reached, 
the body has assumed a plastic or liquid state. 

When a molecule of a liquid escapes from its orbit it will in general 
wander about amongst the other molecules until it falls into a new orbit 
If, however, it was initially near to the surfiwje of the liquid, it may be possible 
for it to escape altogether from the attraction of the other molecules, just 
as it is possible for a projectile, if projected from the earth's surface with 
sufficient velocity, to escape from the earth altogether. When this happens 
the molecule will leave the liquid, so that the mass and volume of liquid 
will continually diminish owing to the loss of such moleculea Here we 
have the Kinetic Theory interpretation of the process of evaporation, the 
vapour being formed by the escaped molecules. 

If the liquid is contained in a closed vessel the escaping molecules will 
impinge on the side of the vessel, and after a certain number of impacts, 
may fall back again into the liquid. When a state is reached in which 
the number of molecules which fall back in this way is exactly balanced 
by the number which escape, we have, according to the Kinetic Theory, 
a liquid in equilibrium with its own vapour. 

6. If we suppose the whole of the liquid transformed into vapour in 
this way, we have the Kinetic Theory conception of a gas. The molecules 
can no longer be said to describe orbits, but describe rectilinear paths with 
uniform velocity except when they encounter other molecules or the walls 
of the containing vessel. It is clear that this view of the nature of a ga& 
will sufficiently explain the property which a gas possesses of spreading 
throughout the whole of any closed space in which it is placed. It is not 
necessary to suppose, as was at one time done, that this expansive property 
of a gas is the result of repulsive forces between the molecules. 

1—2 
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4 The Kinetic Theory conception of Matter [ch. i 

Of the three states of matter which have just been sketched, the 
mathematical development of the Kinetic Theory is at present concerned only 
with the last. A properly developed Kinetic Theory of liquids and solids 
is still wanting, and throughout the remainder of this book we shall be 
content to discuss matter in its gaseous state. 

Mechanical Illustration of the Kinetic Theory of Oases. 

6. It is important to form as clear an idea as possible of the conception 
of a gas which has just been reached. Now very little is known as to the 
structure or shape of actual molecules, or of the way in which they act upon 
one another. Since, however, it is advisable to have as concrete a repre- 
sentation as possible before the mind, we may for the present (following the 
usual procedure in the development of the Kinetic Theory) agree to 
associate the idea of a molecule with that of a spherical body of great 
elasticity and rigidity — to make the picture quite definite, let us say a 
billiard-ball. The justification for this procedure lies in its success : it will 
be found that the behaviour of a gas in which the molecules are complex 
structures of the most general kind, can, to a large extent, be predicted 
from the behaviour of the much simpler ideal gas of which the molecules 
are of the simple type just described. In fact one of the most striking 
features of the Kinetic Theory is the way in which we are enabled to 
predict the behaviour of a gas as a whole while remaining in almost complete 
ignorance of the behaviour and properties of the molecules of which it is 
composed. 

7. Before proceeding to exact mathematical analysis, it may be profitable 
roughly to indicate the questions which are to be* examined, and at the same 
time to forecast some of the results which will be obtained. This can 
well be done by taking a mechanical illustration in two dimensions. 

Let us represent the molecules of the gas by billiard-balls, and the vessel 
in which the gas is enclosed by a large billiard-table. The walls of the 
vessel are of course represented by the cushions of the table, and if the 
vessel represented is to be a closed one, there must be no pockets. The 
materials must be of such good quality that a ball once set in motion will 
collide thousands of times with the cushions before it is brought to rest 
by the friction and various other passive forces which tend to destroy 
its motion. Most of the properties of gases can be illustrated with this 
imaginary apparatus. 

If we take a very large number of balls and start them at random on 
the table with random velocities, the resulting state of motion will give a 
representation of the supposed state of the gas. Every ball will continually 
be colliding both with the other balls and with the cushions. The velocities 
of the balls will be of the most varying kinds : at one instant a ball may be 
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5-7] Mechanical lUvstration 5 

brought absolutely to rest, while at another instant, as the result of a 
succession of favourable collisions, it may possess a velocity far in excess 
of the average velocity of the other balls. [One of the problems we shall 
have to solve will be to find how the velocities of the various balls are distri- 
buted about the mean velocityJ We shall find that whatever the way in 
which the velocities are grouped at the outset, they will tend, after a 
sufficient number of collisions, to group themselves according to the so-called 
law of trial and error — the law which governs the grouping in position of 
shots fired at a target. 

If the cushions of the table were not fixed in position, they would be 
driven back by the continued impacts of the balls. The force exerted on 
the cushions by the balls colliding with them accordingly represents the 
pressure exerted on the walls of the containing vessel by the gas. Let us 
imagine a moveable barrier placed initially against one of the cushions, and 
capable of motion parallel to this cushion. Moving this barrier forward is 
equivalent to decrecusing the volume of the gas. If the barrier is moved 
forwards while the motion of the billiard-balls is in progress, the impacts 
both on the moveable barrier and on the three fixed cushions will of course 
become more frequent : here we have a representation of an increase of 
pressure accompanying a diminution of volume of a gas. fWe shall have to 
discuss how far the law connecting the pressure and density of a gas, consti- 
tuted in the way imagined by the Kinetic Theory, is in agreement with that 
found by experiment for an actual ga^ 

Let us imagine the barrier on our supposed billiard-table to be moved 
half-way up the table. Let us suppose that the part of the table in 
frdtit of the barrier is occupied by white balls moving on the average with 
a large velocity, while the part behind it is similarly occupied by red balls 
moving on the average with a much smaller velocity. Here we may imagine 
that we have divided our vessel into two separate chambers; the one is 
occupied by a gas of one kind at a high temperature, the other by a gas of a 
different kind at a lower temperature. Returning to the billiard-table, let 
the barrier suddenly be removed. The white balls will immediately invade 
the part which was formerly occupied only by red balls, and mce-versa. 
Also the rapidly moving white balls will be continually losing energy by 
collision with the slower red balls, and the red of course gaining energy 
through impact with the white. After the motion has been in progress for 
a sufficient time the white and red balls will be equally distributed over the 
whole of the table, and the average velocities of the balls of the two colours 
will be the same, f Here we have simple illustrations of the diffusion of 
gases, and of equalisation of temperature^ The actual problem to be 
solved is, however, obviously more complex than that suggested by this 
analogy, for in nature the molecules of different gases differ by something 
more than mere colour. 
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6 The Kinetic Theory conception of Matter [oh. i 

There is one further point to be mentioned. However elastic the billiard- 
balls and table may be, the motion cannot continue indefinitely. In time 
the energy of this motion will be frittered away, partly by the vibrations 
set up at collisions and partly, perhaps, by frictional forcea What, then, y 
does this represent in the gas, and how is it that a gas, if constituted as vr^ 
have supposed, does not in a short time lose the translational motion of its 
molecules, and replace it by a vibrational motion internal to the molecules ? 
An answer, as will appear later, is supplied by the extreme "elasticity" of the 
molecules, this elasticity being put in evidence by the high frequency of the 
light-vibrations emitted by the molecules. This frittering away of the trans- 
lational motion is in fact continually taking pierce in a gas, but the process 
is so slow that, as we shall see, gases may exist for millions of years without 
their stock of energy being replenished, before the energy of the translational 
motion is appreciably diminished. 



Numerical Values. 

8. The foregoing rough sketch will, it is hoped, have given some idea of 
the natiire of the problems to be attacked. As a conclusion to this pre- 
liminary chapter, it may be useful to give some approximate numerical values, 
as an indication of the magnitude of the quantities with which we shall be 
dealing. 

Number of molecules per cubic centimetre. The number of molecules in 
a cubic centimetre of gas at normal temperature and pressure is, in 
accordance with Avogadro's law (§113 infra), independent of the chemical 
composition of the gas. Probably the most accurate values obtained experi- 
mentally for this number are those obtained by electrical methods which are 
quite independent of the Kinetic Theory*. Professor J. J. Thomson f finds 
for this number, referred to normal temperature and pressure, the value 
3-6 X 10", Mr H. A. WilsonJ finds the value 4*0 x 10>», whilst from some 
earlier experiments of Professor Townsend§ it is possible to deduce the value 
4*1 X 10". We may, therefore, conclude that the value of this number, 
certainly as regards order of magnitude, and possibly to within an error of a 
few per cent., is equal to about 4 x 10"||. Since the mass of the molecule 
must be supposed to remain constant thi^ughout all changes of density,*^ ^ 
temperature and volume of the gas, the number of molecules per cubic r ^ 
centimetre will obviously be directly proportional to the density of the gaa j 



* A review of these methods is given by Prot J. S. Townsend, PhiL Mag. vn. p. 378. 
+ PhU. Mag. v. p. 835. :|: Phil. Mag. v. p. 441. 

§ Proc. Camb. Phil. Soc. xx. Part 5. Vift 

II A discussion of earlier attempts to estimate this number is given by Lord Kelvin, Baltimore 
Lectures, Lecture zvii., or Phil. Mag. iv. pp. 177 and 281. 
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7, 8] Numerical Values 7 

Mass of a molecule. The mass of a cubic centimetre of oxygen under 
normal conditions* is '001429 gms., so that from the number just given 
it follows that the mass of a molecule of oxygen is, to the same degree of 
accuracy as before, equal to 3*5 x 10~* gms. The masses of other molecules 
are of course in proportion to their chemical molecular-weights. That of 
hydrogen, for instance, is about 22 x 10~^ gms. 

Velocity. The velocity of the molecules is known with great accuracy. 
For air at a temperature of 15*" C. the average velocity is about 459 metres 
per second. For hydrogen at 0° C. it is about 1694 metres per second. As 
regards velocities under other conditions it may be said that, roughly, the 
mecm velocity of a molecule of molecular weight m, at a temperature of 
6 degrees Centigrade, is proportional to j21Z-\-d, and is inversely pro- 
portional to Jm. It is approximately independent of the density. A table 
of velocities will be given later. 

If all the molecules were moving with a velocity equal to the average 
velocity, the total distance described by the 4 x 10" molecules in a c.c. of 
hydrogen at 0"* C. would be about 677 x 10^' kilometres per second. The 
actual distance, after allowing for the variation in the velocities of the 
molecules, is, as will be seen without trouble, exactly equal to this. 

Size. It is a matter of some diflSculty to determine or even to define the 
size of a molecule. The trouble arises primarily from our ignorance of the 
shape and other properties of the molecule. If the molecules were known to 
be elastic spheres the question would be simple enough, and the size of the 
molecule would be measured by the diameter of the sphere. If, however, 
the molecules are assuTned as a first approximation to be elastic spheres, 
experiment leads to discordant results for the diameters of these spheres, 
shewing that the original assumption is unjustifiable. The divergencies 
arise not only from the fact that the shape of the molecules is not spherical, 
but also from the fact that the molecules are surrounded by fields of force, 
and in most experiments it is the extension of this field of force, rather 
than that of the molecules themselves, with which we are concerned. 

If, however, we agree to regard the molecules as roughly represented by 
elastic spheres, it is found that these spheres must be supposed in the case of 
hydrogen to have a radius of about 10~® cms. The size ought strictly to be 
different for different molecules, and more exact figures will be given later, 
but as the difference in size is hardly more than comparable with the- error 
introduced by the supposition that the molecules are elastic spheres, these 
differences need not be discussed here. Regarding the molecule of hydrogen 
as a sphere of radius 10"® cms. the number of collisions per cubic centimetre 
of hydrogen at' 0** C. is found to be about 2*4 x 10" per second. 

* Trsvers, ExperimenUU Study of Oases, p. 183. 
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Free Paths. Each collision is the termination of two free paths, hence 
the number of free paths described in the gas just considered is about 
4'8 X 10* per second. It has already been said that the total distance 
described — i.e., the aggregate of these free paths — is 677 x 10" cms. Hence 
on division we see that the mean length of these free paths is 1*4 x 10"' cms. - 

It is obvious that the mean free path, being a pure length, will depend 
only on the diameter of the molecules, and on the number of molecules 
per cubic centimetre; it will not depend on the velocities of motion of 
the molecules. Thus the values we have obtained for the mean free path 
are approximately true for all gases so long as the molecules are supposed 
uniformly to be spheres of radius 10~® cms. The free path is, however, 
inversely proportional to the number of molecules per cubic centimetre of 
gas. For instance in a vacuum tube in which the pressure is that of half 
a millimetre of mercury, the density of gas is only 1 : 1520 of the normal 
* density, and thei^ore the free path is roughly equal to a quarter of a milli- 
metre. 

It appears from these figures that the mean free path of a molecule is 
about 700 times its diameter in a gas at normal pressure, and is over 
a million times its diameter when the pressure is reduced to half a milli- 
metre of mercury. There is therefore every justification for assuming, as 
a first approximation, that the linear dimensions of molecules are small in 
comparison with their free paths. 

Comparing the values obtained for the free path with the values 
previously given for the velocity of motion, we find that the mean time 
of describing a free path ranges from about 3 x 10~" seconds in the case 
of air under normal conditions, to about 1*3 x 10~^ seconds in the case of 
hydrogen at a pressure equal to that of half a millimetre of mercury. 

The principal lesson to be learned from the foregoing figures is that 
the mechanism of the Kinetic Theory is extremely "fine-grained" when 
measured by ordinary standards. Molecules are, in fact, not infinitely small, 
and neither is their motion infinitely rapid, but the units of space and time 
appropriate for the measurement of the motion of individual molecules are 
so small in comparison with even the smallest quantities which we can 
measure experimentally that the phenomena exhibited by a gas constituted 
in the way described will be indistinguishable, so far as experiment and 
human observation go, from those of a continuous medium. It is for this 
reason that the hypothesis upon which the Kinetic Theory rests is, and 
probably will always remain, an unproved hypothesis. 



Digitized by 



Google 



8, 9] Historical Note 9 

Historical Note. 

9. The rise of the Kinetic Theory was of a gradual nature, and it is 
difficult to mention any time at which the theory may be said to have 
arisen, or any single name to whom honour of its establishment is due. 
Three stages in its development may be traced. There is first the stage 
of speculative opinion, unsupported by scientific evidence. Given that 
a great number of thinkers are speculating as to the structure of matter, 
it is only in accordance with the laws of probability that some of them 
should arrive fairly near to the truth. An opinion which turns out 
ultimately to be near the truth remains, however, of no greater value to 
the advancement of science, than a more erroneous opinion, until scientific 
reasons can be given for supposing the former to be more accurate than 
the latter. When this point is reached the theory may be said to have 
entered upon the second stage of its development; the true and false 
opinions are still equally in the field, but the former is supplied with 
weapons for defeating the latter. In the third stage there is general agree- 
ment as to the main foundations of the theory and their truth, and labour 
is devoted no longer to defeating adverse opinion, but to the elaboration of 
the detail of the theory, and to attempts to extend its boundaries. 

In its earliest stage the growth of the Kinetic Theory is hardly distin- 
guishable from that of the atomic theory. The view that matter was to be 
regarded as an aggregation of hard, indivisible and similar parts was upheld 
by Lucretius, who appears to have taken his opinions from Democritus and 
Epicurus, who again had been guided by Leucippus. This theory was re- 
vived by Gassendi in the middle of the seventeenth century*. Apparently 
Gassendi was the first to suspect that the ^motion alone of the atoms was 
sufficient to account for a number of phenomena, without the introduction 
of adventitious hypotheses to account separately for these phenomena. 
Lasswitzf describes Gassendi*s work as follows : " Following Democritus and 
Epicurus, Gassendi in the seventeenth century re-established and elaborated 
an atomic theory based upon the assumption that all material phenomena 
can be referred to the indestructible motion of atoms and can therefore 
be described as " kinetic." Gassendi's atoms are devoid of all qualities 
except absolute rigidity ; they are similar in substance, but different in size 
and form, and move in all directions through empty space. On this basis 
Gassendi explains a number of physical processes, in particular the three 
states of matter and the transitions from one to another, in a way very 
little different from that of the modem kinetic theory." It is obvious, 
then, that with Gassendi the theory is entering upon the second stage of 
its existence. 

* Syntagma Philoiophicumt 165S, Lugduni. 

t *'Der YerfaU der kinetisohen Atomistik im 17 Jahrhandert," Pogg, Ann. oun. p. 373 (1S74). 



/♦ 



Digitized by VjOOQIC 
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Twenty years later ideas of the same nature seem to have occurred 
independeutly to Hooke, the recognition of whose work in the foundation 
of the Kinetic Theory is due to Professor Tait*. 

The next advance in the theory is due to Daniel BemouUif, who fre- 
quently is credited with having been the first to make the discoveries of 
Gassendi and Hooke. In his Hydrodynamica, published in 1738, he points 
out that the elasticity of a gas may be regarded as due to the impacts of 
particles on the boundary. He deduces Boyle's law for the relation be- 
tween pressure and volume, and attempts to find a general relation between 
pressure and volume when the finite size of the molecules, supposed abso- 
lutely hard and spherical, is taken into account. 

After Bernoulli, there is little to record for almost a century. Then we 
find that in rapid succession HerapathJ (1821), Waterston (1845), Joule§ 
(1848), Kronig||a856), and Clausius (1857) take up the subject. Waterston 
attempted to Mun5 a scientific mathematical theory of the subject; but 
his paper, which was presented to the Royal Society in 1845, contained 
certain inaccuracies, and was for this reason not published in the Philo- 
sophdccU Transactions until 18921, when Lord Rayleigh had it published 
on account of its historical interest. Clausius, in his first paper**, calculates 
accurately the relation between temperature, pressure and volume, and also 
the value of the ratio of the two specific heats for a gas in which the 
energy of the molecules is wholly one of translation. In 1869, Clerk 
Maxwell was added to the number of contributors to the theory, reading 
a paper on the subject before the British Association at Aberdeen "f-f*. It 
has been suggested that Maxwell was first led to take an interest in the 
subject by his investigations on the motion of Saturn's rings, which gained 
for him the Adams Prize in 1857JJ. In the hands of Clausius and Maxwell 
the theory developed with great rapidity, so that to write the history of the 
subject from this time, would be hardly less than to give an account of 
the theory in its present form. Among the more prominent contributors 
to the theory since the time of Clausius and Maxwell may be mentioned 
Boltzmann, KirchhoflF, Van der Waals and Lqrentz on the continent, and in 
England Tait, Lord Rayleigh and Burbury. 

* <* Hooke's Anticipation of the Einetio Theory." Proe, Edin, Roy, Soc, March 16, 1885. 
Tait'B CoUeeted Warkt, n. p. 122. 

t Daniel BernouUi, HydrodynanUca, Argentoria, 1738. Seotio decima, ** De affeotionibus 
atque motibus fluidorom elasticorum, praecipue autem aeris.*' 

t Annals of Philosophy, [2], i. p. 278. 

§ British Association Report, 1848, Part n. p. 21 ; Memoirs of the Manchester Literary and 
Philosophical Society, [2], de. p. 107. 

II Poggendorff's Annalen. IT Phil, Trans, CLxxxm. p. 1. 

♦♦ "Ueber die Art der Bewegung welche mx Warme nennen," Pogg, Annalen^ o. p. 353. 

ft Phil. Mag, Jan. and July, 1860. CoUeeted Works, x. p. 877. 

:^ See W. D. Niven, preface to Maxwell's CoUeeUd Works, p. xt. 
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CHAPTER II. 

THE LAW OF DISTRIBUTION OF VELOCITIES. 

I. The Statistical Method. 

• yx 10.(^ The mathematical diflBculties of the subject commence when we 
• ^ attempt to discuss the law according to which the velocities of the mole- 
^ cuies are grouped about their mean valueJ We are of course at liberty 
to consider an imaginary gas in which tne velocities are grouped at the 
outset according to any law we please, but in general every collision which 
occurs will tend to change this law. The problem before us is to investigate 
whether there is any law which remains, on the whole, unchanged by 
collisions; and if so whether the velocities of the molecules' of a gas, 
starting from some arbitrarily chosen law, will tend after a su£5cient time, 
to obey some definite law which is independent of the particular law from 
which the gas started. 

There are two totally distinct methods of attacking these problems, and 
these are given in this chapter and the next, the relation between them 
being discussed in Chapter lY. The present chapter contains the classical 
method of which the development is due mainly to Clerk Maxwell and 
Boltzmann (see § 60 below). ^ 

The definition of Density. 

11. There is no difficulty in defining the density of a continuous sub- 
stance. If we take a small volume v, enclosing a given point P, and denote 
by m the mass of matter contained within this volume, then the assumption 
of continuity ensures that as the volume v shrinks until it is of infinitesimal 
size, while still enclosing the point P, then the ratio m/v ynW approach 
a definite limit p, and we define the density at the point P as being the 
value of the limit p. 

Again, when, as in the Kinetic Theory, the matter is composed of discrete 
molecules, there is no difficulty in defining density if the matter is homo- 
geneous and if also it can be supposed that there is an infinitely great 
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quantity of it. In this case, we take a volume V and suppose -Jf to be 
the mass enclosed within it. The homogeneity of the matter now ensures 
that as F is jbpreased indefinitely, the ratio MjV will approximate to 
a definite limit p, and, as before, we define the density of the mattep' to 
be the value of the limit p. 

The gas of the Kinetic Theory will, in general, be neither continuous 
nor homogeneous. It will therefore be impossible to frame a general 
definition upon the model of the two foregoing definitions, since to do this 
we should have t^ suppose the eleinent of volume to become infinitely 
great and infinitely small at the same time. But with reference to the 
actual conditions of nature this objection is not serious. We can find an 
element of volume which may, without appreciable error, be supposed to 
be infinity great in comparison with the distance between neighbouring 
molecules, and at the same time infinitely small compared with the scale 
of variation of density of the gas. For instance, the density of a gas may 
generally be supposed homogeneous throughout a cube of edge equal to 
one millimetre, while such a cube is large compared with the scale of 
molecular structure, containing, as has already been mentioned, about 
4 X 10^* molecules in the case of a gas under normal conditions of pressure 
and temperature. 

The ratio of the mass contained in an element of this kind, to the 
volume of the element, will give the mass-density of the gas. If we sub- 
stitute "number of molecules whose centre is contained in" for "mass 
contained in," the definition gives the Tnoleaular-density of the gas. We 
shall find it convenient to denote the mass-density by p and the molecular- 
density by p. If m is the mass of each molecule, we have 

p^mv (1). 

It will be seen that this definition of density is not logically perfect, 
but it will be admitted that it is adequate for practical use. The difficulty 
of obtaining a logically perfect definition has been discussed by Burbury*. 
A similar difficulty is of common occurrence in statistical work : consider, 
for instance, the statement "the density of population in parts of London 
is as high as 105 per acre." 

12. If ft is a volume throughout which the density is sensibly constant, 
the number of molecules of which the centres are contained within this 
volume would, if the foregoing definitions were logically perfect, be fti/. 
As the definitions are not perfect, we must examine within what limits 
the statement is true, that the number of molecules is fti/. It is certainly 
not literally true, for neither ft nor v will in general be integers, while 

• S. H. Borbory, Kinetic Theory of Gases, p. 3. 
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the number of molecules whose centres are contained in the volume ft 
must necessarily be integral. In the language of the theory of probability 
the statement may be taken to mean that the " expectation '' of the number 
of molecules in the region in question is fti/. Any appeal to the theory of 
probability implies that a certain amount of knowledge is given, while we 
remain in ignorance of the remaining facts. In this particular case, what is 
known is that the molecular density throughout the region ft is i/ ; what is 
not known is the position of the individual molecules of the gas. 

With this understanding it will be permissible to say that the number of 
molecules in an element of volume dxdydz selected at random is vdxdydz. 
What is meant is that the probability of finding the centre of a molecule 
inside this element of volume is vdxdydz. 

The definition of the Law of Distribution of Velocities, 

13. The diflSculties of the last two sections recur when we attempt to 
define the law of distribution of velocities. In fact at present we may 
consider that a molecule possesses six coordinates — the coordinates in space 
of its centre of gravity which we denote by a?, y, z, and the corresponding 
velocity components, which we shall denote by iz, v, w,j In the last two 
sections we were virtually discussing the law of grouping of the coordi- 
nates X, y, z ; we now have to discuss the law of grouping of the velocities 

^Let us take some fixed imaginary point as origin, and draw from this 
point a system of lines to represent in magnitude and direction the velocities 
of the diflferent molecules of the gas. Referred to orthogonal axes the 
coordinates of the extremity of any line will be u, v, w, the components 
of velocity of the corresponding molecule. A discussion of the law of distri-^ 
bution of velocities is exactly equivalent to a discussion of the law of density^ 
of these points. \ 

Subject to the limitations already mentioned, we can define the density 
of these points in the manner already explained. ^If we may denote this 
density by t, then, on our former understanding, we can say that the number 
of molecules of which the velocities lie between u and u + du, v and v + dv^ w 
and w + dwy is rdudvdw, where t is the "density of points at the point u, v, w." 
We shall find it conveuient to replace t by Nf, where N is the total number 
of molecules of which the velocities have been represented. When it is 
necessary to specify the point w, v, w at which / is measured, we shall write 
f(u, V, w) instead of/. 

14. ^ We therefore see that the probability that the velocity of a, molecule 
selected at random shall have components lying between u and u + du, v and 
v-\-dVy w and wH- dw iaf{u, v, w)dudvdw. To avoid the continual repetition of 
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these limits, let us agree to say that a molecule of which the components lie 
between u and u + du, v and v-^-dv^ w and w-^-dw ia sl molecule of class A. 

The total number of molecules of class A is of course 

jy/(tt, V, w) dudvdw. 

In accordance with the definition of § 12, we can say that the number of 
molecules belonging to class A which are found within the element of volume 
dxdydz selected at random is 

vf{Uy V, w)dudvdwdxdydz (2). 

Interpreted literally this statement is unintelligible for dudvdw dxdydz is a 
small quantity of the sixth order; interpreted in the sense already explained, 
no exception can be taken either to its intelligibility or truth. 

The assumption of Molecular Chaos. 

16. Let us imagine that instead of the element dxdydz having been 
selected at random, we had supposed it to be an element in the immediate 
neighbourhood of a second molecule of which the components of velocity 
were known to lie between u and u + du\ v and v' + dv\ w' and w' + dw', 
let us say a molecule of class B. We are no longer justified in saying that 
the probability of finding a molecule belonging to class A inside this element 
is given by expression (2). K all the molecules of class A were distributed 
at random, and then those of class B were independently distributed at 
random, the statement would be true enough. But if the gas is moving in 
accordance with the dynamical conditions of nature, it is quite conceivable 
that, for instance, molecules possessing nearly equal velocities tend to flock 
together. If this were so the probability we are discussing would be greater 
than that given by expression (2) when the velocities of the two molecules of 
classes A and B were nearly equal ; in general, it would depend on u\ v\ w\ 
as well as on u, t;, w. 

In the case which is discussed in the present chapter — that in which the 
molecules are hard elastic spheres — it is usual to assume that the molecules 
having velocity-components lying vrithin any small specified limit are, at 
every instant throughout the motion of the gas, distributed at random, in- 
dependently of the positions or velocities of the other molecules, provided 
only that two molecules do not occupy the same space. The legitimacy of 
this assumption is not self-evident Indeed, nothing but a discussion of the 
dynamical equations which determine the motion of the molecules can decide 
whether the assumption is true or not Such a discussion will be given in 
the next chiqpter ; for the present we shall be content to make the assumption, 
without discussing its validity. 
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The changes produced hy Collisions when the Molecules are 
Elastic Spheres. 

16. The state of a gas is fully known from the statistical point of 
view, when the density and the law of distribution of velocities at every 
point of the gas are known. The main problem of this chapter, which we 
now proceed to attack, is to search for a steady state : t.e., a state in which 
the density and law of distribution of velocities remain the same at every 
point of the gas throughout all time. 

We begin by discussing the simplest case. Not only are the molecules 
supposed to be hard rigid spheres, but we suppose that the extemcJ physical 
conditions are the same at every point of space, and that the gas fills infinite 
space. The latter assumption is a temporary one, which enables us to 
consider separately the elements of the problem which are introduced by 
the presence of a containing vessel. 

Under the conditions now postulated, we may clearly begin by assuming 
the gas to have the same molecular density v and the same law of distri- 
buticm of velocities / at every point of space. Since there is nothing to 
distinguish the different regions in space, this uniformity in space will 
obviously be maintained throughout all time, but the actual form of the 
function / will change with the time. 

17. The first problem is to find an expression for the change in the 
number of molecules belonging to class A (defined on p. 14) which occurs 
during an interval of time dt. Since the motion of the molecules is one of 
uniform velocity except when collisions take place, it appears that molecules 
can only enter or leave class A through the occurrence of collisions. We 
begin by considering molecules which leave class A through collisions. 

Let us consider a special "kind of collision which we shall call a collision 
<^ class OL This is to be defined as a collision in which the three follovring 
conditions are satisfied. 

(i) One of the two colliding molecules is to be a molecule of class A. 

(ii) The second colliding molecule is to be of class B (defined on p. 14). 

(iii) The direction of the line joining the centre of the former molecule 
to that of the latter at the moment of impact is to be such that 
a line drawn parallel to it from the centre of a fixed sphere of 
unit radius to the surface of this sphere meets the surfSetce inside 
a small element of area c{a>, this element being such that the 
direction-cosines of a line drawn to its centre from the centre of 
the sphere are /, m, n. 
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The number of molecules of class A is vf{u, v, w) dudvdw per unit volume, 
and each of these is capable of taking part in a collision of class ce. Let a- be 
the diameter of a molecule, and imagine a sphere of radius a drawn round 
each molecule and concentric with it. As the molecule moves, the sphere is 
to move so as to remain concentric, but is not to rotate ¥rith the molecule. 
If a collision of class a occurs, the centre of the second molecule — that of 
class B — ^must lie on this sphere at the moment of impact, and farther, since 
condition (iii) is to be satisfied, must lie within a small element of surface of 
area a^dw. In figure 1, the sphere of radius <r is drawn thick. The other 
spheres represent the two molecules just before and at the instant of collision. 
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Fio. 1. 

Supposing that a collision of class a takes place, we see that before collision 
the second molecule must have been moving relatively to the first with a 
velocity of which the components, except for infinitesimally small quantities, 
were u —u, v' — v, w' -w) let us say a velocity F in a direction \. /tt, v. 
Hence at an infinitesimally small time hi before collision, the centre of the 
second molecule must have been upon a small element of area <r*do) obtained 
by moving the element a^dfay from an initial position upon the surface of the 
sphere through a distance Vit in a direction - \, — ^, — i/. If, therefore, 
a collision is to take place within an interval dt the centre of the second 
molecule must, at the beginning of this interval, have been inside the 
cylinder which is described by moving the original element through a 
distance Vdt in this same direction. 

The volume of this cylinder is equal to its base multiplied by its height. 

The former is <r*da), the latter is Vdt cos ^, where is the angle between the 

axis of the cylinder and a perpendicular to the base. The direction cosines 

of the axis aie — X, — /it, — j/, those of the perpendicular to the base are of 

course /, m, n, so thai; 

cos^= — '(i\+ m/A + ni/) (3). 
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The volume of the cylinder is therefore Fo^ cos Odeodty so that for any single 
molecule of class A, the probability that .the centre of a molecule of class B 
shall lie within this cylioder at the beginning of the interval dt is, in 
accordance with § 15, 

yf{u\ v\ v/)du'di/dv/Va^ COS 0da)dt. 

This, then, is the probability for each molecule of class A that a collision 
of class a shall occur during the interval dt The number of molecules of 
class A is vf(Uy v, w) dudvdw per unit volume, so that the " expectation " of 
the total number of collisions of class a which occur in time dt per unit 
volume will be 

v*/{^y V, w)f{u, v\ v/)V<j*coH0dudvdwdu'dvdii/da}dt (4). 

18. We now consider a second type of collision, class 13. This is to 
be a type of collision through which a molecule enters into class A, and 
is to be defined as a collision in which the three following conditions are 
satisfied : 

(i) After the collision, one of the molecules is to be of class A. 

(ii) After the collision the second molecule is to be of class B. 

(iii) The -direction of the line of centres at impact is to satisfy the same 
condition as for a collision of class a (p. 15). 

The velocities before the collision can be found without trouble. For the 
relative velocity can be divided into two parts — the one in the common 
tangent plane through the point of contact of the spheres, and the other 
along the line of centres. • Of these, the former remains unaltered by the 
collision, while the latter is reversed in direction, but remains unaltered in 
magnitude. Now the normal relative velocity after impact must, in virtue of 
the three conditions satisfied, be the same as for a collision of class a before 
impact. It must, therefore, be VcosO, . We shall denote Fcos by W, and 
therefore have, by equation (3), 

., Tr = -F(iX + m/x + rw;) 

- I (u- u') + m (v — v') + n{w - w'). 

Let u, v, w and u', v\ v/ be the components of the velocities of two 
molecules such that after a collision along a line of centres having direction 
cosines I, m, n the' velocities are u, v, w and u\ v\ w\ then by what has just 
been said we must have . 

u=u-lW = u-' {fi{u -u) + lm{v- v') + hi {w-w')] (5), ^ 

n'=w'+ZTr = i*'- {i«(w'- u) + Im (i;'- v) + In {w'-w)] (6). 

The number of collisions per unit volume, such that before collision the 

components of the velocities lie between u and u + du, etc., and u' and 

J. 2 
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m' + cJw', etc., and such that the third condition of p. 16 is satisfied by the 
line of centres at impact is, by comparison with expression (4), seen to be 

^/(^, V, w)f{u\ v\ W^ Va^ Gos 0dudvdwdudv'dWda)dt (7). 

19. These collisions will all belong to class )8, provided that the limits 
determined by du, dv, etc., are such that the values of u, v given by 
equations (5) and (6) lie within the appropriate limits u and u + du, v 
and v-^dv, etc. To obtain the whole number of collisions of class jS we must 
integrate expression (7) over all values of u, v, etc., such that the values of 
w, v, etc., lie within these limits. 

To do this we need only consider the ratio of the two products of diflFer- 
entials dudvdwdu'dv'dw' and dudvdwdu'dv'dw. We use Jacobi's theorem 
that 

dudvdwdu'dv'dw' = ^dudvdwdu dv'dw' (8), 

where A denotes the detei*minant 

du du du du du du 
hi' di' d^' du'' W d^' 

dv 



dv 9u 

du' dv' d^' ^^''" 



Using the values given by equations (5) and (6) we find without trouble 
that A = 1. This may in fact be seen without actual calculation. For since 
equations (5) and (6) are linear as regards the velocities, the value of the 
above determinant cannot depend on the velocities. Also since the relation 
between the velocities before and after collision is, on account of the reversi- 
bility of the motion, a reciprocal relation, it is clear from equation (8) that 
the only possible values for A are ± 1, of which the negative value may for 
obvious reasons be rejected. 

Hence equation (8) becomes 

dudvdwdu'dv'dw' = dudvdwdu'dv'dw (9), 

and expression (7) may be written in the form 

i/'/(u, v, w)f(u'y v', W) Fo^cos Odudvdwdu'dv'dw'dcodt (10). 

If this number of collisions is exactly to include all of class jB, the values 
of duy dvy dw, du\ dv, du/ must be those which occur in the specification of a 
collision of class a (p. 15) and therefore those which occur in expression (4). 

20. Suppose that expression (4) is summed over all possible classes of 
collisions which can occur to a molecule of class A. Or, what is the same 
thing, suppose that expression (4) is integrated over all possible values of 
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u\ v\ w' and over all ele^nente of spherical surfewe dco for which a collision is 
possible Obviously th0 quantity obtained in this way will represent the 
total number of molecul^ of class A which enter into collision in the interval 
dt*. So also expression (10) integrated through the same range of values 
gives the total number of molecules of class A which emerge from collision 
during the same interval. 

The net gain to class A in the interval dt is therefore the difference of 
these two integrals, and this is 

v'dudvdwdt jjjjj {/f -f/i Vo^oos0du'dv'(lu/da> (11), 

in which f,/\/,/' are written for f(u, v, w), f{u\ v\ w'\ /(u, v, w) and 
f{u\ xfy w) respectively. 

21. The number of molecules which belong to class A at the beginning 
of the interval dt is known to have been vfdudvdw per unit volume, whilst 
the number at the end of this interval may be supposed to be 

A^*\ dudvdw. 



^4^*)' 



The gain to class A is therefore 

V 4i dudvdwdt, 
ot 

Equating this quantity to that given by expression (11), we obtain the 
equation 

%=^jjljl(/f-ff) Va* cos edu'dvdw'do} (12). 

The condition for a steady state is that df/dt shall vanish for all values of 
Uy V and w. No progress can however be made by equating the right-hand 
side of equation (12) to zero : the problem of determining the steady state 
has to be attacked in a different manner. 

The H'theorem, 

22. Consider the quantity H defined by 

H = jjjf log fdudvdw (13), 

in Vhich the integration is to extend over all possible values of u, v, w^ so that 
J? is a pure quantity and not a function of w, v, w. This quantity depends 
solely upon the law of distribution of velocities and therefore remains un- 

* Not the total number of collisions in which a molecule initiaUy of class A is involved, since 
collisions for which both molecules are of class A are counted twice. 

2—2 
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changed so long as this law remains unchanged. Hence a necessary condi- 
tion for a steady state is given by dH/dt^O. We proceed to evaluate 
dH/dt in the general case. 

After an interval dt the value of /log/ corresponding to any specified 
values of u^ v, w will of course have changed into 

or, what is the same thing, into 

/log/+(l + log/)|d<. 

Hence the increase in if, which may be written jr dt^ will be given by 



dff 

dt 



dt^UH {1 ^■\ogf)^^dudvdv\dt (14), 



and if we substitute the value otdf/dt fi'om equation (12), this becomes 
^t^^\\\\\\\\^^'^^^^^^^^'^~'^^^ F(r'cos<9ditdt;dwdw'dt;'d«/da)...(15). 

23. Equation (13) regards H as the sum of a number of contributions, 
one from each class of molecule, and in this equation class A is taken as the 
typical class. If we had chosen class B as the typical class, we might have 
written H in the form 



H ^ {{{f log fdxddvdw' (16), 



and the increase in H, instead of being given by equation (14), would then 
have been given by 

-§=fjjil+\ogf')^£du'dv'dw' (17). 

To evaluate the right-hand member of this equation we need to know the 
value otdf'/dt Now equation (12) regards the change in / as the sum of a 
number of contributions, one from every class of collision in which either of 
the molecules either before or after impact is of class A, and the typical 
classes of collision are taken to be classes a and y3. In a similar way we can 
express 3/73^ as the sum of a number of contributions, one from every class 
of collision in which either of the molecules either before or after impact is of 
class B. The typical classes of collision may again be taken to be classes a 
and ^, and if this is done we obtain for df'/dt an expression similar to that 
given for df/dt in equation (12), except that accented symbols replace un- 
accented, and vice-versd. In fact molecules of classes A and B exchange 
rdles. 
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If we now substitute this value for df'jdt in equation (17) we obtain 
(c£ equation 15) 



dH 

dt 



= ""jjjjjjjji^ + l<>g/0 (//' -ff) ^^ cos dudvdwdu'dv'dw'da>, 



an equation which is of course the same as (15) except that accented and 
unaccented symbols are interchanged. If we add together the two values 
for dH/dt which have been obtained, we have 

^^i'^jjffjjjfi^ + logff){ff^ff)Va^cos0dudvdwdu'di/dw'da>.„{lS), 

This equation expresses dH/dt as the sum of a number of contributions, 
one from every possible class of collision. The typical class is taken to be 
class a, in which ' 

w, V, w, u\ v\ ii/, 

become changed into 

u, v, w, u\ v\ w\ 

If we use the same equation, but take as the typical collision one of class 
)8, in which 

u, V, w, u\ tf, vjf, 

become changed into 

u, V, w, u\ t/, «/, 

we obtain, as a still diflFerent form for dH/dt, 

" ^^ nil III I ^"^ "^ ^^s/f ')(//' -ff) V<j*cos0dudvdwdu'dv'dv/da)...(l9). 

Equation (9) enables us to replace the product of the first six differentials 
on the right-hand of this equation by dudvdwdu'di/dw' and if we add this^^fv 
modified value of dH/dt to that given by equation (18) we obtain ^ 

^^ = i^lljjlljj(}^gfr - log/7') (//' -ff')^^" cos Odudvdwdu'dv'dw'dco . 

(20). 

Now (logjy — log//") is positive or negative according as //' is greater 
or is less than ff' and is tfierefore always of the sign opposite to that of 
ff' —ff Hence the product 

(log//' -log//') (//'-//'). 

if not zero, i? necessarily negative. Since Fcos d, the relative velocity along 
the line of centres before impact, is necessarily positive *for every type of 
collision, it follows that the integrand of equation (20) is always either 
negative or zero. Hence equation (20) shews that dH/dt is either negative 
or zero. 



dH 

dt 
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The Solution for a Steady State, 

24. In order that the gas may be in a steady state, it is necessary, as 

has been already said, that dHjdt shall be zero. Now equation (20), as We 

have seen, expresses dHjdt as the sum of a number of contributions, one fix)m ^ 

every type of collision, and each contribution is either negative or zero. Hence 

for dHjdt to be zero, each contribution separately must be zero. In other 

words we must have 

//'=//' (21) 

for every type of collision. 

This condition has been seen to be necessary for a steady state. Equation 
(12) shews that it is also sufficient, for if it is satisfied then dfjdt = for every 
value of M, V and w. The problem of determining the steady state is there- 
fore reduced to the problem of obtaining the solution of equation (21). We 
shall find it convenient to take logarithms of both sides, and write the 
equation in the form 

log/+log/'=log/+log/' (22). 

26. Let ;^ be a function of the velocities u,. v, w, such that when two 
molecules collide, the sum of the ^^ appropriate to the two molecules before 
impact is equal to the sum of the two ^^ after impact. Since x ^^> ^7 
hypothesis, a function only of w, v, w, the value of ^ will remain the same for 
?ery molecule except when it is altered by collision. We may therefore 
say that x ^ defined as b^ing capable of exchange between molecules at 
a collision, but is indestructiBle ; 2;)^ remains the same throughout the motion, 
where S denotes summation which extends over all the molecules of the gas. 

It is clear that a particular solution of equation (22) is 

Further it will be seen that the difference between j^ afad the most general 
solution of (22) is such as to satisfy the conditions postulated for ;)^. Let 
Xi» Xs> Xs--- ^® independent quantities, each satisfying these conditions, and 
let it be supposed that there are no other such quantities, then the most 
general solution of (22) must be 

log/=aiXi + «sX2 + a,Xs+ (23), 

in which ttj, Og, a,... are independent and, so far, arbitrary constants. 

From the dynamics of a collision we know that there are four quantities 
which satisfy the condition in question : namely, the energy and the three 
components of linear momentum. These give four, forms for 5^: a fifth is 
obtained by taking x equal to a constant, and it is obvious that there can be 
no others. For if there were any additional form possible for %, there would 
be five equations giving u, v, w, u', v\ w' in terms of u, v, w, u\ v\ w\ so that 
u, v, ^y, w', v\ vi would be determined except for one unknown. There must 
however be two unknowns, as the direction of the line of centres is unknown. 
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The general solution of equation (22) is therefore seen to be 

log / = Oi m (ti* + 1;" + ti;*) + Oa mw + Oj mv + 04 raw -\-a^ (24). 

The constants Oa, ^s, 04, ots ^^^y be replaced by new ones and the solution 
written in the form 

log/= Oim [{u - Wo)« + (v - Vo)* + (w - Wo)'] + Oe, 

or, if we still further change the constants, 

y-^g-*m((«-K,)«+(«-i»,)«+(tr-w,)«] (25), 

in which ii, A, Woi %> ^o are new arbitrary constants. 

26. By giving different values to these five constants we obtain all the 
steady states which are possible for a gas. The different values of the con- 
stants depend upon the different values of 2%!, 2;ta. ^X^* ^X4» ^X** *-^-» upon 
the total energy, momentum and mass of the gas. We proceed to deter- 
mine the relations between these constants and the corresponding physical 
quantities. 

The value per unit volume of any quantity x summed over all the 
molecules is given by 

tx = v [[[x^^-*«*K«-««>'+<*-*->*+<«^-«''^dMdi;dw. (26). 

If we write u — u^^{}, 

v - Vo = V, 

this becomes transformed into 



Sx = i'|||x-^c-'^"»<"*+^+^>dudvdw '.....(27), 



and if we further transform variables according to the scheme 

U = c sin d cos <^1 

V = c sin d sin <^l (28), 

w = c cos ^ J 

the equation becomes 

tx^vlUxAe-^'^^c^mied0d<\>dc .,. (29). 

If we take ;^ = 1, 2x is the number of molecules per unit volume, and is 
therefore equal to v. Equation (29) accordingly becomes 

1 = 4iwA [ e-^^*c*dc, 

Jo 

and since the value of the integral is known to be TA/r^s *^^^ gives the 

relation 

A./J (30). 



i 
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24 The Law of Distribution of Velocities [ch. n 

Next put ;j^= u in equation (27). We obtain 

J —00 J -00 J -00 ' ' 

and the right-hand vanishes, since the value of the first integral is zero. 
Hence 2u = 0, or, what is the same thing. 

Thus Uq is the mean value of n, and is therefore the ay-component of the mean- 
velocity of the gaa Similarly Vo, Wo are the y and z components of this 
velocity. 

Lastly, let us put %= U*+ V* + w". If we substitute this value in equa- 
tion (29) we obtain 

2 (u« + v^ + w») = ^TTvA r e-^'^c'dc, 

J 

The value of the integral on the right-hand is known to be ^ a/ jt—^, and 



this leads to 



or, if we substitute the value of A from equation (30), 

2(u« + v« + w»)=2^. (31). 

The kinetic energy per unit volume of the gas is ^\m{u^ + v' + ti;'), and since 
2u = 2v = 2w = 0, we have 

(^ , r 2im(tA« + 1;> + 1(;«) = Jm2 ((u + 1^)» + (v + t^o)' + (w + w^f) 

= im2 ( U* + V* + W« + Mo' + Vo* + «^o*) 

^, ; =|^i' + ip(V + V + t(;o»)..... (32), 

where p is the mass density of the gaa, given by equation (1). 



We have now determined five relations between the unknown constants 
7 and the density, kinetic energy and momenta of the gas. It appears that for 

given density, kinetic energy and momenta the values of the constants are 
unique, h being determined by equation (32), Mq, Vq, Wq by the momenta, and 
A by equation (30). Hence there is only one steady state possible for given 
values of the density, energy and momenta. 
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27. This completes the determination of the steady states of an infinite 

mass of gas. We have next to consider the modifications introduced when 

the gas is confined in a closed vessel. Supposing the walls of this vessel to 

be absolutely rigid and elastic, we shall shew that the law of distribution 

already found in equation (25), namely 

y--^^-*«»[(«*-««)"+(iH-tg«+(to-w.)«] (33)^ 

will still represent a steady state, independently of the shape of the containing 
vessel, provided that this vessel is moving with a velocity Uq, Vq, Wq. 

To prove this we consider the collisions of molecules with a single small 
element of the wall of the containing vessel. Let this element be of area da 
and let the direction -cosines of a line drawn perpendicular to it be /, w, n. 
Consider the class of collisions such that the components of velocity of the 
colliding molecule before impact lie between 

u and u + duj v and v + dv, ii;and w + dw (34). 

As before, let us call all such molecules, molecules of class A. Let us, as 
on a former occasion (§ 13), take a fixed point as origin and represent the 
velocities of the different molecules in magnitude and direction, by a system 
of lines drawn from this point All the molecules of class A will be repre- 
sented by lines having their representative points inside a certain small 
rectangular parallelepiped— the rectangular parallelepiped of which the ortho- 
gonal coordinates lie within the limits (34). 




Pio. 2. 
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Let P be any one of these points, so that OP represents the velocity of 
the corresponding molecule. Let OR represent the velocity t^o, Vo, Wo of the 
vessel, then RP will represent the velocity of the molecule relatively to the 
vessel. After collision with the element d<r, the normal component of this 
velocity will be reversed, while the tangential component will persist un- 
altered. Hence if TR8 is a plane through R parallel to the element da, the 
relative velocity after impact is RP" where RP' is the image of P in the 
plane TRS. 

The small parallelepiped in which P must lie if the corresponding molecule 
is to belong to class A ynll have as its image in the plane TRS a second 
parallelepiped which is obviously of the same volume as the former. Let us 
denote the two parallelepipeds by a, /3, and when the velocity of a molecule is 
such that the line representing it has its end within 13, let us say that the 
molecule is of class C. Then we have seen that a molecule of class A is 
changed by collision into a molecule of class C, and fix)m symmetry it is 
obvious that the converse is true. 

The number of molecules of class A which collide with the element da in 
time dt is equal to the number of molecules of class A which lie within a 
certain cylinder at the beginning of the interval dt. Similarly the number of 
molecules of class C which collide with da in the same time dt is equal to the 
number of molecules of class C which lie within a second cylinder at the same 
instant. 

The former cylinder is of base da and of a height equal to the distance 

described by a molecule of class A in time dt measured normal to the element 

da. The second cylinder is of the same base da, but of height equal to the 

distance described by a molecule of class C in time dt measured normal to da. 

Since the normal velocity is the same for a molecule of class A as for one of 

class C, the heights of these two cylinders are the same, and since their bases 

are the same, their volumes will be the same. 

^,. 
The density of molecules of class A in the first cylinder is, in accordance 

with equation (33) 

and since in fig. 2 the coordinates of P are w, v, w while those of R are 
^o> ^0, ^o> we have 

RPi^^wv^y + iv-Voy-^-iw-WoT, 

and the density of molecules of class A in the first cylinder is 

pj^er^mRP^ X volume of a (35). 

Similarly the density of molecules of class tf^in the second cylinder is 

i/4e~*'~^^x volume of ^ (36). 
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Now RP = RP*, and the volume of a has been seen to be equal to the 
volume of /8. Hence the two densities (35) and (36) are equal. Since the 
two cylinders have also been shewn to be equal it follows that the number 
of molecules of class A which collide with the element da in the interval dt 
is equal to the number of molecules of class C which do the same thing. 
Each of the former molecules is changed by collision from a molecule of class 
A to one of class C, and each of the latter from a molecule of class C to one 
of class A. Hence the number of molecules of class A remains unaltered 
by collisions with the element da. The same is of course true of every other 
class of molecule, and of every other element of the surface of the containing 
vessel, whence we see that the whole law of distribution is unaltered by the 
presence of the walls, or, in other words, that the law of distribution (33) 
represents a steady state. 

It now appears, however, that there are only the two constants A and h 
at our disposal in the case of a gas enclosed in a vessel which is either at 
rest or moving with a known velocity i^o, Vo, Wo, and these two constants are 
of course connected by the relation (30). By varying these constants we are 
enabled to assign to our gas different values of the total energy, or, speaking 
physically, different temperatures. Similarly by varying v we are enabled to 
assign different densities to the gas. 

Mass Motion and Molecular Motion, 

\J 28. We have seen that the most general "steady state" possible consists 
i-^of a motion compounded of a mass-motion and a molecular-motion. The 
mass-motion has velocity components i^, Vq, Wo, the molecular-motion has 
velocity components w — i(o, v— Vq, w — -m/o, which we have denoted (p. 23) 
by u, V, w. The number of molecules having molecular velocities lying 
between u and U -h du, V and V + cJv, w and w + dw is the number of 
molecules having actual resultant velocities lying between u and u^\^d\^ etc., 
etc., and this by equation (25) 

= ^g-A»»[(u-ti,)«+(t;-ro)«+(tr-w^'«l durfydw 

Hence we may suppose the molecular velocities distributed according to the 
law 

^g-Am(u«+v+w^dudvdw (37). 

If we adopt the scheme of transformation (28) we may replace the velocity 
of which the components are u, V, w by a velocity of magnitude c, in a 
direction which makes an angle 6 with the axis of z, and such that a plane 
through this direction and the axis of z makes an angle ^ with the axis of x. 
The law of distribution (37) now becomes 

Ae-^^&^medBd^dc (38). 
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This shews that the velocities of molecular motion are distributed equally in 
all directions in space. The law of distribution of the magnitudes of these 
velocities independently of their directions in space is found, upon integration 
of expression (38) with respect to and ^, to be 

i^irAe'^'^d'dc (39). 

The law indicated by expression (37) can also be written in the form 

A [e-*"^'du] [c-*'^^dv] [c-^'^^dw] (40), 

shewing that the distributions of u, V, w are independent. 
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In fig. 3, the thick line is the curve 

while the thin line is the curve 

The factor 2 is introduced in the former equation in order that the two 
curves may have the same area, namely \ ^Jir, The former curve shews the 
grouping of the magnitudes of the velocities independently of their directions 
in space, the latter that of the magnitudes of a single component. 
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29. Equation (32) expresses that the total energy of a gas may be 
regarded as the sum of the energies of a mass-motion and a molecular 
motion. In the language of the older physics, one would say that the total 
energy was partly kinetic and partly thermal. In the language of the 
Kinetic Theory, both energies are equally kinetic. 

Let us suppose that the containing vessel, which has so far been moving 
with a velocity of which the components are Wo, Vo, ^oi is suddenly brought 
to a standstill. This will of course destroy the steady state of the gas, but 
after a suflBcient time, the gas will assume a new and diflFerent steady state. 
The mass-velocity of this steady state will obviously be nil, and the energy 
wholly molecular. The individual molecules have not been acted upon by 
any external forces except in their impacts with the containing vessel, and 
these leave their energy unchanged. The new molecular energy is therefore 
equal to the former total energy. These data enable us to determine the 
new steady state. In the language of the older physics, one would say that 
by suddenly stopping the forward motion of the gas the kinetic energy of 
this motion had been transformed into heat. In the language of the Kinetic 
Theory, we say that the total kinetic energy has been redistributed, so as 
now to be wholly molecular. 

An interesting region of thought, although one outside the domain of 
pure Kinetic Theory, is opened up by the consideration of the processes by 
which this new steady state is arrived at. To examine the simplest case, 
let us suppose the gas to be contained in a cubical box, and to have been 
moving originally in a direction perpendicular to one of the sides. The 
hydrodynamical theory of sound is capable of tracing the motion of the gas 
throughout all time, subject of course to the assumptions on which the theory 
is based. The solution obtained to the problem from the hydrodynamical 
standpoint is that the original motion of the gas is perpetuated in the form 
of plane waves of Sound in the gas, the wave fronts all being perpendicular to 
the original direction of motion. This solution is obviously very different 
from that arrived at by the Kinetic Theory. For instance, the solution 
of hydrodynamics indicates that the original direction of motion remains 
differentiated from other directions in space through all time, whereas the 
solution of the Kinetic Theory indicates that a state is soon attained in which 
there is no differentiation between directions in space. 

The explanation of the divergence of the two solutions is naturally to be 
looked for in the differences of the assumptions made. The conception of 
the perfect non-viscous fluid postulated by hydrodynamics is an abstract 
ideal which is logically inconsistent with the molecular constitution of matter 
postulated by the Kinetic Theory. Indeed we shall in a later part of the 
book be able to shew that the actual viscosity of gases is simply and fully 
accounted for by their molecular structure. If we introduce viscosity terms 
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into the hydrodynamical equations, these equations will lead to a solution 
in which the ultimate state is one in which there is no mass motion in the 
gas. On the hydrodynamical view, the energy of the original motion has 
been ** dissipated'* by viscosity. On the Kinetic Theory view, this energy has 
been converted into molecular motion. In fact the Kinetic Theory enables 
us to trace as molecular motion, energy which other theories are content to 
regard as lost. 

Number of Collisions, Mean Free Path, etc, 

30. We shall now use the results which have been obtained, to calculate 
the total number of collisions per unit volume of gas. Since the number of 
collisions is not affected by the mass-motion -of the gas, we shall take this 
mass-motion to be zero. 

In expression (4) we found the number of collisions of class a occurring 
per unit time to be 

^f(% V, w)f{u\ v\ v/) Va^ cos Odudvdwdu'dvdw' da) (41), 

and the problem of determining the total number of collisions amounts to 
integrating this expression over all values of the variables when /(u, v, w) 
has the form appropriate to the steady state, i.e,, when 



/(«,», w) = y/^%-w (42). 



In expression (41), V is the relative velocity and is the angle between this 
velocity and that of the line of centres. If ^ is the azimuth of the line of 
centres referred to any definite plane through the direction of the relative 
velocity, we may, in expression (41), replace dco by sin 0d0d<l>. Since 
collisions can occur for all values of ^ and for all values of from to 7r/2, 
we must integrate expression (41) from <^ = to <^ = 27r and from ^ = to 
= 7r/2. Performing the integrations, and substituting for /(i/, v, w) from 
equation (42), we obtain 

',n/'i^e-^«M^\Va^dudvdAvdu'd'i/dw' (43), 

as the total number of collisions in which the molecules before collision have 
velocities lying within the usual limits dudvdwdu'dv'dw'. 

Let us now suppose that the variables are transformed to new variables, 
given by 

u = i (w + u'\ etc., a — v! — u, etc., 

so that u, V, w are the components of the velocity of the centre of gravity of 
the two molecules, and a, /8, 7 are the components of the velocity of the 
second molecule relatively to the first. We have 



a (u, «) 
a(w,t^')' 



-1, 1 



= 1. 
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Hence from expression (43) the number of collisions for which the new 
variables lie within a range dudvdwdad/3dy is 

^,;2^^g-Am(c«+c'^)\ V<T^dudYdwdadl5dy (44), 

in which we have 

V^^iu-uy + it/ - vy + (w' - -m;)* = a^ + i8» + r*, 
0* + c''' = ti' + i*''^ ■f-t;>+ v'* + w' + w'^ = 2 (W + Y^ + w«) + i (a'' + )8' + y), 
or, if we write u^ + v' + w* = c*, 

Let us again transform variables according to the schemes 
u = c sin ^ cos <f>, a = Fsin yjr cos x, 
V = c sin d sin <f>, 13— Fsin -^ sin x> 
w = ccos^, 7=Fcos'^. 

In order that u, v, w may have all possible values, must range from 
to TT, ^ from to 27r, and c from to oo . If, however, we give a similar 
range to the new variables in the second scheme of transformation, we shall 
be counting each collision twice over. For a collision in which a, 13, y have 
given values can, by merely changing the rdles of the two molecules, be 
regarded as a new collision in which the signs of a, /8, 7 are altered. This 
source of error can be eliminated by limiting the integration with respect to 
yfr from to 7r/2, instead of from to tt. Hence we obtain, for the number 
for which c lies between c and c + dc, while V lies between V and V+dV, 
8A»mV(r'e-*'« (2c«+ir«) c»F»dcdF. 

Integrating with respect to c from to 00 , the number of collisions for 
which Flies between Fand F+dF is 



8A»m' 



e-ihn.v^V'dV, 



or 



v^o^^l!^e-ihfnv^V'dV (45), 



a result which will be required later. 

If we finally integrate this from F= to F= 00 , we obtain for the total 
number of collisions 

-^vs -. ^*«>- 

There are p molecules per unit volume, and each collision terminates two 
free paths. Hence the v molecules describe 



^'^'^vS •• <*^)' 



free paths per unit time. 
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The average duration of a free path is accordingly 

2^V£ ^*^>' 

The distance described per unit time by the v molecules occupying unit 

-— r- e"^*^'^ cdudvdw 



volume +„ 



= 4717/ v/ —J- I e~*"^c'dc 
2i/ 



This distance is the aggregate of all the free paths, of which the number is 
given by expression (47). By division we find as the length of the mean T^* 
fi^e path '" 

^=-^«^V- (49). : 

V27ri/c7» '^<^ 

If the average is taken in any other way, the result is of course diflferent. 
We might for instance average over all the free paths which are being ' 
described at a particular instant of time. ^ 

Tait* takes a particular instant of time, and defines the mean free path 
as the average of the distances described by each molecule between this 
instant and the instant of its next collision. He calculates as the value of ^^ 
the mean free path defined in this way, 

1^ : « 

the factor '677... arising from an integral of which the value cannot be 
calculated in finite terms. We shall return later to the actual calculations 
by which this result is obtained. 

From the results obtained in this section the numerical values given in 
§ 8 can be calculated without trouble. 

Apparent Irreversibility of Motion. 

31. When a gas is not in a steady state, it follows from § 23 (p. 21), 

that dUjdt must be negative. Former writers have interpreted this to mean 

that H will continually decrease, until it reaches a minimum value, and will 

then retain that value for ever after. A motion of this kind would, however, 

be dynamically irreversible, and therefore inconsistent with the dynamical 

equations of motion from which it ought to have been deduced. As will 

appear from the next chapter, the truth is that we have at this point reached 

the limit within which the assumption of molecular chaos leads to accurate 

results. The motion is, in point of fact, strictly reversible, and the apparent 

irreversibility is merely an illusion introduced by the imperfections of the 

statistical method. 

* Royal Soc, Edin. Tram, xxxiii., p. 74 (18S6). 
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CHAPTER III. 

THE LAW OF DISTRIBUTION (continubd). 

II. The Method of General Dynamics. 

The Conception of a Generalised Space. 

32. In the last chapter it was twice found convenient to represent the 
three velocity coordinates u^ v,w of & molecule, by a point in space of which 
the coordinates referred to three rectangular axes were u, v, w. The principle 
involved is a useful one, capable of almost indefinite extension, and will be 
largely used both in the present chapter and elsewhere in the book. 

The space of nature possesses three dimensions, but just as it is open for 
us to represent any two coordinates in an imaginary space of only two dimen- 
sions, so in the same way we may represent any four coordinates in an 
imaginary space of four dimensions. Similarly if a dynamical system is 
specified by n coordinates, we can represent these coordinates in a space of n 
dimensions, and the various points in this space will correspond to the various 
configurations of the dynamical system. 

In the present chapter, we attempt to find the law of distribution of 
velocities by a method which consists essentially in regarding the whole gas 
as a single dynamical system, and in representing its coordinates in a single 
imaginary space of the appropriate number of dimensions. 

Let us suppose that the gas consists of a great number N of exactly 
similar molecules, enclosed in a vessel of volume ft. At the outset we shall 
suppose these molecules to be elastic spheres of the kind already described. 
Each molecule will possess six coordinates, the three positional coordinates of 
its centre referred to three fixed rectangular axes in the containing vessel, 
and the three components of the velocity of its centre resolved parallel to 
these three axes. We shall denote the separate molecules by the letters 
A, B, Cf etc., and the six coordinates of molecule A will be denoted by 
^fl, ya, ^a> ^ai <^o, Wfl- The whole gas may accordingly be regarded as a single 
dynamical system possessing 6N coordinates, namely, 

a^af ya, ^a, %, ^a, Wa, ^, Vb, ^6, t*6, Vfr, ^6, Xe... etc (61). 

J. 3 
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34 The Law of DistrihiUimi [ch. in 

We can suppose this dynamical system represented in a generalised space 
of QN dimensions. The configuration of the system in which the coordinates 
are those given by (51) will be represented by a single point in this space, 
namely the point of which the coordinates referred to QN rectangular axes 
are those given by (51). 

33. In this way every possible configuration is represented by a point, 
but it does not follow that every point I'epresents a possible configuration. 
For instance if as before the diameter of each molecule is cr, then a configu- 
ration in which 

K-^6)' + (ya-y6)*+(^a-'^6)*<<^ (52), 

is physically impossible because it represents a configuration in which the 
centres of molecules A and B are separated by a distance less than a — a con- 
figuration, therefore, in which parts of these two molecules occupy the same 
space. We must therefore suppose the region in which the inequality (52) 
is satisfied to be excluded from our generalised space. If we shut oflf all such 
regions, found by substituting for a, h in (52) the suffixes corresponding to all 
possible pairs of molecules, we see that every point in the space which is left 
will represent a system which is physically possible in so far that no two 
molecules overlap. 

There is still the boundary to be considered. For a configuration to be 
physically possible it is necessary that the centre of each molecule shall be at 
a normal distance from the boundary which is greater than the radius of the 
molecule. Thus all parts of the space must be excluded which do not satisfy 
equations of the form 

<i> (aJa, ya, ^a) > io- . . . eta) ,gg. 

</»(a?6, yb.^b) >icr ... etc.] ^ ^' 

where ^ (a?, y, z) is the shortest normal distance from x,y,zto the surface of 
the enclosing vessel. 

34. If we exclude all the regions just indicated, it is clear that any 
point in the space which remains will represent a configuration of the system 
of molecules which is physically possible. In the course of the motion of the 
gas, this configuration will give place to other configurations, and by tracing 
out this series of configurations in the generalised space, we should obtain a 
" path " indicating the motion of the gas. By starting from a great number 
of points, and tracing the motion backwards as well as forwards, the whole 
space can be mapped out into paths in this way. Since the motion of the 
gas is completely determined when all the coordinates (51) are known, it 
follows that through any point there is one and only one path; two paths can 
never intersect. Also, of course, the paths are fixed in the generalised space; 
the motion of a gas, starting from given values of velocity and position 
coordinates, is always the same. These paths are identical with the 
"trajectories" of abstract dynamics. 
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The Motion in the Generalised Space. 

36. The general nature of these paths can be seen without trouble. 
A collision either of two molecules, or of a molecule and the boundary, occurs 
when, and only when, a path meets one of the surfaces of the regions 
excluded in § 33. Now between collisions every molecule moves with uniform 
velocity in a straight line. Thus if at tune i = 0, the coordinates of a system 
are 

a?a, ya\ ^a\ <, Va\ Wa\ (Cb\ J/b, V, W* %\ W (54), 

the coordinates at time t, assuming that no collision has taken place in the 
interval, will be given by 

Xa^Xa-^-Uat, ya-'Ha'^'^dt, etc. 
y'a = '^a\ Va = Va\ etc. 

To find the equations of the path described by the representative point in 
the generalised space we eliminate t, and so obtain 



.(55), 



^a'Xa^ya'_p^^ etC. 

Ua Va 

^a — 'i^a, Va = Va, Wa = W • • • etc. 

and since these equations are linear they are of course the equations of a 
straight line. We therefore see that the paths in the generalised space are ' 
rectilinear except when they meet the excluded regions. Along the recti- 
linear parts of any paths, all the coordinates u^, Va, Wa^ ui, ,,, etc., maintain *^ 
constant values, and any series of paths for which these constant values are „ 
the same are all parallel. When a represent^^tive point, moving along one ' 
of these paths, meets a boundary of the excluded space — corresponding to a 
collision — it must be supposed to move along this boundary until it reaches - 
the point of which the coordinates are those of the system after collision, and 
then to start from here and describe the new rectilinear path through this 
point. 

36. Now in the gas of the Kinetic Theory, we do not know anything as 
to the coordinates of the individual molecules of the gas : the problem we 
have to attack is virtually that of finding as much as we can about the 
behaviour of a dynamical system, without knowing on which of the paths in 
our generalised space its representative point is moving. 

Our method is therefore to start an infinite number of systems, each 
system being a complete gas of the kind already specified, so as to have 
systems starting from every conceivable configuration, and moving over 
every path ; and to investigate, as far as possible, the motion of this series of 
systems, in the hope of finding features common to all. Or, what comes 
to exactly the same thing, we shall imagine our generalised space filled 

3—2 
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36 The Law of Distribution [ch. m 

with a continuous fluid, we shall suppose the diflferent points in this fluid 
to move, as directed by the dynamical equations of the gas, along the paths 
in our generalised space as stream-lines, and we shall then examine the 
motion of this fluid. 

It is obvious that the initial distribution of density of this fluid may be 
chosen quite arbitrarily. We therefore choose that the initial distribution 
shall be homogeneous. The advantage of this choice is that the fluid remains 
homogeneous throughout its subsequent motion. This result follows from a 
general theorem which will be proved later (§ 72), but we now proceed to 
give a separate proof for the special case at present under consideration. 

37. It has been seen that throughout the motion which takes place 
between two collisions, all the velocity coordinates w^, v^, Wa, W6...etc., 
remain constant for any single path. 

Consider a series of systems starting simultaneously with the same values 
of these velocity coordinates, but having positional coordinates lying between 

Xa and Xa + dxa, ya and y^ + dya, Za and Za + dza^ 

Xb and xif-k-dxi,, ...etc (56). 

Let these systems move for a time dt, and let it be supposed that no 
collision occurs during this interval, then it is clear that at the end of the 
interval the various positional coordinates will have values lying between 

Xa + Uadt and Xa + Uadt + dxa ... etc., etc., 
while the velocity coordinates of course remain unaltered. 

Hence the element of generalised space occupied by these systems remains 
unaltered in shape, size and orientation, but has in the course of the time dt 
moved parallel to itself a distance Uadt parallel to the axis of Xa, Vadt parallel 
to the axis of ya» ^tc. It follows that the density of the fluid with which the 
element of generalised space may be supposed to have been filled, has 
remained constant through this rectilinear motion. 

Just as rectilinear motion leaves the velocity coordinates unchanged 
while altering the positional coordinates, so a collision leaves the positional 
coordinates unchanged while altering the velocity coordinates. There are two 
types of collisions to be discussed — collisions between molecules and the 
boundary, and collisions between pairs of molecules. 

As a specimen of the former, consider a collision between molecule A and 
the boundary: this leaves all the coordinates unchanged except w^, »«, w^. 
Considering a series of systems in which before collision all the coordinates 
except Ua, Vay Wa havo the same values for each member of the system, whilst 
Wa, Va, Wa lie between Ua and Ua-{-dua, Va and Va-bdva^ Wa and Wa-\-dway 
we see that after collision all the coordinates will remain unaltered except 
Wa» ^a> ^ai while these will lie within a new set of limits. Now in fig. 2 
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(p. 25) we may suppose the former limits represented by the parallelepiped a, 
in which case the latter set will be represented , by the parallelepiped /8. 
These parallelepipeds have been shewn to be equal in size although in the 
present case the orientations are not the same. This proves that the size of 
the element of volume of generalised space occupied by the series of systems 
now under consideration is unaltered by a collision of molecule A with the 
boundary, and hence that the density of the fluid may be supposed to remain 
unaltered. 

The case of a collision between a pair of molecules may be treated in 
the same way. If the molecules are A and B^ all the coordinates remain 
unaltered except u^, v^, Wa> w^, i;^, Wb, and the result follows at once from 
equation (9) if we change the notation so as to replace u, v, why Uay Va» ^a 
and u\ v\ w by Ui,, v^, Wb. 

Hence, examining the motion of any small element of fluid in our general- 
ised space, we have proved that the density of this element remains unchanged 
by steady motion and by collisions, i.e., remain's unchanged throughout the 
whole motion of the gas. It follows that if the whole generalised space is 
filled with fluid initially homogeneous, then this fluid will remain homo- 
geneous throughout the entire motion. 

38. It has already been remarked that the stream-lines along which the 
fluid moves are permanently fixed in the generalised space. This fact, 
combined with the result just proved, shews that the motion of the fluid we 
are discussing is a " steady-motion " in the hydrodynamical sense. 

One further feature of this motion must be noticed. If we denote the 
total kinetic energy of any system by E, so that 

2i?=m(V + V + t^a« + i*6«H-...) (57), 

it is clear that E remains constant throughout the whole length of any 
stream-line. When ^ is a constant, equation (57), regarded as a relation 
between the Cartesian coordinates of a point in the generalised space, expresses 
that the point lies on a certain locus (of dimensions 6iV— 1) in this space. 
It follows, then, that the motion of any element of the fluid is confined to 
that member of the family of loci A' = constant, in which it started. 

To obtain some idea of the disposition of this family of loci in our 
generalised space, we notice that 2E/m is the square of the perpendicular 
distance from 

' Wo = Va = Wa = %=••• = » 
or, what is the same thing, from ^ = 0. Hence the loci enclose one another, 
being in fact a system of tubular surfaces of which the cross-sections 
are spherical loci of SN dimensions. The tubes do not extend to infinity 
along their length. For we pass along a generator of a tube by varying 
^fl, Vaf ^a» a?(,...etc., and none of these coordinates can become infinite. 
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because each molecule of the gas is supposed to be contained in a finite 
closed vessel. The surfaces E = constant are therefore finite closed surfaces 
in the generalised space, the surface E= qo alone being, in the limit, infinite 
and enclosing all the others. 

Hence the motion of the fluid in the generalised space is one of circula- 
tion in closed surfaces, and, in particular, there is no motion of the fluid across 
the boundary at infinity. 

Similarly, if there were any other quantities Xi, Xa««-> functions of the 
coordinates in the generalised space, which remained constant throughout the 
motion of the gas, then the motion of the fluid in the generalised space would 
be confined to the loci 

Xi = constant, Xi = constant, etc. 
The only quantities of which we know, other than the energy, which 
remain constant over a collision between any two molecules, are the three 
components of linear momentum, the three moments of angular momentum 
and the number of molecules in the gas ; of these the components of momen- 
tum both linear and angular are in general changed by a collision between a 
molecule and the boundary, and the number of molecules in the gas is not 
a function of the coordinates in the generalised space. Thus in general the 
energy is the only quantity of which we know, satisfying the conditions in 
question. 

An exception to this may occur if the vessel containing the gas is a 
figure of revolution, having its interior surface perfectly smooth. For then 
there is always a component of momentum which is not changed by a collision 
between a molecule and the boundary ; namely, that parallel to a tangent to 
the containing vessel at the point at which the collision takes place. In this 
case, then, the moment of momentum of the whole gas about the axis of 
figure of the containing vessel remains constant throughout the motion. 
It will, however, be convenient to defer the consideration of special cases of 
this type until Chapter V. 

The Partition of the Generalised Spa^ce — Positional Coordinates. 

39. We have supposed the volume of the containing vessel to be ft. 
Let us suppose the vessel divided up in a number n of small " cells " each of 
the same volume o), so that no) = ft. These cells will be referred to as cell 1, 
cell 2, . . ., respectively. The different possible configurations of the gas are 
now to be classified according to the number of molecules of which the 
centres fall within the different cells. As a t)rpical class, we consider a class 
such that Oi molecules have their centres in cell 1, o^ in cell 2, and so on. 
Let this class be referred to as class A. We have to examine what proportion 
of the whole of the generalised space represents systems of class A. 
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Let us, for the present, suppose that the radius of the molecules is vanish- 
ingly small, so that those parts of the generalised space excluded by the 
conditions of § 33 may be neglected. Then the representative points of 
systems which are such that the centre of the molecule A lies within a single 
specified cell, — i.e., is restricted to a range to out of the whole volume ft of 
the containing vessel — will clearly occupy a fraction eo/ft of the whole of the 
generalised space. Since new = ft, this may be written n~^ If two molecules 
A and B both lie within specified cells, the representative points occupy a 
fraction n~* of the whole, and so on. Thus if each of the N molecules lies 
within a specified cell, the representative points will occupy a fraction rr^ of 
the whole of the generalised space. 

Now the number of different ways in which the N molecules can be 
assigned to the n different cells, so that the system shall belong to class A, 
defined as above, is 

N\ 
aiTa,!a,!...an! ^^^^' 

where, since the total number of molecules is Ny we have of course 

01 + 0^ + 0,+ ... + On = iV (59). 

Hence it follows that the representative points of systems of class A will 
occupy a fraction 

, , ; ,vr^ (60), 

of the whole of the generalised space. 

40. We have already supposed J^ to be great ; we now suppose that 
fli, «si «j ... On separately are very great. This enables us to express (60) in 
a simpler form, by using the well-known theorem of Stirling, 

L* p! = V2^(2Y (61). 

If we take logarithms of both sides, this becomes 

L* logp! = Jlog27r + (p + i)logp-p (62). 

Denoting expression (60) by 0a, we have 

log^a = logiV'!- 2 loga,! -iVlogw, 

and in the limit, when Oj, a, ... a», 2\^ are all infinite, this may, in virtue of 
equation (62), be replaced by 

log^««ilog2^ + (JV"+i)logJ\r-ir 

- 2 {ilog27r + (at + i)loga,-a,}-i\^logn. 
f-i 
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Now 2a, = J\r, so that S (a, + i) = iVn- ^, and hence it will be found that 
the foregoing equation may be transformed into 

log ^„ = I log » - '^ log 2nN-'f (a. + J) log ^ (63). 

It will be convenient to write 

ir. = ^T(a. + i)log'^' (64). 

SO that Oat the fraction of the generalised space which represents systems of 
class A, is given by 

^,= -^^^e-^ir. (65). 

(27riV^) 2 

41. It is now necessary to represent the various possible classes of 
systems in a new generalised space. Let us imagine a space of n dimensions, 
in which the position of a point is specified by n rectangular coordinates 
3fi, Xj...X». Then we may suppose a system of class A represented in this 
space by the point 

Xi = a,, X8 = a,, , Xn^On (66). 

Not every point in this generalised space will represent a possible class of 
system, for we are supposing Oi, a, ... to be integers, and their sum to be -AT. 
The different possible classes will be represented by those points for which 
Xi, Xa ... Xn have integral values such that 

Xi + I»+...+Xn = iV (67). 

Just as in two-dimensional space a linear equation between the coordinates 
represents a line (of one dimension), or as in three-dimensional space a linear 
relation between the coordinates represents a plane (of two dimensions), so in 
the present n-dimensional space, the linear relation (67) represents a region 
of {n— 1) dimensions. All values of the coordinates which satisfy (67) will 
represent points in this (n— l)-dimen8ional region, and therefore all possible 
classes of systems may be represented in this region. The representation is 
still limited to points for which the x's have integral values, and these points 
are perhaps most easily thought of as the intersections of systems of parallel 
straight lines. 

If we now place a mass Oa (cf. equation 65) at the point representing 
class A, and a similar mass for every other class, then the various possible 
classes will be represented both in nature and magnitude in this new 
generalised space. 

42. Consider the function K^ a continuous function of position in this 
new generalised space, defined by 

K = ^'i\x, + h)log''j' (68). 
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Comparison with equation (C4) shews that K becomes equal to Ka at the 
point representing class A, equal to Kb at the point representing class B, 
and so on. We have now to examine the way in which values of K are 
distributed in the new generalised space, and shall find that there is a single 
point at which K has a minimum value ^ = 0, and that at all other points K 
is positive. 

43. To find maximum or minimum values of K, if such exist, we proceed 
to the variation of equation (68). The equation expressing thig variation is 

Sif«-^2^(logx,+ l + ^JSx. :...\..W (69> 

Since, however, X,,X2... cannot vary independently, but are subject to equa-* - "- 
tion (67), their variations will be connected by the equation obtained by ' 
the variation of (67), namely '^ 

'irSx. = (70). 

f=i 

Following the usual method, we combine equations (69) and (70) in the 
single equation 

«if=-iT(logl. + l+^^ + x)Sl. (71), 

where X is an undetermined multiplier. The condition that hK shall vanish 
is now given by the elimination of \ from the system of equations 

logX.+ l + i- + X=0...(« = l,2, ...n> '^''- ^ 

The result of this elimination is - ' ' .. 

Xi — Xg — ... — Xn> (^ 

and if we combine this with equation (67) we find that hK vanishes, subject 
to equation (67), when 

x. = x.= ... = f '. (72). 

n 

There is therefore one and only one point at which K has a stationary value. 

44. The next step is to expand K in the neighbourhood of the point 
given by equations (72) at which iK=0, A point adjacent to this point 
may be taken to be 

^i = ':::+^i' ^=:;r+^«' C^^), 

n n 

where d, €s ••• are small, and where, since equation (67) must still be satisfied, 
€i, 68 ... are connected by the relation 

€i + €a+...+€„ = (74). 
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At this point, by equation (68), the value of if is 

Expanded in powers of e,, e,, ... this becomes 

or, since N and — are supposed to be infinite, - " "^ ' 

„ 1 n •=» , In* •=» . -.. 

For small values of €1,62... the right-hand member of this equation 
reduces to its first term, which is positive for all values of the e's. It follows 
that except at the point (72) the value of iT is always greater than the value 
which it has at this point, and therefore that this value is a true minimum 
value. Moreover, since the point in question is the only point at which 
SK^O, it follows that there are no other maxima or minima for K and 
therefore that K is positive at all points except the point given by (72), 
at which it vanishes. 

46. On the right-hand of equation (75) the second term stands to the 
first in the ratio 

1 nl^ /TAN 

and the condition that this shall vanish is that the c's shall vanish in com- 
parison with N — a condition which of course admits of the €S being finite or 
even infinite. If the condition is satisfied, equation (75) may be replaced by 

e,« + e.»+...+e„'=-?^ (77). 

n 

If we substitute the values of cj, e^ ... from equations (73) this becomes 

/N y (N y 2N*K ,„„, 

so that K is proportional to the square of the distance from the point at 
which ir = 0. 

If ^ is kept constant, equation (78) expresses that in the generalised 

N N 
space the distance from the fixed point —,—... to the variable point Xi, Xa ... 

is constant, and equal to ^ / f j . . Equation (78) is therefore the equa- 

tion of a sphere of n dimensions, its radius being a/ I j. The centre of 
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this sphere satisfies equation (67), so that points of which the coordinates 
satisfy equations (67) and (78) simultaneously lie on a sphere of (w — 1) 
dimensions and of radius equal to that of the former sphere. 

We see then that the region of the generalised space in which equation 
(67) is satisfied and in which ir< K^y is a sphere of (n— 1) dimensions, and of 

radius ^/f ® J, provided that the €'s are finite everywhere inside this 

sphere. 

46. In space of 8 dimensions (fi, f, ... f,) the volume of a sphere of 
radius 12 is 



///... rfftdf,...df. (79). 



where the integration extends over all values of the variables which are 
such that 

The multiple integral (79) is of the type associated with the name of Dirich- 
let, and its value is known to be* 

.'^ ,, ■«• (80). 

47. It follows that the volume of our (»— l)-dimenaionaI sphere of 
radius a/(^^^') will be 

rim^-^^ *' 

By differentiation with respect to iTo* it follows that the volume for which K 
lies between if© and K^ + dK is 

•^^ n - 1 /2i^«NV 5^ 

and in virtue of the general property of the Gamma-function which is 
expressed by the equation 

r(i)+i)=i>r(2,), 

this may be written in the simpler form 

•i-l n-l 

^!^('fV^:^*.«r m 

* Williamsoii, InUgral Calcului, p. 830. 
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48. We must now determine the number of mass-centres — i.e., points at 
which all the X's have integral values — which occur within this region. The 
density of distribution of these centres is of course constant throughout the 
(n — l)-dimensional space in which equation (67) is satisfied. If a system of 
lines is drawn through these centres parallel to one of the axes of coordinates, 
these lines will form a network of parallel lines at unit distance apart ; their 
intersections Avith any orthogonal (n — l)-dimensional region will therefore be 
at the rate of unity per unit volume of this latter region. The region specified 
by equation (67) is not orthogonal to this system of lines, but since it has 
direction cosines 

it will make an angle cos"''(n~*) with any orthogonal region. Hence the 
number of intersections of the system of lines with the region specified by 
equation (67) is n~* per unit volume. 

The number of mass-centres in this region for which K lies between iTo 
and iTo + dK is accordingly equal to expression (82) multiplied by n~*. In 
accordance with equation (65) we place at each of these centres a mass 

"*"^ e-^'' (83). 

(27riV) « 

and we therefore have, for the total mass in the region in which K lies 
between K^ and K^ + dK, 



i, 



n« 



,** 



{^ttN) 



n-l 



e-NK. 



»-l 



n-1 



/2iV'«\ 



/n — 1 \ V n / 



Ko 



* dK 



.(84). 



After simplification this expression reduces to 

N « 



fi') 



e-^^'Ko^ dK. 



.(85). 



49. Remembering the significance of the masses placed in the new 
generalised space, it appears that in the original generalised space of 6N 
dimensions, that fraction of the whole space which represents systems for 
which K lies between Ko and Ko + dK is given by expression (85). By 
integration, the fraction for which K Ties between Ki and iT, is given by 



2f2 






e'^^K^ dK. 



.(86). 



This result, it must be remembered, has been obtained on the assumption 
that the c's are small compared with N and is therefore, by equation (77), 



Digitized by 



Google 



48-52] The Method of General Ih/namics 45 

'only true provided Ki and K^ are both small. This condition, however, 
does not require that NK shall be small, or even finite. 
The general identity 

N 2 j e'^^K^ dK =r{^~^j (87), 

holds for all values of N, When, in the limit, N is made infinite, the 
expression on the right-hand will of course remain finite, and the whole 
value of the integral on the left-hand arises from the contributions made 
to this integral by the infinitesimal range of values of K which is in the 
immediate neighbourhood of ^= 0. 

It follows that expression (86) vanishes unless Ki = 0, and that it is equal 
to unity when iTi = and K^ is not equal to zero. 

60. Hence it follows that all except an infinitesimal fraction of the 
original generalised space represents systems for which K has its minimum 
value, or for which its value is only infinitesimally different from this. 

61. Transforming expression (86) by the use of equation (87) we see 
that the fraction of the generalised space which represents systems for which 
K is less than K^ is 

e-^^K 2 dK 

'_K=q 

e-^^K 2 dK 

and hence that the fraction which represents systems for which K is greater 
than iTs is 

e-^^K 2 dK 



f 

f 

J K 






.(88). 



e-^^K 2 dK 

As in the former case, the whole value of this fraction arises from a 
contribution made to the integral in the numerator by a small range of 
values for K in the immediate neighbourhood of the lower limit. 

When Ki is not small, expression (88) will require coirection. The 
surfaces K = constant are no longer spheres as in § 45, and the consequence 
of this is that every integrand in the numerator of (88) requires to be 
multiplied by a correcting factor. This factor, however, is always finite 
and is independent of N, Hence it follows that the result stated in the last 
paragraph is true independently of the smallness of JSTa- 

62. It therefore appears that of the systems for which K^Ki, where 
Ki is some finite positive quantity, all except an infinitesimal fraction have 
values of K which are either equal to Ki or differ from Ki only by an 
infinitesimal quantity. 
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Physical Interpretation. 

53. In § 11 we discussed the conditions under which it is possible 
logically to define the "density at a point" in a gas, in such a way that the 
density is a definite continuous function of the position of the point at which 
it is estimated. It was there found to be necessary for us to be able to divide 
the gas into elements of volume, "which may, without appreciable error, be 
supposed to be infinitely great in comparison with the distances between 
neighbouring molecules, and at the same time infinitely small compared with 
the scale of variation of the gas." We shall now see that when these con- 
ditions are satisfied the quantity K admits of a physical interpretation which 
is independent of the way in which the volume of the gas is divided up 
into cells. 

In assuming the quantities Oi, a^.^.a^ to be infinite, we have already 
supposed the first of the above mentioned conditions to be satisfied by the 
cells. If we assume the second also to be satisfied, we can speak of the 
density of the gas at a point, and this density may, without appreciable error, 
be taken to be constant throughout any single cell In general let v denote 
the molecular density, let Vg denote the mean molecular density in the 5th 
cell, and vo that in the whole gas. Then, obviously 

_ a, _ nag _ N 

^» — 77 — 7T » ^0 — 7T » 



O) 



n ' •'^ ft 



and therefore r^^p. ^^^^ 

Also a„ the number of molecules in the «th cell, may be taken equal to 
Vg multiplied by the volume of the cell, so that 

a, = jjjvdxdydz (90), 

where the integral extends throughout the sth cell. 

The value of Ka is given by equation (64), in which (a» + i) may be 
replaced by a, and therefore by expression (90). If we further use equation 
(89), we find that (64) can be replaced by 

K = ^jjjvlog(£jda!dydz (91), 

in which the integration now extends throughout the whole volume of the 
gas. The equation may also be put in the form 

^=n///r.'«g.7'^'^^'^^ <''>' 

expressing that K is the mean value of {v/v^) log (p/pq) throughout the gas. 
The results of ^ 60 and 52 are, however, only concerned with the minimum 
value of K, and comparisons between two different values of K, It is there- 
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fore clear that these results will not be affected by constant multipliers 
or additive constants in the definition of K. Hence K might equally well 
and more simply, have been defined by 



K = jjjv log pdxdydz (93). 



64. In whatever form K is defined, the minimum value of K is given by 
equations (72), and this is equivalent to 

i/ = constant (94). 

Thus the result of § 50 states that in the original generalised space, all 
except an infinitesimal fraction of the whole space represents systems in 
which V is constant throughout the gas. This is the result which we might 
d priori have expected. For selecting a point at random in the generalised 
space is equivalent to assigning positions to the molecules at random, and we 
should in this case naturally expect the resulting gas to be of uniform density. 

When the gas is nearly, but not quite, of uniform density, let the density 
at any point be denoted hy v = Pq + Sj/, then equation (92) becomes 

^'s///('*|)'»«(' + |)«»^ v.. 



'mlllO'^^"^- 



. ^J . t' t ^^ 



Hence K is proportional to the mean value of (BpY averaged through the gas, 
and we see that if is a quantity which might naturally be taken to measure 
divergence from homogeneity. 

The Partition of the Generalised Space — Velocity Coordinates, 

66. We can investigate the partition of the velocity coordinates in a 
way exactly similar to that in which we have investigated the partition of 
the positional coordinates. The density v must be replaced by the density t 
defined as in § 13. If we introduce a quantity H defined by 



H^\\\r\ogrdudvdw .{9b\ 



we can prove, exactly as before, that for all except an infinitesimal fraction 
of the whole series of sjrstems represented in the generalised space, the 
quantity H only differs infinitesimally from its minimum value. Since we 
are not tied down as regards additive or multiplicative constants in the 
definition of this function, we may replace equation (95) by 



Hr^jjjflogfdudvdw (96), 



where f is the / of § 13, so that H is now identical with the H of the 
preceding chapter, defined by equation (13). 
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There is, however, a feature about the u, v, w coordinates which did not 
occur in the case of x, y, z coordinates. Throughout the motion of a gas the 
energy remains constant, or, as in § 38, the trajectories are confined to single 
members of the family of loci E = constant. From this it results that we 
are not interested in the partition of the velocity coordinates throughout 
the whole of the generalised space, but only throughout the region which 
corresponds to a single definite value of E, Hence in finding the minimum 
value of JjT, we suppose /subject not only to 



///. 



fdudvdw=l (97), 



the equation corresponding to the former equation (67), indicating that the 
number of molecules in the gas is equal to N, but also subject to 



/// 



^m{u^-^i^ + v/')fdudvdw=:^E (98), 



expressing that the kinetic energy of the system is equal to E, 

The equation of variation of H, subject to equations (97) and (98), is seen 
to be 

SH=jjj{l+\ogf+\-\-^fim(u^ + ^ + vf)}Sfdudvdw (99), 

in which X, /jl are undetermined multipliers. The minimum value of fl^ is 
accordingly given by 

l + log/+X + i/im(w« + i;> + w;') = (100), 

leading, if we change the constants, to the solution 

/= ile-*"^<'^+''*^^ (101). 

66. It could now be shewn, exactly as io the former case, that throughout 
all but an infinitesimal fraction of the whole of that part of the generalised 
space in which the energy of the corresponding system is E, the law of 
distribution of velocities is that given by equation (101). It does not seem 
necessary to reproduce the details of this proof; the mathematician will be 
able to construct them for himself, while the physicist will probably not wish 
to be detained over them. 

The law of distribution of velocities expressed by equation (101) is a 
special case of the general law found for the " steady state " in the last chapter. 
We are limited to this special case because we have, at the outset, supposed 
our containing vessel to be fixed in space. If, on the contrary, the vessel is 
moving in space with a velocity of components itoi Vo> ^o the analysis of this 
chapter can be made to apply by supposing all coordinates referred to moving 
axes, moving with a velocity of components Wo, v©, Wo- In this case equation 
(91) expresses the law of distribution of velocities relative to these moving 
axes. The law of distribution of absolute velocities in space is therefore 

/= -4e-*"*t(«~"«J*+<''"**^+<'^^>'J (102), 

which is the general law for the steady state given by equation (25). 
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As in the case of the positional coordinates the law of distribution of 
velocities could have been predicted from considerations of probability. 
For selecting a point at random in the region corresponding to systems of 
energy E is equivalent to assigning velocity coordinates n, v, w to the 
molecules at random, subject only to the condition that their squares shall 
be distributed about a certain mean-value. It is therefore natural to find 
that the distribution of velocities should be in accordance with the law of 
trial and error. 

This law, it will have already been noticed, gives /= when u^v or w is 
infinite. There is therefore the d posteriori objection to the analjrsis by 
which it has been obtained, that if we divide all possible velocities into 
** cells" in the manner of § 39, the number of molecules in some of these 
cells cannot legitimately be treated as infinitely great. The difficulty is best 
met by taking a definite velocity V such that those molecules of which the 
velocities do not satisfy the inequalities 

u<V, v < F, w <V, 
form an infinitesimal fraction of the whole. If the velocities which satisfy 
these inequalities can be partitioned into cells in the manner of § 39, so as to 
satisfy the condition that the number in each cell is very great, then there 
is no further difficulty, and equation (102) will give the law of distribution of 
velocities which are less than V. The law now has no meaning for velocities 
greater than F. It is obvious, for instance, that the law expressed by 
equation (102) does not impose any upper limit whatever on the possible 
values of u, v and w for a single molecule, whereas in point of fact such a 
limit is definitely imposed by the energy equation. 

Molecules of finite size. 

67. It is obvious that it is in no way material to the analysis of 
§§ 55 and 56, from which the law of distribution of velocities is found, 
whether the regions mentioned in § 33 are excluded from the generalised 
space or not. For the exclusion of these regions affects the velocity 
coordinates equally throughout. Thus the law of distribution of velocities 
is the same whether the spheres are of finite size or are infinitesimal. It 
remains the same right up to the extreme limiting case in which the spheres 
are packed so tightly in the containing vessel that they cannot move. 

The Normal State, 

68. In the last chapter it was found, with the help of the unwarranted 
assumption of molecular chaos (§ 15), that the law of distribution expressed by 
equation (102) represented a "steady state" for the gas. In the present 
chapter it has been shewn, without making any use of this assumption, that, 

J. 4 
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except for an infinitesimal probability of error, a system selected at random 
from the generalised space will be in the state specified by equation (102). 
It will be convenient to refer to this state as the " Normal State," And 
when a result is certain except for an infinitesimal probability of error, it will 
be convenient to speak of the result as "infinitely probable." 

If, therefore, a system is selected at random, it is infinitely probable that 
it will be in the "Normal State." Suppose that a system is selected at 
random, and then allowed to move under its natural motion for a time t, 
what do we know now as to its probable state after a time t ? The answer is 
provided by the theorem proved in § 37. The motion of all possible systems 
is represented in our generalised space by the motion of the supposed fluid. 
Instead of selecting a system at random and allowing it to move for time t, 
we may allow the whole fluid in the generalised space to move for a time t, 
and select a system at random after the motion has proceeded for a time t 
The theorem of § 37* proved the motion of the fluid in the generalised space 
to be a " steady motion." Hence selecting a system after time t is the same 
thing as selecting a system at time 0, and it is infinitely probable that the 
system thus selected will be in a normal state. 

69. This completes our information about the motion of the gas. At 
any instant it is infinitely probable that it is in a normal state. In the 
course of the motion departures from the normal state will occur, but it is 
infinitely probable that these will only occupy an infinitesimal fraction of the 
time occupied by the whole motion. 

There is in theory a possibility of a gas continuing throughout its motion 
in a state different from the normal. Suppose for instance that the contain- 
ing vessel is cubical, and that the molecules are started so that all move 
perpendicular to one edge along a system of parallel lines, no two of which 
are at a less distance than the diameter of a molecule. Then it is obvious 
that the molecules will not leave the lines on which they start, and will not 
change their velocities. In this case any law of velocities /(m, 0, 0) will be 
permanent, where u is the velocity in the direction of the parallel lines. 

The analysis of this chapter breaks down, it will be seen, because the 
supposition made in § 38 is no longer true, that there are no functions of the 
coordinates in the generalised space except the energy which remain constant 
through the motion. For obviously we have u^ = constant, u^ = constant, 
etc., and v^ = i^a = 0, vj = t(;^ = 0, etc. 

Our results shew that it is infinitely probable that a system selected 
at random will not be of this special type. The connection between the 
trajectories of such systems and the ** periodic orbits " of abstract dynamics 
is interesting, but cannot be discussed here. We shall return to the dis- 
cussion of cases in which there are constants other than the energy in 
Chapter V. 
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Historical Note. 

60. The law of distribution of velocities which has been found both in 
this chapter and the preceding one was discovered by Maxwell, and is 
generally associated with his name. It first appears in the paper already 
referred to (§ 9), communicated to the British Association in 1859. The 
original proof is now universally admitted to be unsatisfactory, but is of 
interest from its historical importance. Except for a slight change of 
notation, the form in which it was given is as follows*. 

" Let -AT be the whole number of particles. Let u,v,whe the components 
of the velocity of each particle in three rectangular directions, and let the 
number of particles for which u lies between u and u + du be Nf(u) du, 
where /(u) is a function of w to be determined. 

" The number of particles for which v lies between t; and v + dv will be 
Nf(v) dVy and the number for which w lies between w and w + dw will be 
Nf{w) dwt where /always stands for the same function. 

" Now the existence of the velocity u does not in any way affect that of 
the velocities v or w, since these are all at right angles to each other and 
independent, so that the number of particles whose velocity lies between 
u and u + du, and also between v and v + dv and also between w and w -^dw ia 

^f{^)fiv)f{^) dudvdw. 
If we suppose the N particles to start from the origin at the same instant, 
then this will be the number in the element of volume dudvdw after unit of 
time, and the number referred to unit of volume will be 

N/{u)/iv)/iw). 
" But the directions of the coordinates are perfectly arbitrary, and there- 
fore this number must depend on the distance from the origin alone, that is 

/(u)Av)f(w) = <^ (u« + 1;» + «;»). 
Solving this functional equation, we find 

f(u) = Ce^^\ (^ (w« + i;« + «;») = C V i^-^^+^)r 

This proof must be admitted to be unsatisfactory, because it assumes the 
three velocity components to be independent. The velocities do not, however, 
enter independently into the dynamical equations of collisions between 
molecules, so that until the contrary has been proved, we should expect to 
find correlation between these velocities. 

On account of this defect, Maxwell attempted a second proof f, which 
after emendations by Boltzmannj and Lorentz§ assumes the form given 

* J. G. Maxwell, CollecUd Works, i. p. 3S0. 
t Collected Works, n. p. 43. 

t Wiener Sitzungsher., Lvni. p. 517 (1868), lxvl p. 275 (1872), xcv. p. 163 (1887), Vorlesungen 
iiber Oastheorie, i. p. 15. 

S Wiener Sitzungsber., xcv. p. 116 (1887). 

4—2 
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in Chapter II. It is however very doubtful whether this proof can claim 
any superiority on grounds of logical consistency or completeness over 
Maxwell's original proof. The later proof finds it necessary to assume that 
there is no correlation between the velocity and space coordinates, while the 
earlier proof merely assumed that there was no correlation between the 
separate velocity components inter se. In each case the dynamical conditions 
equally suggest correlation, until the contrary has been proved, and it would 
be hard to give reasons why one assumption of no correlation is more 
justifiable than the other. It should be mentioned that Burbury* has 
always been of opinion that the later proof of Maxwell is not only logically 
unsound, but leads to an inaccurate result. He maintains that correlation 
actually takes place, except in the limiting case of an infinitely rare gas. 
This view, however, is not borne out by the analysis of the present and of 
the succeeding chapter. (Cf. § 66, infra.) 

A second class of proof of the law is represented by the proof which has 
been given in this chapter. In this class of proof the aim is to deduce a law 
from general dynamical considerations. As important examples of this class 
of proof may be mentioned a proof due to Kirchhoff, given in his lectures^, 
and one due to Meyer and PirogofiF, given in Meyers Kinetic Theory of 
Gfasesl. Both these proofs depend upon a use of the calculus of probabilities 
which cannot be justified. The proof given in this chapter is my own§: 
it also has been criticised by BurburylF, but I cannot persuade myself that 
his criticisms as to the validity of the proof are well founded ||. 

♦ S. H. Bnrbury, The Kinetic Theory of QaseSf Cambridge, 1899. 

t Kirchhoff, VorUiungen Hber die Theorie der Wdrme, p. 142. 

t Meyer, Kinetic Theory of Oases, Eng. Trans, by Baynes, p. 870. 

§ Phil Mag. v. p. 697. 

% Phil. Mag. vi. p. 629, vn. p. 467. 

II PHI. Mag. yi. p. 720, vn. p. 468. 
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CHAPTER IV. 

THE LAW OF DISTRIBUTION (continued). 

Comparison between the Methods of the two preceding Chapters. 

61. The problem of the present chapter will be to consider the relation 
between the methods of procedure adopted in Chapters II. and III. 

The discussion of Chapter II. was based upon certain questions of pro- 
bability, and an answer to these questions was made possible and was ob- 
tained by the help of the assumption of molecular chaos enunciated in § 15. 

The discussion of Chapter III. also rested, although in a diflferent sense, 
upon the theory of probability. The generalised space filled with fluid 
supplied a basis for the calculation of probabilities, and as the motion of the 
fluid was proved to be steady-motion, it followed that this basis was inde- 
pendent of the time. For the present, we continue to take this generalised 
space as the basis of probability calculations. The question " What is the 
probability that a system satisfies condition pV will be taken to mean : "For 
what proportion of the generalised space is condition p satisfied?" The 
further question : " Given that a system satisfies condition p, what is the 
probability that it also satisfies condition qV will be interpreted to mean : 
" A point is selected at random from all those parts of the generalised space 
in which condition p is satisfied : what is the probability that at this point 
condition q also is satisfied ? " And if Vp is the toted volume of that part of 
the space in which condition p is satisfied, and Vpq that of the space in which 
condition q also is satisfied, the value of the probability required is of course 
the ratio 



''M 



V, 



'p 



.(103). 



If u is the whole volume of this generalised space (or of any part of it to 
which we choose to limit our consideration) the chance that condition q shall 
be satisfied independently of condition p is 

^ (104). 
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Hence the condition that the probabilities of p and q being satisfied may be 
regarded as "independent" is that expressions (103) and (104) shall be equal, 
or, written symmetrically, that 

^ = '^}^ (105). 

V V V 



Analysis of the Assumption of Molecular Chaos, 

62. The assumption of molecular chaos was tantamount to an assumption 
that two probabilities might be regarded as independent Equation (105) 
accordingly enables us to test whether this assumption is legitimate or not 
relatively to our present basis of probability — namely, the generalised space 
filled with homogeneous fluid. 

To do this, let us define condition p as the condition that a molecule 
of class A shall be found in the element dxdydz of the gas — ^in other words, 
that one of the N molecules shall have coordinates lying between the limits, 
a; and a? + cite, y and y + dy, z diXiA z^-dz'i n(\a\ 

wandw + dw, vandv + dv, w Q.nA w '\- dw) 

For certain systems this condition is satisfied by molecule A, and these 
systems are represented in the generalised space by that region for which Xa 
lies between x and x + dx, and for which similar conditions are satisfied by 
ya. ^a> ^a> Va> ^a- This region supplies to Vp a contribution of amount 



\\\ .,,dxadxbdxc'"duadubduc (107), 



where the integration extends over all values of the variables which are not 
excluded by § 33, except in the case of Xa, yat ^a» ^a, ^a, Wa, for which the 
limits are those given by (106). The integral may be written in the form 

dxdydzdudvdw \\ »" dx^dxc . . . / du^ \ duc (108). 

For other systems, condition p is satisfied by molecule B, and these systems 
again supply a contribution of amount equal to the above. Each of the N 
molecules contributes in this way to Vp an amount equal to that given by 
expression (108), so that the total value of Vp is 

Up = N dxdydzdudvdw \\ --* dx^dxe ... I du^ \ dUe (109). 

The value of u, the volume of the whole space, is given by (107), if the 
integrals are taken through all values of all the variables except those values 
excluded by § 33. This integral may of course be written in the form 

v= jjl ...dxadxi,dxc...l duaj dub (HO), 



Digitized by 



Google 



61-63] The Assumption of Molecular Chaos analysed 55 

and from equations (109) and (110) we now find 

jjl dwada^da^c... I du I dv I dw 

This vanishes through the last factor, for the obvious reason that when 
the molecules are equally likely to have all velocities, the probability is 
infinitely against a single molecule belonging to any specified class. 

63. Let us now suppose that the velocities of the individual molecules are 
given, and let us calculate the probability in this case that condition p is 
satisfied. Let us suppose that the velocities of molecule A are known to lie 
within the limits 

Wa and Wa+Si*a, Va and Va + SVa, WadAvAWa-^-^a (112), 

and that we have similar knowledge for the other molecules. The value of 
I/, the whole space representing systems for which the molecules have the 
given velocities, is given by equation (110) if the integration is from w« to 
Ua + hia for Ua instead of from — oo to + oo , and similarly for the other 
velocities. 

Thus we have as the new value of v, 

VssSWaSVa... \\\ ...dWadXbdWc (113)« 

As before, the systems for which condition p is satisfied by molecule A, 
are represented by those parts of the space v for which Xa lies between x and 
x+dx, and similar conditions are satisfied by ya» ^at '^at ^at "^a* We shall 
suppose, as we legitimately may, that the Sua, Bva, Bwa of the limits (112) are 
infinitesimal in comparison with dudvdw. Then provided that the range for 
Ua given by (112) lies within the range u and u-^-du, and that similar 
conditions are satisfied by Va, Wa, the contribution to Vp corresponding to 
molecule A is given by the right-hand of (113) provided the integration with 
respect to Xa extends only from x to x-^-dx, and similarly for y^, Za^ Thus if 
the velocities of molecule A lie within the specified ranges, there is a contri- 
bution from molecule A to Vp of amount 

dxdydzBuaBva ... jjjj ...dxi,dxc...dyi,dye (H*)* 

If the velocities given by the limits (112) do not lie within this range 
dudvdw the contribution is nil. The number of molecules of which the 
velocities satisfy the condition of lying within this range — in other words, the 
number of molecules capable of taking the rdle of molecule A in expression . 
(114) — may be taken to be 

Nf{u, V, w) dudvdw (115)- 
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Tbe prodnct erf ezpresBioos (114) and (1 15) gives v^. From this uid equation 
(113; we get 

Sfiu, t, w) dudvdwdxdydzyrjfU ...(116). 

... dx^dx^dxe ... dy^d^dy^ 



64 Let us define condition q as the coDdition that there shall be a 
nxdecnle having its coordinates within the limits ^ and af + dj^, etc. The 
volnme ty^ for which conditions p and q are both satisfied will consist of 
ccHitribntioDs from different pairs of molecales. In expressicm (116) we 
suppose molecule A to satisfy condition p. If molecule B satisfies oHidition 
q the oorrespcHiding contribution to t/^'^i/ can be obtained finom the right-hand 
of (116> by limiting the integration in the numerator to the range from x' to 
d^ + da^ as regards x^, and to similar ranges as regards y^, z^. The number 
of molecules capable of taking the rdle of B is 

Nf(u\t/,u/)dudt/dw\ 



V 



Hence we obtain as the value of Vpg'v 

= N*/(u, V, w)/(uf, r{y vo) dudvdwdu'dvdv/dxdydzdxdydsf 

//...(ire... dye... 

'^ .(117). 



////// ' ' ■ ^'^^^^ • • • ^y^^Vh^Vc 

The integration extends throughout all the values of the variables except 
such as are excluded by the conditions of § 33. In applying these conditions 
to the numerator, we must replace Xa.ya, Zn by a?, y, z and x^, y^, zi, by x', y', xf. 
We therefore find, as we ought, that Vpq vanishes when the points x, y, z and 
of, i/, sf are at a shorter distance than <r, or when either of them is at a 
distance from the boundary less than \a. We also see that Up^/v is not equal 
to the product of Vpjv and Vqjv, so that the fulfilment of conditions p and q 
cannot be treated as independent events. 

66. In the special case in which the radii of the molecules are vanish- 
ingly small, those parts of the generalised space which are excluded in § 33 
may be neglected. In the integrals of equations (116) and (117) the integra- 
tions with respect to the variables with different su£Sxes now become inde- 
pendent. We may for instance write 

JJJJJJ '" ^«*^*^« ••• ^y<^^y^^yc '"^jjj dxadyadzajjjdxi,dyi,dzi,... = fl^. 

The other integrals can be simplified in a similar manner, and we obtain 

V N 

-^ = Tr/(tt, V, w) dudvdwdxdydz (118), 

-^ " (n) /(^» ^' ^)/(^*'» v'> w^) dudvdwdu' dv dw' dxdydzdx' dy' djs' ', .(119), 
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Writing V for N\^ we see that the right-hand of equation (118) becomes 
identical with our former expression (2) (p. 14). In other words, in the case 
in which the density is constant throughout the gas, the probability that 
condition /> shall be satisfied for a system selected at random, is equal to the 
probability calculated in § 14. 

From equations (118) and (119) we have the important result 

l^ = *ili (120). 

V V V 

Thus the fulfilment of conditions a and fi are now independent events. 
In other words, we have proved that, relatively to our present basis of pro- 
bability, the assumption of moleciUar chaos enunciated m § 15 is justifiable in 
the ca^se in which the radii of the molecules are vanishingly small. 

To justify the way in which this assumption was used in Chapter II. we 
must go somewhat further. In expression (4) we found a value which we 
supposed to be equal to the number of collisions of a certain class a. The 
actual value of this expression was, however, equal to 

(the number of possible collisions of class a) 

X (the probability of each collision happening). 

This quantity therefore expresses the probable number of collisions, the 
number which actually occur averaged over a large number of cases, or the 
"expectation" of collisions, but does not necessarily express the actual number 
in any particular case. Looked at from another point of view, however, the 
quantity expressed 

= (the sum of a number of small elements of volume) 

X (the density of molecules of class B)... (121). 

Now there was nothing in analysis of Chapter III. to compel us to take 
the '* cells " to be continuous in space. We may accordingly regard the first 
factor in expression (121) as one of these cells. We now see in accordance 
with the results of Chapter III. that expression (121) not only gives the 
** expectation " of molecules of class B in these elements of volume, but that 
it is infinitely probable that it gives the actual number, to within an infini- 
tesimal fraction of the whole. It follows that the number of collisions of a 
given type found in Chapter III. not only gives the most probable number of 
collisions, but that it is infinitely probable that it gives the true number, to 
within an infinitesimal fraction of itself. 

66. When the molecules are not vanishingly small, let us denote the 
integral 

jjjj ... da^cteo ... dy^dyc ... 

taken over all values of the variables which are not excluded by § 33, by 
I{b,c ...). The value of the integral can only depend on iVa> Va, ^a* and 
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since we have supposed the molecule A to be at the point x, y, z, we may say 
that 7(6, c, ...) is a function of a?, y, z only. Ekjuations (117) and (118) now 
become 

'^ = Nf{u,v,w)dudvdwdxdydz^^^^^^^^ (122), 

^ =NY(u, V, w)f(u\ v\ w')dudvdwdxdydzdu'dvdv/dafdy'd2f j. ^' — ^r^\ 

(123). 

From equation (122) we see that the density of molecules of class A 
at X, y, z may no longer be taken to be 

vf(u, V, w) dudvdw 



but must be taken to be 



Vifd^f V, w) dudvdw, 



where ^i^^TT^T^^x (124), 

/(a, fc, c.) 

N 
a quantity which reduces to ^ , and therefore to v, when the molecules are 

infinitely small. In general Vi is a function of x, y, z but it is not a function 
of Uf V, w. We may conveniently refer to i/j as the ** eflfective molecular 
density " at the point a?, y, z. When we require to specify the point a?, y, z 
at which v^ is estimated, we shall replace v^ by Vx,y,z* 

The ** expectation " of the number of molecules in the whole vessel is 
equal to the total number of molecules actually present in the vessel, so that 



1 1 1 J'a;,y,« dxdydz = vil. 



Thus V is the mean value of Vx,y,z averaged throughout the vessel. We shall 
see later the importance of the distinction between Vx,y,z *^d ^« 

From equations (122) and (123) we obtain 

V V V I(c,d .,.)I{aybfC,d.,.) ^ 

Hence given that the molecule A is in position at x, y, z the probability 
that a second molecule B has a position at x\ y', / is not that which would 
be given by the assumption of molecular chaos, but is equal to this value 
multiplied by 

/(c, d...)/(a, 6, c, d ...) 

7(6, c, d...)I (a, c, d ...)^ 

a function which is symmetrical as regards the x, y, z coordinates of A and, 
B, and which is independent of the velocities of the molecules A and B, 
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66-69] The H-theorem analysed 59 

Analysis of the H-theorem. 

67. The assumption of molecular chaos (corrected, if necessary, in 
accordance with § 66) will therefore give correct results, provided it is 
interpreted with reference to the basis of probability supplied by our 
generalised space, and provided it is understood that it gives probable, 
and not certain, results. If we wish to obtain strictly accurate results the 
quantities calculated from it must not be regarded as applying to a single 
system, but must be supposed to be averaged over all the systems in the 
generalised space which satisfy certain conditions. For instance, the value 

of ^ given by equation (12) is merely the value of -^ averaged throughout 

all those parts of the space for which the system has a given /. So also we 

dH 

dt 

dt 



dH" 
must interpret the value of -^ given by equation (20) as an average value 

for -^ , taken over all systems in our space which have a given value for H. 



68. We now come to what is, at first sight, a paradox. Let us suppose 
that / is an even function of u, v, w different from the normal function 
^g-Am(u^-i^t«^ Then from Chapter II. (§ 23) it follows that dHjdt is 
negative, dHjdt indicating, as we have just seen, the value of dH /dt avers^ged 
over all the systems in our space which have this given / Now these 
systems may be divided up into pairs. Corresponding to any system there 
will be a second system of which the positional coordinates will be the same 
as those of the first system and of which the velocity cooi-dinates will be the 
same in magnitude but opposite in sign. Since / is an even function of the 
velocity coordinates, the value of / will be the same for each of these two 
sjTstems and both systems are equally to be included in the average of dHjdt 
But the motion of the first system is exactly the reverse of that of the second 
system. It would therefore appear as though the values of dHjdt must be 
equal and opposite for the two systems, so that the average of dHjdt for 
these two must be zero. Since the whole of the systems corresponding to a 
given / fall into pairs of this type, it might be inferred that the average 
value of dHjdt must be zero. 

69. The explanation of the apparent paradox will be found to be 
contained in the result of § 52, if we substitute H for K, By a proof 
similar to that which led to the result in the case of the function K, we can 
prove the result for the function H, We therefore see that, of the systems 
for which H has a value greater than some value H^ other than the minimum 
value for H, all except an infinitesimal fraction have a value for H which 
only differs infinitesimally from Hi, If, therefore, we select at random a 
point at which the value of H ia Hi, it is infinitely probable that H will 
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decrease as we recede from this point in either direction along the trajectory 
through the point. In other words, it is infinitely probable that the value 
H^HiisA maximum value of H for the trajectory through the point. 

70. It may, perhaps, still be thought paradoxical that dH/dt is not zero 
at each of these maxima. The explanation is that the variation of H ia not 
governed by the laws of the differential calculus, since this variation is not, 
strictly speaking, continuous. The value of H is constant between collisions 
of the molecules, and changes abruptly at every collision. When the number 
of molecules in the gas is infinite, the interval between successive collisions 
will become infinitely small, but in general the variation in H will not be 
continuous. For obviously the differential coefficients of H vanish between 
collisions and become infinite at every collision, so that H, regarded as a 
function of i as we follow any trajectory, will be a function of the well-known 
type which possesses an infinite number of maxima and minima within a 
finite range of the variable. We can, however, "smooth out" the curve 
obtained for H as a, function of t and in this way obtain the function H 
as a continuous function of the time. This is the H contemplated by the 
analysis of Chapter II. But now we can also see that there is no reason 
to suppose that dH/dt will vanish when H attains a maximum value, but 
that on the contrary H will in general change sign abruptly at such a point. 
It is therefore clear that, averaged over all systems which have a given /, 
dH/dt will be negative except when /is the law of distribution for the normal 
state, in which case it is zero. This result is now in agreement with that of 
Chapter II. 
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CHAPTER V. 

THE LAW OF DISTRIBUTION ' (continued). 
Extension to Molecules of the most general Conservative Type. 

71. In the present chapter we abaDdon the supposition that the mole- 
cules are hard and smooth elastic spheres, and try to develop a theory for a 
gas of which the molecules are conservative systems of the most general type. 
The assumption that the molecules form conservative systems finds no justifi- 
cation in nature, but the analysis of this chapter is a necessary preliminary to 
the discussion of the more general case, in which the dissipation of energy is 
taken into account. 

We shall no longer suppose the molecules of the gas to be all exactly 
similar, but shall suppose that the gas consists of a mixture of a finite 
number of definite types of molecules. Also we shall no longer suppose that 
forces only come into play between two molecules when they are in actual 
contact, but shall suppose that the forces may act between the molecules at 
all distances. These forces may be of the most general type consistent with 
the conservation of energy, subject only to an assumption which is justified 
by experiment, and which will be explained later. We may still find it con- 
venient to speak of a "collision" between a pair of molecules, but a "collision" 
is not, as before, a clearly defined occurrence. When the forces between a 
pair of molecules become very great, as they necessarily will when the 
centres of the molecules approach suflSciently near to one another, we may, if 
we please, say that the molecules are in collision with one another, but this 
statement rests upon the assumption of a purely arbitrary standard for the 
magnitude to which the forces must attain before we regard their action as 
constituting a collision. If we assign a high value to this quantity, a collision 
may, in general, be expected to change somewhat abruptly the paths described 
by both molecules, but we shall not be justified in assuming that the path 
between collisions is rectilinear. If on the other hand we assign to it a low 
value, the average change in the paths of the molecules will be much less, 
but then possibly it will not be legitimate to assume, even as a first approxi- 
mation, that a molecule is not engaged in more than one collision at once. 
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62 The Law of Distribution [ch. v 

We shall suppose that in addition to these intermolecular forces, the 
whole gas is under the influence of a permanent external field of force. No 
assumption will be made about this field of force, except that the potential 
energy of a molecule in the field is a single-valued function of the coordinates 
of the molecule, this assumption being required to ensure conservation of 
energy. 

LiouvilWs Theorem. 

72. Let a conservative dynamical system of the most general kind be 
specified by n coordinates ji, qt»».qn* Let the corresponding momenta be 
denoted by pi, 2>a ...pn, these being given by 

BE 
p. = g-, etc (126), 

where E is the energy of the system expressed as a function of the g's and 
qs. We can represent this dynamical system in a space of 2n dimensions 
corresponding to 2n variable coordinates 

Pi,Pi''Pn, ?i, ?2...gn • (127). 

The equations of motion of the system expressed in the Hamiltonian 
form are of the type 

i'-l c^')' 

l'=i ; ■ ; <'^»)- 

These, therefore, are the equations of the trajectories in this generalised 
space. Let us suppose the space filled with fluid, initially of density p. Let 
Dp/Dt be the rate of increase of p as we follow any element of fluid in its 
motion. In three dimensions, the hydrodynamical equation of continuity 
can, with the usual notation, be put in the form 

Dp fdu dv dw\ ^ 

In our present 2n-dimensional case the last bracket must be replaced by 

where { is any one of the 2n coordinates (127), and the summation extends to 
all. This again may be replaced by 

•=i \0Pi oqj 
and the general equation of continuity for our present space is therefore 

S-':!:(l:-l:)-» <>^> 
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71-73] Extension to Complex Molecules 63 

If the fluid is to represent the motion of the system, the equations of 
motion of the fluid must be equations (128) and (129). From these we get, 
by differentiating with respect to p,, g, and adding, 

whence equation (130) takes the form 

if-O <!'•)• 

In other words, p remains constant throughout the whole motion of any 
element, so that if the fluid is initially homogeneous it will always remain so. 
This is the general theorem of which the result proved in § 37 was a particular 
case. We now see that the result there proved is true for a generalised space 
representing any conservative dynamical system, provided the coordinates in 
this space are the generalised coordinates of this system in the sense required 
for the Hamiltonian equations (128) and (129). 

Application to a Oas, 

73. We now suppose our system, as before, to be the gas contained 
in a vessel We shall suppose this gas to consist of 

Na molecules of type a ; 

Nfi molecules of type /8, and so on, 

A molecule of type a will be specified, let us suppose, by ru positional 
coordinates, and the corresponding rz^ momenta — 272^ coordinates in all. 
The whole system will therefore be specified by 

S-flT.n. = N^Tu + NfiUfi + ... 
positional coordinates and an equal number of momenta. 

Let Eay Eb denote the energies of molecules A, B, ... when free from 
intermolecular forces, but when in position in the permanent field of force. 
Then Eat for instance, is a function of the 2na coordinates of position and 
momentum which belong to molecule A, and if g,, p, are a pair of correspond- 
ing coordinates of position and momentum belonging to this molecule, 
we have 

i'-f w. 

The total energy of the gas is 

e = ^«-h^6 + ...+4) (133), 

where <I> is the total potential energy arising from the intermolecular forcea 
This quantity <t is a function solely of the positional coordinates of the 
various molecules: it does not depend on velocitiea Hence in the right- 
hand member of equation (133) none of the terms will depend on q, except 
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64 The Law of DistribtUion [ch. v 

Ea, the energy of the molecule A to which the coordinate g, belongs ; and 
hence we have 

dq, dq, ' 
Equation (132) may now be written in the form 

P'-% (13*)' 

and from this it follows that the coordinates we have specified form pairs of 
true coordinates of position and momenta for the whole system of molecules 
of which the energy is @. 

If, therefore, we construct a generalised space of 22i\r«n« coordinates, to 
represent all the coordinates of position and momenta of all the molecules, 
and if we fill this space with fluid, initially homogeneous, the motion of 
which is to represent the motion of the gas, then this fluid will, by the 
theorem proved in the last section, remain homogeneous through all time. 

74 We now turn to the assumption which has to be made about the 
intermolecular forces. 

If a gas is compressed into a vessel, and is then allowed to stream out 
into a vacuum, the total energy of the gas, given by equation (133), must 
remain unaltered by the process. 

Now as we shall see later, a measure of the quantity Ea + Si,-\- ... , or 
what is the same thing, of @ — <I> is supplied by the temperature of the gas. 
Joule and Kelvin have found experimentally that the change in the 
temperature of a gas, consequent on allowing it to stream into a vacuum, 
is extremely small. The inference is that the change in the quantity 4> 
is extremely small. When the gas is very rare, it is obvious that <I> must 
be very small, and hence we conclude that for a gas <I> is in general very 
small, at any rate within the limits covered by the experiments just quoted. 

The quantity <I> is of course the potential energy of the forces of cohesion 
of the gas. Thus Joule and Kelvin's result may be stated by saying that 
the cohesion in gases is extremely small. And from this we infer that equation 
(133) may, without appreciable error, be written in the form 

(S = Ea-\-Eb+ (135). 

Stated in words this equation expresses that the energy of a gas m^y he 
assumed equal to the sum of the energies of its molecules. 

76. From this point the treatment is exactly similar to that of 
Chapter III. 

Let a molecule of type a be specified by the 2n« coordinates 

fe. f.-U. (136). 



Digitized by 



Google 



73-75] Extension to Complex Molecules 65 

and let the number of molecules for which fi lies between fi and fi + dfi, 
etc be 

JV^.(f..f«.-)dfi<if. (137). 

Then, if .^ is defined by 

$ = 2Jyr.Jj".../.log/.df.df. (138). 

where the summation extends over all types of molecules, it can be shewn, 
precisely as before, that for all except an infinitesimal fraction of that part 
of the space for which @ has a given value, ^ has the minimum value which 
is consistent with this value of (5. 

Let Ea be the energy of a molecule of type a specified as a function of 
the 2n« coordinates (136). Then equation (135) may be written in the form 

e = 2i«^.jj...^./.df,df, (139), 

in which the summation extends over all the types of molecules. In addition 
to the functions^, /p ... being subject to the constraint expressed by equa- 
tion (139), they are subject also to separate constraints expressing that the 
number of molecules of each type remains constant. The equation expressing 
this constraint in the case of /« is 



// 



...N,fadi,di,...=N^ (140). 



The equations resulting from the variation of equations (138), (139) and 
(140), keeping @ and N„ Np... constant, are 



S^ = 2iV^.jJ...(l+log/.)S/.df.df, (141), 

= 2i\r.J|...^.a/.df,df, (142), 

= JV.Jj"...8/.dfdf. (143). 



The most general variation possible, subject to the constancy of @, 
Na, Nf...,is therefore given by the equation 

s^ = 2i\r.jJ...(i+iog/.+x£r. + ^.)S/.df,df, (144), 

where \, /««, /t^ ... are undetermined multipliers. 

The minimum value for^ ia accordingly given by the system of equations 

1 + log/. + VS. + A*. = 0, ) Q^gx 

l + hgff+\Ep+fifi = 0,etc.) ^ ^' 

Changing the constants, the solution of these equations is given by 

•{• = ^'^'^fj'' \ (146). 

/fl = ^,e-«»^/»,etc.J ^ ' 

J. 5 
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The constants A^^ A^ .,. are to be determined from equations of the type 
(140). The constant h depends on the total energy, and must be deter- 
mined from equation (139). 

76. We have therefore proved that for a gas about which nothing is 
known except the total energy, it is infinitely probable that the law of dis- 
tribution of coordinates will be that expressed by equations (146). But in 
the present case the function @ does not necessarily maintain the position 
which it has been supposed up to now to hold, of being the only function of 
the coordinates in the generalised space which remains constant throughout 
the motion of the gas. In arriving at equations (146) it has in. no way been 
assumed that @ does hold this position, but if (^ does not hold this position 
the importance of equations (146) is diminished, in that the information 
then supplied is not precisely that which is of most importance. 

Let us suppose that there are other quantities %, -^ . . . functions of the 
coordinates of the generalised space, which have the property, in common 
with (S, of remaining constant throughout every possible motion of the gaa 
Then if we know the values of the quantities x» "^ ••• ^ ^^'^ ^ ^^ ®» *^® 
information we require is the most probable law of distribution consistent 
with these values of %, -^ ... and @. This information is not supplied by 
equations (146), for the law of distiibution implied in these equations may 
be inconsistent with these values of %, i/r ..., and even if it is not, it is by no 
means obvious that this law remains the most probable after the limitations 
have been imposed on the values of %, -^ ... . 

If we know the values of %, -i/r... in practice, these values must be 
deducible from the mass-properties of the gas, without reference to its 
molecular properties. And consistent with the mass-equilibrium of the gas, 
there are only six quantities other than the energy, which can be measured 
from the mass-properties of the gas, these being the three components of 
linear momentum and the three components of angular momentum. These 
quantities are of course obtained by summation over all the molecules. They 
remain constant, except in special cases, only when the gas has no boundary, 
or when the boundary is either of a special shape, as in § 38, or moves or 
rotates with a given velocity. 

If some or all of these quantities remain constant throughout the motion, 
the variation of S^ will be subject not only to equations (141), (142), (143), 
but also to some or all of the following equations 

= 2i\r.jJ...m^u8/.df(if, (147), 

and two similar equations for v and w, 

= ^N^jj...m^(i/w^zv)Sf^d(,d(, (148), 
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and two similar equations with zv — xw and xv — yu respectively instead of 
yw — sv. 

Instead of being given by equations (145) the minimum value of ^ is now 
given by a system of equations of the form 

1 + log/. + X^*. + /i« + Spiw.^ + 2j,m« (yw-zu)^ 0) . ^^^v 

l + logffi-\-\Efi + fip-{-lpimfiU'\-Xqimfi{i/W'-zu)^0) ^ ^' 

in which PuP%,p%, ?!,?«, ?» are new undetermined multipliers derived from the 
six equations of which (147) and (148) are typical. In the case in which any 
of the six momenta are not known to be constant, the corresponding multi- 
pliers must be put equal to zero in equations (149). 

The solution (146) must now be replaced by the more general solution 

/•^ = il^e-«*J^/8-^/|S<P'«-H?»<i^«^», etc.] ^ ^' 

in which the unknown quantities p^^ p,, p„ ^i, ja, g, are to be deduced from 
the corresponding momenta when these remain constant, and put equal to 
zero when they do not remain constant. Obviously the solution expressed by 
equation (146) is a special case of that expressed by (150). 

This generalisation of equations (146) is, however, of abstract interest 
only. In future we shall suppose the law of distribution to be expressed by 
equations (146), assuming in so doing that the momenta are zero, so that the 
gas as a whole has neither translational nor rotational motion. 



The Partition of Energy. 

77. Of the 2n. coordinates (136) of which E^ is a function, let fi, fj. . . fn 
be positional coordinates, and fn+i ••• f s» he momenta, the suffix a now being 
omitted, as we are only going to consider one type of molecule. In general 
Eti will consist of two parts, the kinetic energy L which will be a quadratic 
function of fn+i-.ftn with coefficients involving fi...fn, and secondly the 
potential energy V which will depend only on f, ... fn- We therefore write 

^. = X+F, 

where 2L = a,if»n+i + 2a„fn+ifn+«+ (151).' 

It is known that by a linear substitution of the form 

fn+i = 6ii% + 6iji;j + . . . I (152) 

the function L may be reduced to a sum of squares of the form 

2X = Cif/i> + ci;,«+... + CnV (153). 

6—2 
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The quantities Vi>Vi "' will be referred to as momentoids, and the form 
of equation (153) shews that the kinetic energy of the molecule may be 
regarded as the sum of contributions from various momentoida 

There are an infinite number of possible substitutions of the kind re- 
quired, for if in (152) we replace 6n, 6u... by Kbn, Kby^ ..., and i/i, lya ... by 
flijK, r)^K ,,., the substitution is still a possible one and reduces 2Z to a sum 
of squares as before. The modulus of transformation for this new substitution 
is the Jacobian 

6ii, in 

8 (fn-fi> gn-n **') 






.=ir« 



6,1, 62s 



and is therefore K^ times the modulus of the original substitution. By a 
suitable choice of K, the right-hand member of the foregoing equation can 
always be made equal to unity. We shall suppose such a value of -K" to have 
already been absorbed in the quantities which occur in the transformation 
(152), so that 

'fefe'-V (!")• 

If we now transform variables according to scheme (152), so that the new 
variables are 

fi, fs .•• fn, ^1, ^8 ... ^n (155), 

we see from expression (137) that the number of molecules for which fi lies 
between fi and fi + dfi, 171 between 171 and rii + di/i, etc., will be 

^./.(f,6...fn,^|...^n)dMf....d|n^%^^^^ 

and this, by equation (154), may be written 

^«/. (fi> fa ••• fn, ^1 ... Vn)d^id(^ ... dfn^i ... dfjn (156), 

while from equation (146) we have 

/. = Jae-**^« = -4.e->*^-*<^»^i*+-+«-'»«^ (157). 

If, then, we denote by Ci V the value of Cji/,* averaged over all molecules 
of type a, we shall have 

^^'I'^im (158). 



In 



The integrals in both numerator and denominator are of the type 

Jljj... /e-«»F-»(cV+...+..*.«» df, ... df„d,, ... dVn. 
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where in the numerator we have as the value of /, 

J -00 

and in the denominator we have as the value of /, 

f + ao 

Ia= I e-'^''^*dvi. 

J -00 

Since Ci does not involve 17,, we have 

Substituting these values in the numerator and denominator of equation 



(158) we find that the whole equation reduces to 



, 2 — . 



1 



.(159). 



'^'" =2A 

This equation shews that the mean energy of each momentoid is equal to \iZ 
jT , a quantity which is independent not only of the particular momentoid 
chosen, hut also of the type of molecule to which it belongs. 

For any type of molecule, three of the momentoids may always be taken 
to correspond to the three components of the velocity of the centre of gravity. 
Taking these to be the last three momentoids, we have 

and our result may be expressed in the form 

mc,u^ ^ viaV^ = maii^ = Cifji^ = ... =mpu^ = mpi^= ... = ^,,.(161). 

These equations express th e l aw of Eq ui pa rtition of Kinetic Energy^ a law 
of whichthe import ance will appear la ter. 

Law of Distribution of Velocities a/nd Density, 

78. From expression (156) it follows that if i/n-ai ^n-i a»id rin are the 
momentoids of translational energy, the number of molecules of type a for 
which u, Vt w lie within a small range dudvdw is % 



Nadudvdwjjj .../.(fi, fa ... fn, Vi» Vi • • Vn) 



^i^^'^f''^^' - '^f"'^"' - '^''— -(162). 
In the present case, 

/. (ft ••• fn. Vi-- i7„) = «-»"*- <'^-+«^ ^.er^r-ft (*,„«+.+«*-.>..-.•), 



Digitized by 



Google 



70 The Law of Distribution [ch. v 

80 that expression (162) can be written in the form 

B^e'^-^'''^'^'^ dudvdw (163), 

where £« is independent of % v and w. It follows that the law of distribution 
of translational velocities is of the form 

/.(u, v, u;) = C.6r*'*.<«"+**+«^ (164). 

In other words, the law of distribution of translational velocities is the 
same as if the molecules were the smooth rigid spheres of Chapters IL 
and III. 

79. In the only case of any importance, the potential energy can be 
written in the form 

where F< is the potential energy of the molecule under its internal forces, 
and ;^ is its potential in the external field of force and depends only on a?, y, e, 
the coordinates of its centre of gravity. This covers the case of a gas acted 
upon by a gravitational field of force — for instance, the atmosphere. In this 
case we have 

^.= Vi + x + ^. 
and X ^ ^^^ ^°^y P^rii which involves a?, y, z. 

By an argument similar to that of the last section, it will be seen that 
the number of molecules for which x lies between x and x + dx, and similar 
conditions are satisfied by y, z, is of the form 

D.e-^x dxdydz. 

In other words, if i/« is the molecular density of gas of t3rpe a at the point 

a?, y, z we have 

Va^D^e-^^ (165). 

Also it appears that the number of molecules of type a which occur per 
unit volume at x, y, z and of which the coordinates lie within the usual range 
of limits dfi ... dfn-idiyi ... dr)n is proportional to 

I'.e-^^^'+^^df ...dfn-,di7x...di7« (166). 

This shews that the field of external force does not affect the law of 
distribution of the coordinates of the molecule, other than x, y, z, or the law 
of distribution of velocities, but that the distribution of density alone is 
affected. 

rhe result expressed by equation (165) is simply a more general case of 
that expressed by equation (94), namely 

V = constant, 

in the case of hard spherical molecules. The quantity v is the molecular- 
density defined as in § 11, being in fact the true density averaged through a 
*'ceir' which is sufficiently large to contain a very great number of molecules. 
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Rotating Gas. 

80. An interesting example of the treatment of a permanent field of 
force is supplied by the case of a gas and its containing vessel rotating 
together with an angular velocity a> about the axis of z. We can reduce the 
problem to a statical one by supposing the gas acted on by a field of force of 
potential i«D'(a?' + y'), and therefore have as the law of distribution (equation 
146) 

/=ile-^^+*«»-*<^«^ (167), 

where E stands for im(M'+i;' +tt;*)-f- ... and u, v, w are the velocities 
referred to axes fixed in the containing vessel. To transform these velocities 
to axes fixed in space, we must write u-^toy for u and v-^- ^x for v. The 
value of E, referred to fixed axes, must therefore be taken to be 

E = Eo + ma> {xv — yu) + ^o)* (a^ + y% 

where E^ is formally the same as E, but the velocities are now referred to 
fixed axes. Equation (167) now becomes 

/=ile-^<^»-»^<*^^-y«» (168), 

giving the law of distribution of velocities referred to fixed axes. This equa- 
tion is, as it ought to be, a special case of equation (150) in which the same 
law of distribution was found by another method. 

Calculation of Effective Density, 

81. If we wish to calculate the probability of finding the centre of a 
molecule within a specified small element of volume of dimensions com- 
parable with the size of a single molecule, we must proceed as was done in 
the case of hard spherical molecules in Chapter IV. This probability was 
there calculated from an " eflFective-density " which became identical with 
the true density when the molecules were infinitely small, but which in 
general depended on the size of the molecules. 

In the fonner instance the size of the molecules entered into our calcu- 
lations by excluding a certain region of the generalised space. In the 
present case the size of the molecules is not a very definite conception, 
any more than is a collision between molecules (cf. § 71), but there is, as we 
shall now see, no want of definiteness as to the regions of the generalised 
space which are to be excluded. ^B 

In equation (133) we expressed the total energy of the gas in the form 

e = iS;« + ^6+... + 4) (169), 

where Ea, Ei,,... are the energies of the separate molecules, and <I> is the 
total potential energy of the iutermolecular forces, and is therefore a function 
of the positional coordinates only. In the case of the elastic spheres, <t 
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vanishes so long as no two molecules or no molecule and the boundary 
overlap, and becomes infinite if this takes place. Or, what is the same 
thing, <I> vanishes throughout all those parts of the generalised space which 
were retained in §33, and becomes infinite throughout those parts which 
were excluded. The parts which were excluded might have been supposed 
to be determined either by the condition that <I> should be greater than zero, 
or that <I> should be infinite. 

In the present instance we shall suppose all regions excluded for which 

*>€ (170). 

If e is small in comparison with (S, equation (169) may, without per- 
ceptible error, be replaced by the equation 

as has been done throughout this Chapter. 

If e is so great that a system is only inside the region defined by the 
inequality (170) throughout an infinitesimal fraction of its whole path, then 
the results obtained in this Chapter (which' in strictness apply only to a gas 
in the non-excluded region) may be supposed to apply to a gas throughout 
its whole path. 

In virtue of the assumption which it was announced that we were going 
to make in §74, and for which experimental justification was given, it is 
possible to choose e so that these two conditions shall be satisfied simul- 
taneously. We therefore agree that the region in which * > e is to be 
excluded from the generalised space, where € is chosen in this way. 

The eflFective molecular density can now be determined exactly as in 
Chapter IV. We are, however, ignorant of the particular nature of the 
intermolecular forces which occur in nature, and it would hardly be profitable 
to try to determine the eflfective molecular density in general terms. It 
will perhaps be sufficient to remark that it is a function not only of x, y, z 
the coordinates of the point in space, but also of the type of molecule 
which we are supposing to be found there, and also of the internal positional 
coordinates of this molecule, if we assume the intermolecular forces to 
depend on these coordinates. 

/JP Sphere of Molecular Action, 

82. In this connection, the conception of a "sphere of molecular action " 
is sometimes useful. We assume that a sphere of diameter <r can be drawn 
about the centre of gravity of every molecule, such that 

(i) the intermolecular forces between two molecules are inappreciable, 
so long as the two " spheres of molecular action *' do not intersect, 
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(ii) when two " spheres of molecular action " intersect, the time which 
elapses before they again separate is inappreciable in comparison 
with the average time between two consecutive collisions of the 
same molecule, a collision now being supposed to take place when- 
ever two spheres intersect. 

It will be noticed that although the quantity <r is at our disposal, yet 
we have to assume it to satisfy two distinct conditions, and these will not, 
in general, be satisfied by the same values of a. There is no experimeutal 
justification for assuming that in the case of an actual gas they can be 
satisfied simultaneously : the sole merit of the conception of a " sphere of 
molecular action,'' is that it introduces a certain definiteness into a class 
of problems of which the treatment otherwise is often impracticable, and 
that at the same time it leads to results which, although not strictly accurate, 
often give a very fair approximation to what is found in nature. 

If we decide provisioually to admit this conception, it is clear that we 
may exclude from the generalised space all regions in which two spheres 
intersect, or of course in which one sphere intersects the boundary, and 
may suppose that when a collision occurs, the representative point in the 
generalised space moves along the boundary of the excluded region, exactly 
as in § 35. In fact we may, in calculating the " eflfective molecular density " 
regard the molecules as the rigid spheres of Chapter IV., the diameter of the 
sphere of molecular action now being identical with the diameter of the 
actual molecule. 

At the same time it is important to notice that the assumption of a 
sphere of molecular action leaves very much more freedom for the structure 
of the molecule than does the assumption that the molecules are elastic 
spheres. For after assuming the existence of a sphere of molecular action, 
it is still open for the molecule to have any shape we please: all that is 
required is that it shall not protrude outside its sphere of action. Also 
its interaction with a second molecule may be of any nature we please: 
all that is required is that the interaction between two molecules shall be 
negligible so loug as their spheres do not overlap. Lastly, consistent with 
the assumption of a sphere of molecular action, a molecule may have an 
internal structure as complex as we please. 

Oeneral Intermolecular Forces, 

83. Before leaving the questions of the present Chapter, let us examine 
the problem of determining the law of distribution of velocities and co- 
ordinates in a gas in which the assumption of the smallness of the inter- 
molecular forces is not justifiable. Let us say that an encounter between 
two molecules takes place as soon as the potential energy of the inter- 
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molecular forces between them becomes appreciable, and let us suppose 
encounters to be possible in which more than two molecules are engaged 
at once. 

Instead of being written in the form (133) the total energy of the gas 
may be put in the form 

(g = iS'a + JSft + ...+Tr«6 4-...+Tr«fc+ (171). 

in which TTot is the potential energy of the intermolecular forces between 
the molecules A and B, supposed engaged in an encounter in which no 
other molecules are engaged, Wede is the potential energy of the inter- 
molecular forces between the three molecules C, D, and E^ supposed engaged 
in an encounter in which no other molecules are engaged, and so on. This 
equation only differs from equation (133) in that the intermolecular energy 
<I> is expressed as the sum of the intermolecular energies of the various 
encounters. 

Let us now regard the molecules A and B as forming a single dynamical 
system, which we shall refer to as a " double-molecule." Let the molecules 
(7, Z), and E form a single dynamical system — a "triple-molecule"; and so 
on. The energy EfO, of the double molecule AB may be supposed to be 
given by 

that of the triple molecule ODE by 

and so on. The whole energy of the gas at any single instant is now 
given by 

6 = 2,^ + 2,^ + :^,^+ (172), 

where %E is the sum of the energies of all the single molecules, t.«., mole- 
cules which are not engaged in encounter at all, S,j& is the sum of the 
energies of all the double molecules, and so on. The energy has now been 
expressed as the sum of the energies of a number of molecules of different 
kinds, regarding multiple molecules merely as new species of molecules. To 
this extent the problem is the same as the problem already dealt with in § 75. 
There is, however, an important difference. Li the former case a molecule 
belonged to the same type for ever : in the present case single molecules are 
always combining into multiple molecules, and vice versd. In fact we cannot 
assume that the total number of molecules of each, or even of all, kinds is 
constant. 

All the constituent molecules A^ B,... of the gas must be represented 
separately in the generalised space, as before. A double molecule AB comes 
into existence when certain relations are satisfied between the coordinates of 
A and those of B. We shall find it convenient to make a slight alteration 
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in the form in which the law of distribution is expressed We shall suppose 
that the number of single molecules of type a for which the 2n^ coordinates 

fi, fa...f«. (173), 

lie within the range dfidf, ... df^,^ is 

*.(fi, f,...)dfidf. (174), 

so that by comparison with (137) we see that ^. replaces the old N^f^, The 
point of this change is to absorb the variable quantity Na into the variable 
function f^. In the former case, N^ was constant and this absorption was 
unnecessary : in the present case it reduces the apparent number of variables 
from two to one. 

A double molecule of type a/8 will be a molecule composed of a molecule 
of type a and a molecule of type /8 in encounter. The coordinates specifying 
such a double molecule will be the coordinates, 

f.. f....f«... f.'. f; ...r«, ("5). 

of its components, and the number of double molecules for which these co- 
ordinates lie within the usual range will be taken to be 

*.^(fi, f.,...f/, f/...)dMf....df/df; (176). 

Let iP. be the energy of a single molecule of type a, expressed as a 
function of the coordinates (173), E^ the energy of a double molecule of 
type a^ expressed as a function of the coordinates (175), and so on. Then 
the total energy as expressed by equation (172) may be put in the form 



e 



=y^.^.+yi^^^ + ... + A.^^^+ (177), 



in which the differentials are omitted to save printing, and the single thick 
integral denotes integration over all values of these differentiala 

There will be a constituent molecule of type a, (i) in each single molecule 
of tjrpe (a), (ii) in each double molecule of the types off, ay ..., and (iii) there 
will be two such molecules in each double molecule of type aa ; and so on 
for more complex molecules. Let N^f Np, iV«^ ... be the number of molecules 
of types a, jS, a/S ,.., and let 91,, 9?^, ... be the numbers of the permanent 
constituent molecules of types a, jS .... Then we have 

«. = i\r.+ 2i\r,. + i\r.^ + i\r.^+ (178), 

and since we have equations of the form 

i\r. = /J., N^^f4>^ ...(179), 

this may be written 

«.=yi.+2y}>..+yv./i+y^.y+ (i«>)- 

There are similar equations for each of the types /8, 7 .... 
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The analysis of § 72 holds for the most general field of intermolecular 
force. Hence it appears that in the present case, as before, the density of 
fluid in the generalised space may be regarded as constant throughout all 
time, and therefore we need only discuss the ratio of the volumes of this space 
which are occupied by the diflferent possible classes of systems. 

84. Let us agree to adopt the artifice explained in § 56, to limit the 
variation of the coordinates of the various types of molecules to a finite 
range. Let us divide up the possible range of coordinates for a single 
molecule of type a into n. equal "cells/* the possible range for a single 
molecule of type /8 into n^ equal cells, and so on. The range for a compound 
molecule of type a^ will then be n^np cells, if for the moment we regard any 
combination of an a molecule with a /8 molecule as a compound of the a^ 
typa If we only regard these as forming a double molecule when the inter- 
molecular force exceeds a certain amount, then it follows that double mole- 
cules can only occur in certain of these w«n^ cells, and not in all — ^it does not 
at present matter in how many. 

Let us now consider a special class of system — class A — in which there 
are 

tti, Oa... single molecules of type a in the respective n« cells,' 

A»A«" » « »> >» P » » >» ^^ » (181), 

(a^)i»(«i8)»--- double „ „ „ a^ „ „ „ n.w^ „ , 

and so on. 

Elach arrangement of molecules which form a system of class A will be 
represented in an element of the generalised space which forms a fraction 

1 

of the whole. Using equations (178) this becomes 

^ (182). 



nJfUnp9lfi... 

Now the number of ways of distributing the rdles of the various con- 
stituent molecules so that conditions (181) are satisfied is 

ai!a,!...A!A!...(a/3X!(a^)«!... ^^''^^• 

Here the factor 91. ! is the number of ways in which the 3?, permanent 
constituent molecules of type a can be permuted inter se, a, ! is the number 
of ways in which the molecules in the first of the n« cells can be permuted 
inter se, and so on. Expression (183), then, gives the number of elements 
which represent systems of class A. Multiplying expressions (183) and (182) 
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together, we find that the fi:action of the whole generalised space which is 
occupied by systems of class A is 

,.= __l ??4^- (184). 

86. The value of 0^ just found is a generalised form of that given by 
expression (60). If we proceed as in § 40, using Stirling's Theorem [equation 
(61)] in the form 

Ltlogp! = ilog(27rc) + (p + i)logf, 
we obtain log^. = a- 2(a,-l-i)log^- 2(A4-i)log^'- ... 

- 2((«^). + i)log^'-.... 

where (7 is a constant depending on the constants 9t«, 9t^...7i«, n^.... 
From this equation it follows that the normal state is obtained by making ^ 
a minimum, where 

^ =/i. log^- +y^^ \og^ + ... +yi.^ log ^+ ... .,....(185). 

The variation of S^ is subject to the energy equation (177) and to equa- 
tions of the type (180) expressing the pennanency of the separate types of 
permanent molecules. If we vary equation (185) and add the variation of 
equation (177) multiplied by an undetermined multiplier \, and that of the 
equations of the type (180) multiplied by /a., /a^ ... we obtain 



+Jl\og <l>aa + \E^ + 2/A.) S<^a. + . . . , 



and the condition that ^ shall be a minimum is given by the systems of 
equations 

log.<^* + ^^* + /^« = 0, etc., 
log<^.^ + X^.^4-/A« + /A^ = 0, etc., 
log <^a. + X^«« + 2m« = 0, etc., 
etc. 
Changing the constants X, fc«, /t^ ...,and substituting for Ea^, ^aa ... these 
equations lead at once to the equations 

etc. 



.(186), 
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In general, for the multiple molecule a^ ... we have 

0^y... = il£(7...6-«*<^.+JS?^+^+...+ir^...) (1S7). 

86. From the well-known formula in attractions 

W^^ijjjpVdxdydz, 

where p, V are density and potential at the point x, y, z, it follows that we 
can write W^«^y... in the form 

where ^a is the potential of the molecule of type a in the field of inter- 
molecular forces arising from the other molecules, and so on. Hence in 
equation (187) we may write 

<A«/iy... = ^.-^^-^Y (^^)> 

where ifr. = ^e-«*^a-*xa, etc (189). 

We may therefore regard the probability of a combination of molecules 
having any specified coordinates, as the product of the probabilities of the 
constituent molecules having the appropriate coordinates, if we take the 
probability of a molecule of type a having its coordinates within the usual 
range df idfa . . . to be 

Ae-^^a-hxad^,d^, (190). 

Since the quantity x, does not involve the velocity coordinates it is clear 
that the analysis of § 77 can be made to apply to this case, and hence that 
the result expressed by equation (161) is true, even when intermolecular 
forces are taken into account. Thus we see that the law of distribution of 
velocity-coordinates is unaltered by the presence of intermolecular forces, and 
that the law of equipartition of kinetic energy remains valid independently 
of the existence of such forcea 

87. Before leaving the subject we must, notice the similarity between 
the effects of an intermolecular and an external field of force. If Xm. instead 
of being the potential of a molecule type a in an intermolecular field of 
force, had been the potential in a permanent external field of force, then the 
law of distribution of molecules of type a would, by § 75, be exactly the 
same as that expressed by (190), except that x^^ would have been replaced 
by 2x.. 
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An alternative treatment of the Partition of Energy. 

8& The doctrine of the equipartition of energy in a system of molecules 
of varying masses was discovered and enunciated by Waterston* in 1821/ 
in the paper which has already been referred to. He states the doctrine in 
the following form : " In mixed media, the mean square molecular velocity is 
inversely proportional to the specific weight of the molecule. This is the 
law of the equilibrium of vis- viva." Lord Rayleigh, in a footnote, says 
" This is the first statement of a very important theorem. The demonstra- 
tiop, however,... can hardly be defended." Exactly the same theorem was 
brought forward independently by Maxwell in 1859, in the British Association 
paper already referred tof. He states the proposition: "Two systems of 
molecules move in the same vessel ; to prove that the mean vis- viva of each 
particle will become the same in the two systems." The question was again 
brought into prominence by the publication of a paper by Boltzmann in 
1861 J. In 1879 Maxwell also published a paper on equipartition in which 
he regarded the whole question from a somewhat different standpoint§. In 
what follows we shall treat the question from Maxwell's point of view, the 
only difference being that the mathematical analysis can be put much more 
concisely by the help of the conception of a generalised space. 

89. Let us, as before, represent a general dynamical system having 
n degrees of freedom in a space of 2n dimensions. We shall now find it 
convenient to take as variables 

?i, ?a ... ?«, ^1, ^ ... Vn (191), 

where ^i, ^a ... ^n ^^^ generalised coordinates of the system, and 171, 172 ••• i7n 
are the momentoids of § 77. Since 

it is clear that any assemblage of systems will be represented in the present 
space by fiuid of the same density as that by which it was represented in 
the former space. If, therefore, the fluid in the present space is taken to 
be initially homogeneous, it will remain homogeneous throughout all time||. 

♦ PML Trans, clxxiuii. p. 1. 

t '* Illustrations of the Dynamical Theory of Gases," PhiL Mag. Jan. and July, 1860. 
Collected Works, i. p. 578. 

X ^'Studien ftber das Qleiehgewioht der lebendigen Kraft zwisohen bewegten materieUen 
Pnnkten," Sitgungsber. der K, Akad, Wien, ltiii. 

§ *' On Boltzmann's Theorem on the average distribution of energy in a system of material 
points," Camb. Phil, Trans, zn. Collected Works, n. p. 718. 

II This treatment seems to obviate, in a simple manner, a oritioism which has often been 
urged against BiaxweU's original proof. MaxweU takes coordinates in which the kinetic energy 
is already expressed as the sum of squares, and assumes these to form true Lagrangian co- 
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90. We may express the energy E of the system in the forms 

E= F+i (193) 

= F + i(ciV + Cai7,'+...+CnV) (19*X 

where V is the potential energy, a function of the j's only, and Ci, c,... are 
also functions of the j's only. 

The volume of the generalised space for which }i,5'j...}« lie within 
specified ranges dgi, dq^ '.-dqn, while Vi*V2"'Vn have all values such that 
E <Eoi8 given by 

dqidq^ ... dgnjj|...d^i,d^a... d^n (195), 

where ViyV2'''Vn have all values subject to 

C|77i» + c,i7,»+... + CnV<2(^o-F) (196). 

The integral is a Dirichlet Integral* of which the value is known to be 

n 

f . (cxc, ... c„)-» (2^.- 2F)^ (197). 



'('-D 



Differentiating with respect to E^^ we find that the volume representing 
systems for which }i, Jj... g^n lie within the same range as before, while E 
lies between E^ and E^ + dE, is 

2<tl,<i},...A(.ii!-^(CC...«.)-l(2£.-2r)i"' (198). 

r(l) 

If we introduce a new condition that i;n is to lie between T/n and lyn + cJiyn, 
the alterations necessary to transform expression (198) to suit the new con- 
ditions will consist in writing n— 1 for n, 2^o — 2 F—CnW for2^o — 2F 
and introducing the new differential diyn- Making these alterations the 

expression becomes 

y ii-i 

2dgidg, . . . dq^dEd'nn '^l^. (ciC» . : • c^0~* (2^o - 2 F- CnVn'f^ . • .(199). 



r 



(^) 



ordinates. Unfortunately it is not always possible to find coordinates satisfying these conditions. 
To take the simplest case, the kinetic energy of rotation of a rigid body can be expressed as a 
sum of squares in many ways, but in no case are the coordinates true Lagrangian coordinates. 
If, for instance, we write 

we know that I toidt^ etc., are not true Lagrangian coordinates. 
* Williamson, Integral Calculus, p. 820. 
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The ratio of this expression to (198), on replacing V^r by V{W is found 
to be 



r("-^>© (2^.-27) 



(2^.-2F-c„i7„^)l- 

On^df\n (200). 



«-8 
2 



This is the fraction for which i;„ lies between i;„ and i7„ + d»/„, of all the 
systems for which g,, jj ... }„, ^ lie within the specified small ranges. 

Let us write Kn = \cn>\n 

so that Kn is the kinetic energy corresponding to the momentoid !;„; then 

and therefore expression (200) becomes 

''w {E,-r-K.y^ dK. 
T{^)r{-) ^s.-vi? ^^. *'"' 

The mean value of Kn averaged over all the systems for which 5^1, ^a ••• ?n 
and E lie within the specified ranges, say K^y is therefore 



K^ = 






■(t)'(B 



n > 

so that from symmetry 

K, = K,= ... = Kn (202). 

In words, this result states that, averaged through all those parts of the 
generalised space in which ?i, ?i ... Jn and E have specified value, the energies 
of the various moraentoids are equal. By addition, it follows that, averaged 
through all parts of the generalised space for which E has a given value, 
the energies of the various momentoids are equal. 

* Williamson, Integral Calculutt p. 16X. 
J. 6 
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y 91. The result just reached is Maxwell's main result If we wish it to 
/apply to the motion of dynamical systems, we must suppose an assemblage 
of systems started with energies intermediate between the narrow limits 
E^ and E^^ 4- dE, in such a way that their density in the generalised space 
is uniform, i.e., so that all values of the coordinates and momenta which are 
consistent with the energy lying within the specified limits, are equally 
probable. The separate systems have of course no interaction one with 
another. It then follows that initially and throughout all time the mean 
energies of the various momentoids are equal. 

By addition over all possible values of the energy, we can arrive at the 
result that for an assemblage of systems having all possible values for the 
coordinates and momenta, provided only they are started so that the initial 
density in the generalised space is uniform, the mean energies of the various 
momentoids are equal. 

We can, however, obtain a result more general than this. The motion 
in the generalised space is confined to the loci -& = constant, so that if we 
take an initial distribution of density {pi) in the generalised space such that 

p.^<t>{E) (203), 

where 4>{E) is any function of the energy, then this distribution is a 
permanent distribution, i.e., equation (203) is satisfied through all time. 
And by addition of the result obtained in the last section, it follows that in 
this assemblage the mean values of the energies of the various momentoids 
are equal. 

Continuity of path, 

92. Attempts have been made to extend this r esult to the time-average. 
of the energies of the various momentoids of a single system. It is obvious 
that this cannot be done without further assumption of some kind. For 
instance it may be that the path of the single system is entirely confined 
to a certain definite region of the energy-surface on which it is moving, and 
in this case it would obviously be fallacious to calculate the time-average 
by integrating over the whole surface. The assumption which is usually 
ade, in order to make the extension to a time-average possible, is that 
generally known as the assumption of continuity of path. It is *Hhat the 
system, if left to itself, will, sooner or later, pass through every phase which 
is consistent with the conservation of energy"*. Lord Rayleighf points out 
that " if we take it quite literally, the assumption is of a severely restrictive 
character; for it asserts that the systems, starting from any phase, will 
traverse every other phase (consistent with the energy condition) before 

• Maxwell, ColUeUd Works, n. p. 714. 

t ** The law of partition of Kinetic Energy," Phil. Mag. [5] xlix. p. Ill, 1900. 
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returning to the initial phase. As soon as the initial phase is recovered, 
a cycle is established and no new phases can be reached, however long the 
motion may continue." 

It is, however, pretty clear that the assumption cannot be justified, if 
taken quite literally. It is known that in connection with every dynamical 
problem, there are an infinite number of re-entrant paths — ^the "periodic 
ywbits" of astronomy — ^so that obviously a system on one of these paths 
y will never reach the phases outside the one particular path, while a system 
not on one of these paths can never reach the phases represented by points 
on them. 

This objection might be met by arguing that the re-entrant paths only 
form an infinitesimal fraction of the whole, and that it is quite conceivable 
that all the phases outside these re-entrant paths form a single path. If 
this were so, it would be immaterial^ for a system on this single path, 
whether we averaged over the whole energy surface, or only over the path. 
This defence, at any rate at first sight, does not seem very plausible. It 
requires us to suppose that the paths are aU re-entrant, but that one of 
them is infinitely longer than all the others added together. It must also 
be noticed that there are dynamical systems in which all the paths are 
re-entrant and of finite length, as for example occurs in the case instanoed 
by Lord Rayleigh (tc. cmte) of a particle describing an orbit about a centre 
of force, the law of force being fir, 

93. An escape is perhaps made possible by assuming that the system 
does not continually traverse a single path undisturbed, but that by the 
agency of external forces, it is at times removed fix)m one path to another. 
If the action of these external agencies is sufficiently fortuitous it may be 
that it is legitimate to suppose that the system passes through all phases 
on the energy surface. A warning must, however, be entered as to the 
nature of the agencies which may be regarded as fortuitous. The essential 
elements of the question may all be represented by the simple case of a 
billiard ball moving on a smooth billiard table. Here the impacts of the 
ball on the cushions are not fortuitoua In fact the cushions may be 
replaced by a field of repulsive force which becomes infinite at the cushions 
and vanishes elsewhere, and the motion of the ball is now wndisturhed motion 
in this field of force. Again, if the system consists of two billiard balls 
moving upon the same table, the collisions between them cannot be regarded 
as fortuitous, because the impulsive forces between them at collisions can 
be treated as a special case of a continuous system of forces acting between 
them. O bviously the same consi derat ion <; invers the case of_a gas of the 
mogt^jlg neral kind moving u ndisturb ed by ex ternal agencies^ in a closed 
vessel of any kind. 

6—2 
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Extension to time-averages. 

94. Even after agreeing to shelve these difficulties connect^ with 
" Continuity of path," there is considerable disagreement among authorities 
as to the legitimacy of the extension to time-averages. 

Lord Rayleigh writes as follows* : 

"The extension to time-averages, the aspect under which Lord Kelvin 
has always considered the problem, is important, the more as some authors 
appear to doubt the possibility of such extension. Thus Professor Bryan f, 
speaking of Maxwell's assumption, writes : — " To discover, if possible, a 
" general class of dynamical systems satisfying the assumption, would form 
"an interesting subject for future investigation. It is, however, doubtful 
"how far Maxwell's law would be applicable to the time-averages of the 
" energies in any such system. We shall see, in what follows, that the law of 
" permanent distribution of a very large number of systems is in many cases 
" not unique. Where there is more than one possible distribution it would 
" be difficult to draw any inference with regard to the average distribution 
" (taken with respect to the time) for one system." 

"The extension to time-averages appears to me" (we are still quoting 
Lord Rayleigh) " to require nothing more than Maxwell's assumption, with- 
out which the law of distribution itself is only an artificial arrangement, 
sufficient indeed, but not necessary for steadiness. We shall still speak of 
the particle moving in two dimensions, though the argument is general. 
It has been shewn that at any moment the t^-energy and the v-energy of 
the groups of particles J is the same; and it is evident that the equality 
subsists if we integrate over any period of time. But if this period be suffi- 
ciently prolonged, and if Maxwell's asswmption he applicable, it makes no 
difference whether we contemplate the whole group of particles or limit 
ourselves to a single member of it. It follows that for a single particle the 
time-averages of u^ and v' are equal, provided the averages are taken over a 
sufficient length of time. 

" On the other hand, if in any case Maxwell's assumption be untrue, not 
only is the special distribution unnecessary for steadiness, but even if it be 
artificially arranged, the law of equal time-averages does not follow as a 
consequence." 

In the case in which Maxwell's assumption is true. Lord Rayleigh's 
argument certainly seems (to the present author at least) to be incontro- 
vertible, and it applies, as he states, to the most general system. The 

* PhiU Mag. [5] xlix. p. lOS. 
t British Association Report, 1894, § 11. 

X Lord Bayleigfa^s * ' group of particles " is the same as our assemblage of systems represented 
in the generalised space. 
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assemblage of systems represented in a generalised space will all pass over 
the same paths if allowed sufficient time, and hence the time-averages will 
be the same for every system. Since the time-averages summed over all 
systems are equal, it follows that the time-averages for each individual 
system are equal. 

/ If, however, Maxwell's assumption is untrue — and it must be borne in 
m ind that no single syst em has yet been jiscoverecj in which it is not 
u ntrue — there seems to be nothin g to be said in justification of deducing the 
equality of the time-averages from the theorem of § 90. The main point to 
be noticed is that if the systems are subject to fortuitous disturbances, there 
is no reason for supposing that a homogeneous distribution of density in the 
generalised space (or, more generally, a distribution satisfying equation (203)) 
will be permanent, or conversely that the permanent state will satisfy the 
condition expressed by equation (203). An d if this is not so. t ^e attempted 
ex tension to time-averages fails entirely. 

96. It may nevertheless be true that for fortuitous disturbances of a 
special type the distribution expressed by equation (203) remains per- 
manent, and it may also be that the converse is true, and that the only 
permanent distribution is that represented by equation (203). I have 
thought it worth while attempting to shew that this is actually the case 
with a gas. 

Before attacking this question, one further observation must be made. 
If our gas consists of an infinite number of molecules, we can select one 
single molecule from the rest, and regard the remainder of the molecules as 
the dynamical system, while the single molecule plays the part of the 
fortuitous disturbing agency. The disturbances are not fortuitous in the true 
sense, but since the single molecule collides only with an infinite number of 
different molecules in turn, it might be legitimate to regai'd its action as 
fortuitous. And again the energy of the system is not constant when the 
single molecule has been removed from consideration, but it might be legiti- 
mate to neglect the deviations of energy which are infinitesimal in comparison 
with the whole. In the following sections, however, the argument is not 
based on the somewhat doubtful foundations just sketched out : it rests on 
the assumption of molecular chaos. 

Application to a gps. 

96. We shall suppose a gas to be composed of a number of exactly 
similar dynamical systems — the molecules. We suppose that each molecule 
is surrounded by a sphere of molecular action of diameter <7, these spheres, 
as in § 82, being of such a size that two molecules exert no action upon one 
another except when their spheres intersect. 
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When the spheres of two or more molecules intersect, an " encounter " is 
said to take place, lasting until the spheres again become clear of one another. 
The individual molecules are now to be the systems under discussion, and 
the "encounters" are to play the part of the fortuitous agencies • which 
disturb their motion. Each molecule is to have n degrees of freedom, in 
addition to the three degrees of freedom represented by the motion of its 
centre of gravity in space, and the possible states of a single molecule are 
to be represented in a space of 2x^ + 3 dimensions, of which 2n represent the 
internal coordinates and momenta of the molecule, and the remaining three 
reptesent the velocities of the centre of gravity. 



Binary Encounters. 

97. We shall begin by considering binary encounters only. That is to 
say, we work on the hypothesis that the event of a sphere being intersected 
by two other spheres simultaneously is so rare that it may be neglected. In 
this case the spheres become identical with the "spheres of molecular action" 
of § 82. 

We treat this case as follows. As soon as an encounter begins between 
two molecules their existence as single molecules is supposed to be abruptly 
terminated, and their representative points are removed from our generalised 
space of 2n 4- 3 dimension& During the progress of the encounter the two 
molecules together will be supposed to form a new dynamical system — a 
double molecule. This system will be specified by 4n + 9 independent co- 
ordinates, 2w for the internal coordinates of each constituent molecule, six 
for the velocity and position of the centre of gravity of one molecule rela- 
tively to that of the other, and three for the velocity of the centre of gravity 
of the whole system in space. Hence any such system can be represented 
by a point in a space of 4w + 9 dimensions. We shall not, however, require 
the whole of this 4n + 9 dimensional space. If x, y, z^ x\ y\ si are the co- 
ordinates of the centres of the two molecules, the condition that an encounter 
is beginning or ending is 

(a:-a/)« + (y-y')a + (^-/)«=o-« (204). 

In the 4n 4- 9 dimensional space this equation will be the equation of a 
certain " surface " B (of dimensions 4n + 8), and the representative points of 
all double molecules will be inside fif. We shall find it convenient to denote 
each double molecule by i/mp representative points, since the rdles of first and 
second molecule can be allotted in two different waya 

Let ps be the density of representative points in any small element of 
volume in this new space, and p^ the density in the original space of 2n + 3 
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dimensions. Then the necessary and sufficient conditions for a steady state 
are 

t = (206). 

^ = (206). 

in the latter of which the change in pi includes that caused by the formation 
and dissolution of double molecules. 

98. To determine the relation between /o, and /»«, we make the assuihp- 
tion of § 15, namely, that the gas is in a state of molecular chaos. Having 
made this assumption we proceed to calculate the number of encounters of a 
given kind which occur in an interval dt If fi, fa ••• fm are the internal 
coordinates of a molecule, the number of molecules per unit volume for which 
fi> f« ••• f»M w» «^» '^ lie within a range 

d^id^i.,.d^tndudvdw (207). 

will be pi df 1 df a . . . d^^du dvdw. 

Hence, as in expression (4), the number of collisions in time dt for which 
the coordinates of the first molecule lie within a range (207), and those of 
the second within a similar range in which the variables are accented, while 
the line joining their centres meets a unit sphere in a given element of 
surface dw, will be 

piPx Va* cos df idf a • • • dfandf/df a' • . . d^'rndudvdwdu'di/dw'dMdt . . ..(208). 

This number of collisions must however be equal to the number of double 
molecules which cross a certain element of the surface S in the 4n + 9 dimen- 
sional space in time dty and this number will be 

p,^^d8dt (209), 

where dS is the element of the surface S representing collisions of the type 

in question, and ^ is the velocity in this space at the element of surface dS 

measured inward along the normal. The equation of the surface S being 
equation (204), we may clearly suppose the normal to be the shortest distance 
from dS to 

x-x'^^O, y-y' = 0, ^-/ = 0, 

and therefore write 

€» = (a;-a;')« + (y-y')»+(^-/)«. 

= X(tt -«') + ••• 

= Fco8^ (210). 
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where X, /a, i/, as in Chapter II., are the direction-cosines of the line of 

centres. The value of dS corresponding to collisions of the type specified 

will clearly be 

dS=^d^,... d^^dudvdw df / . . . d^'^du'dv'dwa^do) (211). 

de 
If we substitute the value for ^ from equation (210) and for dS from 

equation (211) into expression (209), and equate the value so obtained to 
expression (208), we obtain, after dividing through by common multipliers, 

Pipi^p, (212). 

This equation may be regarded as giving the density p^ at all points on 
the surface S in the 4n 4- 8 dimensional space, in terms of the densities at 
points in the 2n + 3 dimensional space. 

99. Since the systems represented in the 4n 4- 9 dimensional space are 
not acted upon by any external forces, we have, as in § 72 (equation (131)) 

^• = (2m 

where D/Dt denotes differentiation with respect to the time as we follow the 
fluid in its motion. We may however write 

Dp,_dp, dsdp^ 

Dt" dt^dt ds -(^^n 

where dp^jdi denotes the rate of increase at a fixed point, dsjdt is the velocity 
along a stream line, and dp^/ds is the increase of p, per unit length along 
the stream line. If we combine equation (213) with the condition for a 
steady state (equation (205)), equation (214) reduces to 

^' = (21S). 

so that p2 must be constant along every stream line. 

Let Pi I pi be the densities in the 2n 4- 3 dimensional space, at points 
occupied by the representative points of the two component molecules at the 
formation of a double molecule, and let pi, pi be the densities at the points 
representative of the same two molecules at the dissolution of the double 
molecule. Then by equation (212) p^p/ and pip/ are the two values of p^ at 
the two ends of a single stream line in the 4/i + 9 dimensional space, and, 
therefore, by equation (215), 

PiPi^Pipi (216), 

the same result, it will be noticed, as is obtained by the JBT-theorem of 
Chapter II. (cf. equation (21)). 

Since the motion is dynamically reversible we may equally well take pi, p/ 
to be the densities at formation, then pi, pi' will be the densities at dissolu- 
tion, and the same result holds. 
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From this it follows that in equation (206) the decrease in p^ caused by 
the formation of double molecules of any specified kind is exactly counter- 
balanced by the increase caused by the dissolution of double molecules of 
the same kind. Hence in equation (206)> dpijdt may be taken to be the 
change in pi caused solely by the continuous motion of the fluid, and may be 
treated as p^ has been treated, leading to the result that pi must be constant 
along every stream line. 

100. We have found, therefore, that the conditions for steady motion, 
on the hypothesis of binary encounters, may be expressed as follows : 

(a) Throughout the 2n + 3 dimensional space, pi must be constant 
along every stream line. 

(/3) Throughout the 4n + 9 dimensional space, p, must be constant 
along every stream line. 

(7) At every point on the boundary of the 4n 4- 9 dimensional space 
we must have 

p2 = pipi- 

To these may be added a fourth condition : 

(8) At every point on the boundary of the 2n + 3 dimensional space 
(i.e, at infinity) the flow across the boundary must be nil, or what is the 
same thing, we must have 

P, = 0, 

this last condition securing that steadiness is maintained without a supply of 
new systems from infinity. 

These conditions are necessary and sufficient for.steady motion. 

Ternary and Higher Encounters, 

101. By a simple extension of the method already explained, the 
possibility of encounters of ternary and higher orders may be con- 
sidered. For instance, to take ternary encounters into account we imagine 
systems of triple molecules, these being represented in a suitable space, 
in which the number of dimensions will be 6n-|-15, namely 2n + 6 for each 
constituent molecule, less three for the position of the centre of gravity 
of the whole system. The density in this space being p^, we have as con- 
ditions additional to those just given : 

(e) Throughout the 6n + 15 dimensional space, p, must be constant 
along every stream line. 

(^) At every point on the boundary of the 6n + 15 dimensional 
space we must have 

pz = p^i. 
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102. Encounters of higher orders may be similarly treated. If pK is 
used to denote the density in the space of 2£'n + 6£' — 3 dimensions, in 
which ^-ple molecules are represented, the complete system of conditions 
for steady motion is 

(i) Along every stream line in the 2Kn + (iK — 3 dimensional space 

Pjp = constant (217). 

(ii) At every point on the boundary of this space 

pK^Papb (218), 

in which pat pt refer to the two systems of molecules of orders a, 6, of which 
the encounter results in the particular system of order K which is repre- 
sented at the point in question (we therefore have always a+b^K). 

If encounters of all orders are to be taken into account these conditions 
must be satisfied for all values of K from ^=ltoir=oo. In the case of 
^ = 1, equation (218) must be interpreted so as to become identical with the 
condition (S) of § 100. 

It will be noticed that if these conditions are satisfied for all values up tp 
Z = oo no hjrpothesis need be made as to the smallness of the radius of 
molecular action in comparison with the free path. The only assumption 
now made is that the gas is in a state of molecular chaos. 

Solution of Equations. 

103. As before, let ;^ be a quantity, a function of the coordinates of 
a molecule or system of molecules, such that throughout the undisturbed 
motion of the molecule or system, x maintains a constant value, and such 
that when two molecules or systems combine to form a new system, the x ^^ 
the new system is equal to the sum of the xs ^^ ^^^ component systems. 
Speaking loosely we may say that x ^ defined as being capable of exchange 
between molecules at a collision, but is indestructible. 

Then a solution of equations (217) and (218) will be seen to be 

logp^=|X...(ir = l,2,...oo) (219), 

where 1x ^^ ^^^ value of x for a iT-ple molecule, being by definition equal to 

the sum of the x^ ^f *he K constituent molecules. If ^i, Xa ••• «^re all the 
possible values of x» the most general solution is 

logPir=2(il,Xi + ^X« + -) (220). 

As regards the number and meaning of the ^ s the question stands as in 
§ 76 ; and for the reasons there given we may, in the case of a gas which has 
no mass-motion, reject all except 

X% = E, the energy of a molecule. 
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Hence the solution becomes 

/5s = il'e-^<^+^+^>, 



p^ = ^'e-^(J^+wo (221), 

where EyE\,, are the energies of the separate molecules, and W is the 
potential energy of the intermolecular forces acting between molecules, this 
not now being included in E and E \ 

\nB solution agrees with that of § 85. 



Thi 
/l04 



101 We have therefore seen that Maxwell's treatment of equipartition 
can be made to lead to the right result, if we. make the assumption of 
molecul ar chaos , or, more accurately, if we assume that the number of 
collisions of a given kind is that given by expression (208). It is infinitely -^^f"^ 
probable, but not certain, that this expression will be accurate, so that it is 
infinitely probable, but not certain, that (221) will be the solution in a steady 
state. This is exactly the result arrived at before. 

It is of interest to notice that it could have been predicted d priori, that/ 
it would be necessary to supplement Maxwell's treatment by some assumption 
of this kind. 

^^y^ This, as we shall now see, follows from the fact that the problem is 
^^r^ "statistical" problem, and not a dynamical problem of the ordinary type. 
A dynamical problem may, in accordance with accepted usage, be said to be 
one.ciLst atistical mechanics when the data and objects of inquiry are not the 
ac tual values of the va rious coordinates, but the law of distribution of these 
coordinates. Since the data of a problem in statistical mechanics do not 
completely specify the dynamical coordinates of the system, we are, in 
a problem of statistical mechanics, discussing an infinite number of different 
systems at once, and without differentiation inter se. The motion of these 
systems will naturally diverge in the course of time. It may be that after 
the motion a single statistical specification can be given which covers all 
except an infinitesimal fraction of the systems. In this case a solution may 
be said to have been found to the problem. It cannot be that a solution can 
be obtained which covers all the systems, the reason for this being that, even 
after the initial system has been fully specified statistically, there are still an 
infinite number of undetermined variables; and, by giving suitable values to 
these, we can obtain any chosen infinite number of relations between the 
coordinates of the final result, and can therefore cause this final result to 
disagree with any single statistical specification. It is therefore clear that 
a statistical problem must always have an element of uncertainty in its final~^ 
solution, although in virtue of the infinite number of the variables, this 
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uncertainty may be represented by an infinitesimally small probability of 
error: it may, in the terminology previously used, be "infinitely probable" 
that the result is true. 

/ We have found that the assumption of m olecular chaos, on the other 
hand, leads to a definite certain result, and not merely to one which is 
infinitely probable. Incidentally, this circumstance enables us to trace out 
some of the inner significance of this assumption. We see at once that the 
assumption rests on the supposition that the systems with which it deals 
have at every instant a definite statistical specification. It therefore just 
excludes those systems, an infinitesimal fraction of the whole, which wander 
away from the statistical specification obeyed by the majority. In other 
words, it implies that any system under discussion has the statistical 
specification of the majority, and therefore naturally leads to a certain result 
instead of leading merely to one of infinite probability. 

As regards Maxwell's treatment of equipartition, enough has perhaps been 
said to shew that in dealing statistically with a gas, we can never arrive at 
absolute certainty: it is therefore impossible to reach any definite result 
unless a loophole of escape from absolute certainty has been introduced into 
the premises on which we work. 

y Mechanical Illustration of Equipartition. 

105. It may be useful to illustrate the abstract results which have been 
obtained in this chapter by a concrete mechanical example. 

Let us again suppose, as in Chapter II., that the molecules of a gas are 
hard, rigid spheres ; but, in order to get more than the three degrees of freedom 
represented by the motion of translation of a molecule, let us also suppose 
that the centre of gravity of these spheres does not coincide with t heir 
geonifitricaLcfinto, so that rotations are set up by col lisions. 

Each molecule possesses an axis of symmetry, namely, the line joining 
the centre of gravity to the centre of figure. Let us take any two other 
axes, fixed in the molecule in the plane perpendicular to the axis of 
symmetry, and let us denote the components of angular velocity about these 
two axes by tJi, w,, and that about the axis of symmetry by Wj. If the 
corresponding radii of gjnration are k, k, k\ the kinetic energy L will be 
given by 

2X = m (w« + v» + i^;') + mk^ {ta^ + «r,«) + mk'^rsr^. 

It is clear at the outset that the velocity «r, is peculiar in that its value 
cannot be changed by collisions. It follows, then, that the system, as at 
present specified, does not satisfy Maxwell's condition of continuity of path. 
Or, again, there are other constants besides the energy, namely, the «j, co- 
ordinates of the various molecules, which remain constant throughout the 
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whole motion, just as, in the example of § 59, the values of u' for the various 
molecules remained constant. It is, then, clear that the general result 
obtained in the present chapter will not apply to the present system, without 
some modification being made. 

106. The most obvious modification to make is to ignore the rotation sr, 
altogether, just as, in finding the law of distribution for a system of sym- 
metrical spheres in Chapter II., we ignored all the three rotations. In either 
case the motion is the same as if the ignored rotations were non-existent. 

Let us, then, suppose the kinetic energy given by 

2Z = m (u* + v* + u>')+ mk^ita^^ + m^^). 

There are now five degrees of freedom, and the separate terms on the right- 
hand of the above equation may be regarded as contributions from separate 
momentoids, in the sense required in § 77. The analysis of this chapter 
accordingly shews that in the steady state we must have 

mu^ = rrfv^ ^ mvj* = m/^mi^ ^mk^isr^ (222). 

We can, however, investigate the steady state by Qonsidering the eflfect 
of individual collisions, somewhat after the method of Chapter IL It will 
be of interest to do this, and so to verify the result expressed by equation 
(222). The main importance of the problem, however, is that we shall obtain 
information, which will subsequently be found useful, as to the rate at which 
the gas, if disturbed from the steady state, returns to that state. This 
information cannot be obtained by the general methods which have been 
used to determine the steady state. 

The Transfer of Energy in a system of Loaded Spheres. 

107. Let us suppose the distance of the centre of gravity from the 
geometrical centre to be r in each molecule, r being small in comparison 
with a, the diameter of the molecule. In the final result it is obvious that 
only even powers of r can occur, for we can replace r by — r without altering 
the nature of the gas. The solution of the whole problem when r = is 
known, for the problem then reduces to that of the symmetrical spheres 
of Chapter II. For the present purpose we shall be content to find the 
solution as far as r** only, neglecting r*, r*, etc. 

In addition to the rectangular axes x, y, z fixed in space, let us suppose 
there to be a system of rectangular axes f, 17, f fixed in each molecule, 
having the centre of gravity for origin, and coinciding with the three axes of 
rotation already specified. The coordinates of the geometrical centre will 
then be 0, 0, r, and the moments of inertia about the axe^ f, 17, f will be mA;*, 
mk^, mk'^ respectively. 
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Let us suppose that for any single sphere the directions of the axes f, 17, ^ 
are connected with those of the fixed axes w, y, z by the following scheme of 
direction-cosines : 

f V r 



w 


h, h, k 


y 


niiy rri^y m. 


z 


ni, ??,, n, * 



.(223). 



The condition of the sphere at any instant may be regarded as determined 
by u, V, w, the velocities of the centre of gravity parallel to x, y, z; -bti, -bt,, 
the angular velocities of rotation about the axes f , rj ; and the nine direction- 
cosines of scheme (223) of which three only are independent. 

There are therefore eight independent variables necessary to determine 
the condition of a sphere. In discussing a collision between two spheres, 
it is necessary to know not only the conditions of the two spheres, but also 
\ /x, V, the direction-cosines of the line of centres at impact referred to the 
fixed axes x, y, z. This introduces two more variables, so that a collision 
requires eighteen independent variables for its complete specification. 

108. Let us examine first the changes in the eight variables of a sphere, 
which are produced by an impulse / acting along the radius of which the 
direction-cosines are \, /x, v. 

Referred to f , 17, f axes, the point of application of this impulse may be 
taken to be 0, 0, r. The components of the impulse will be 

{li\ + mifi + nil/) /, etc. 

and the components of the resulting couple 

— r(is\ + m2/x+7iav)/, r(li\ + 7nifi + niv)I, 0. 

Hence, if variables after the impulse are distinguished by a horizontal 
bar, the new velocities of translation will be given by 

I\ 



u = w-h — , etc 

m 

and those of rotation by 

_ r (I2X + mj/x -I- n^v) j 



.(224), 



.(225). 



^»=^*-^ ^ii^ ^ 

Let us next regard this impulse as arising from a second sphere, of which 
the condition is determined by accented variables u\v\w ..., the line of 
centres at impact having direction-cosines X, /x, v. 
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Before impact the components parallel to x,y,z of the velocity of the 
centre of the first sphere are 

t; + r(mi«r,-?MatJi), 

Hence if a, )8, 7 denote the components of the velocity of the centre of 
the second sphere, relatively to that of the first, we have 

a^u -u-^-r (//w/ - i/isr/ - /jtar, + k^^), etc (226). 

The components of relative velocity after impact can be deduced by 
writing u, u' ... in place of u^u' .... The quantities u ... are given by 
equations (224), (225); the quantities u\., are given by similar equations, 
except that / must be replaced by — /, since the impulse on the second 
sphere in the direction X, /x, v is — /. Substituting this value, and compar- 
ing with equation (226), we obtain 

2/X r*/ 

o = a - — - ^ {Zi (ZiX + vfhfjL + rii v) + i, (Z,X + tw,^ + n,i/) 

+ U {li^ + mi> + n^v) + U {U\ + ma> + n,V)}, 
and there are similar equations for )8, 7. 

Multiplying these three equations by X, /a, v and adding, we obtain 

- 2/ 
Xa + /x)8-M;7 = Xa + My8 + v7 (1 + Ar^) (227), 

where ^-^j^ K^i^ + ^iM + ^^)' + (^^ + ^M + ^^)' 

+ {l^\ + mi> + n^vy + (/,'X + m,> + <i;)«} (228). 

At the moment of greatest compression, the components of relative velocity 
will be i (a + a), i (/8 + P\ i (7 + 7), and therefore the relative velocity along 
the line of centres will be 

i (Xa + /x)8 + 1/7 + Xa + /x)8 + 1/7). 

This vanishes, and therefore, by equation (227), 

\a-\-fil3 + 1/7 = - (Xa + /x)8 + 1^) 



:(l + ilr»)-. 



Hence, since we are neglecting r*, 
/ 



m 



= (l-ilr«)(Xa + /xy8 + i;7) (229). 



Substituting this value for / in equations (224) and (225), we obtain the 
velocities of the first sphere after impact. 
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109. Let us now pass to the consideration of impacts in which the two 
colliding spheres are in given conditions, but the direction-cosines X, ft, v 
may have any values which are consistent with a collision. 

The path described by the centre of the second molecule before collision 
relatively to that of the first is, since the spheres are loaded, not a straight 
line ; but since the relative velocity a, /8, 7 is the same for all the impacts 
now being considered, this path is always the same as regards shape and 
direction, being in fact a curtate or prolate cycloid according to the magni- 
tudes of the velocities. 

Imagine the geometrical centre of the first molecule reduced to rest and 
surrounded by a sphere of radius <r. Let the centre of the second molecule 
describe its path relatively to the first molecule, then, whenever an impact 
occurs this centre must lie on the sphere of radius a. 




<a,/5, 7. 



Fig. 4. 

Let US start from any point P on this sphere and trace the relative path 
backwards. This path, being a curved line, either may or may not intersect 
the sphere again in some point i2. 

In the former case an impact at P will only be possible if an impact has 
occurred while the centre of the second sphere was at some point in PR, 
In the latter case there is no limitation of this kind, so that the probability 
of an impact occurring on any small region surrounding P is simply propor- 
tional to the projection of this area on a plane perpendicular to the direction 
of the relative velocity at impact. 

Owing to the smallness of r, the relative path will, in general, be only 
slightly curved. If the maximum curvature of this path is less than that 
of the sphere of radius <r, then obviously so long as the angle between the 
normal at P and the relative velocity is acute, the relative path will not 
intersect the sphere except at P. 

110. For the present we shall assume the velocities of the two molecules 
to be such that this latter condition is satisfied. In this case the proportion 
to the total number of collisions of those for which the angle between the 
directions of the relative velocity and line of centres lies between y^ and 
i/r + dp^y is easily seen to be 2 sin -^ cos -^d-^, the limits for -^ being and ^. 
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By [g] we shall denote the average value of any quantity q taken over 
all collisions in which the two spheres are, before impact, in certain specified 
conditions. 

By squaring and adding equations similar to (224), 

— - — 2/ /" 

Before averaging this equation, we must calculate 

If F is the relative velocity, 

Xa + ^ + i/7= Fcos-^; 
hence by equation (229), we have as far as r*, 

^* = F«cos«V^-2r*ilF«cos»^. 

Now [F«coS«^]=FM 2sin'f cos»'fd^ = iF«. 

Hence * f^l =. J F« - 2r*[il F«co8« '^\ 

Again, from equation (229), 

— (XU + /AV + i/u;) = 2 [\«] cm + 2 [Mi^lOSti; + 7v) 

-r»{2[i4X«]au + 2[il/ii'](y8ti; + 7t;)} (231). 

111. If we take the direction of the relative velocity for pole, and denote 
the coordinates of a point on a unit sphere, referred to this pole, by B, ^, 
then the proportion of cases in which the direction (X, /n, i;) meets this unit 

sphere within limits d%A^ is - sin B cos B ciB c{4>. Hence 



[X«] = i f*'r'x«sinBcosBdBd<I> (232). 

•3T Jo Jo 



If we take the coordinates of the axis of a: to be (6, ^), we have 

X = cosBcostf-sinesintfcos(^-<^) (233). 

# 
Substituting this value for X in equation (232) and integrating, we 

obtain 

[X«]=icos»tf+isin«tf 

«i(l+cos«tf) 



= i(l+T«) ^2^*^' 



and similar equations give \jj?\ [i/*]. 

J. 7 
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If we suppose the axis of y to be (^, (f>\ then 

/x = cos cos ^ — sin © sin ^ cos (4> - <f>\ 
and multiplying this by the respective sides of equation (233) and integrating, 
we obtain 

[X/x] = icostfcos^ = |^ (235), 

and similar equations give \jiv\ [i/\]. 

112. Substituting these values in equation (231), 
g(X.+ ^.4-^)]=i2a. + i2f>i2^5K^ 

where D = 2[ilX«]a2A + 2 [^H (/S^ + T^^) (236). 

Or, simplifying, 

-{Xu^- fiv-\-vw) = J(an + /9v + 7w)-r»D, 

and hence from equation (230), 

[t7«+ti^ + t^ = t4» + v» + tf^+aw + /9y + 7W+ ^F* 

- 2r« (D + {A F« cos» ^]) (237). 

On the right-hand side the upper line 

= i {u'^H- v« + w'H- (t* + a)* + (v + /9)* + («^; + 7)"} 
= ^tu^ j^^t[u'^r (fiW - ^2V - U^^ + h'^i)% 
by equation (226), 

= i S (w'' + t/'*) + r%u' (ii'tsr/ - i/iir/ - km^ + ^.tsr,) 
+ ir» (tsTi' + tar,' 4- W + W) 
— r*2 (&i&2'''''i'''''« "■ Uy% '^i '^t "t" • • • ). 
If therefore we write 

and adopt a similar notation in accented symbols, equation (237) may be 
written 

[c»] = i (c> + O + rSw' (f,W -...) + ir> («r» + tsr'O 

-r»S(Ai2tir,tBr,-...)-.2r*(Z) + [ilF«C08«^]) (238). 

113. We must now carry the process of averaging still further, so as to 
apply to all possible positions of the axes of the colliding spheres ; that is to 
say, we must average over all collisions determined by given values of the 
ten velocities 

W, V, W, u\ v\ w\ «rj, «r„ «r/, tr/ (239). 
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Let the result of averaging in this roanner be denoted by [q]. 
When we require to average any quantity p over all possible positions of 
the axes of the first sphere, all positions being regarded as equally probable, we 

shall denote the result by \pdiOy and the same quantity averaged over all 

positions of the axes of the second sphere will be denoted by ipda/. The 

probability of an impact occurring for any given positions of the axes is, 
however, proportional to F, and this depends on the positions of the axes. 
Thus, averaging over all collisions for which the coordinates (239) have given 
values, we shall have 

\\qVdcid€o' 
{9l= •;, " (240). 

To calculate {^} from equation (238), we must first evaluate l/i}..., 
(y/)..., {D}, and [AV^ coe? (f>]. Since, however, we are neglecting r*, we 
require [l^ ... only as far as terms in r, and \lili\... and the remaining 
averages only when r = 0. 
From equation (226) 

F« = 2 {u' - w + r (Z,W - «>/ - ^tsr, + km,)]\ 
so that if we write 

[7« = (w' - «)» + (v' - 1;)« + (w - 1£;)*, 

so that U is the relative velocity of the centres of gravity, we have, as far as 
terms in r, 

F = (7 + ^ 2 (u' - w) (/j'tsr/ - /aW - /,tsr, + Z,tBr,). 
Now obviously I ipd«di»'= 0, when p has any of the values 

M» ^2 •••> ^1 1 ^ •••> ^n •••> 6tC., 

SO that UVdwdfo^ Z7 as far as terms in r, and hence, from formula (240), 

W] = }j » 

and since obviously Ul^dtodu/ ^ ^, this becomes 

With the help of this and similar other expressions, we have as the 
averaged value of one term in equation (238) 

r2(«'(^'W-...)} = '^f^''"^2«'(«'-M> 

7—2 
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The remaining averages are required only when r = 0. We may therefore 
write U for F, and u' — u for a, etc. 

It is obvious at once that when r = 0, {lili'] = 0, and hence that as the 
averaged value of a further term in equation (238) we have 

{r»X(/,Z,tBriiir,-...)} = 0. 

As regards the remaining terms, on putting r = we obtain 

{D} = 2 {[4X«] em} + 2 {[Afiv] (I3w + yv)} (241) 

by equation (236) ; and since the various systems of quantities may now be 
supposed to vary independently 

l[A\^] (m} = {il} {X«} (u' ^u)u 

by equation (234), and 

{[A^v] (I3w + yv)} ^{(v-^)w + (w' - w) v] (^JI^^JIJ^) {Al etc., etc., 
and from equation (228) 

Substituting these values in equation (241), we find that 

and in a similar way we have, for the remaining terra in equation (238), 
[A F« cos'' ylr] = [A] V* {cos* i/r} 



2 ^ /•« 
3)fc» 



/ (cos' '^) 2 sin yff cos y^dyjr, 

Jo 



as in §110, =J^ 

since we are now neglecting r altogether. 



Hence, averaging equation (238), we obtain on substituting the averages 
which have been found for the separate terms, 

I?} = HC + c") + ir» (•r' + «r'«) + ^^^^±^^ 2u' («' - «) 

-g(2«(«'-tt)+i7'). 
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There is an exactly similar equation for {c''j, and by addition of these two 
equations we obtain, after simplification 

If we use the symbol A to denote the increase caused by collision of the 
quantity to which it is applied, the equation just obtained may be written in 
the form 

{A(c« + c'')} = r'||(^ + i»'*)-|^'} (242). 

in which U has again been replaced by F. 

114 So long as we remain in ignorance of the law of distribution of 
coordinates, it is impossible to carry any further the process of direct 
averaging. We may, however, proceed as follows. 

An expression has just been found for the mean change of translational 
energy produced by collisions in which the molecules have given velocities. 
A summation extending over all collisions which occur during a short interval 
of time dt will lead to an expression for the total change in the translational 
energy of the gas during that period. From the form of equation (242) it is 
clear that this expression will contain r" as a factor. But as we are neglect- 
ing powers of r of a degree higher than the second, we may put r = in all 
terms multiplied by r". It follows that to find S A (c' + c'*) as far as r», we 
need only calculate X («r' + «r'') and SCT* on the assumption that r= 0, the 
summation extending in each case to all the collisions which occur in the 
time dL 

This neglects a correction which is required by the considerations men- 
tioned in § 109, a correction which would consist in adding to the expression 
for SA {c^ + c'*), a quantity equal to the sum of all the separate corrections 
to be applied to the right-hand member of equation (242) in cases in which 
this equation fails. Now each separate correction will clearly contain r* as a 
factor, and on averaging this must be further multiplied by a factor propor- 
tional to the number of cases in which the correction is required ; i.e, by 
a factor which vanishes when r = 0. The correction to the final result is 
therefore of a higher order of small quantities than r", and may therefore 
be neglected. 

For a similar reason we may, in calculating 2('8r* + «r'*) and XU^, 
assume the law of distribution of velocities to be that which would obtain in 
the case of r = 0. We therefore assume the number of molecules per unit 
volume for which c and m lie within ranges dc^ disr to be ' 

47ri/-4c«6-*"^/(w)dcdtsr (243). 
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It is not necessary to make any assumptions as to the form of y (-bt), but 

we shall suppose that / /(«r) d«r = 1, any constant multiplier being absorbed 

Jo 
into the constant A, so that as in equation (30), 

The number of collisions per unit time per unit volume for which V lies 
between V and V-\-dV, is from expression (45), 

^^,^7r^»^_j^^^^,^^ (244). 

Hence the mean value of F* averaged over all collisions is 



Jo 



f. 

Jo 



L-^'' <2*^>' 



e-ihmr*v*dV 

fo 

where c* is now the mean value of c* averaged over all the molecules of the 
gas (cf equation (161)). 

The mean value of «r* + «r'^ averaged over all collisions is clearly 2cr*, 
where «r' is the average value of «r' taken over all the molecules of 
the gaa 

Substituting these values for {cx« + «r''} and [V^] in equation (242), we 
obtain 

lA(<^ + e'*)] = 7-{fP- ^) (246> 

Let us write 

K = imc^, 
so that K is the mean energy of translation, and H is the mean energy of 
rotation, excluding rotation about the axis of symmetry. Then equation (246) 
can be written 

{A(c= + c")}=^(H-|K) (247). 

115. There are v molecules per unit volume, and, also per unit volume 
there are, by formula (46) 

collisions per unit time. Hence summing equation (247) over all the 
collisions which occur in time dt, we find that the change in the sum of the 
values of (f for all the v molecules, which is produced by collisions in 
time dt, is 

^S("-?'<)'^-\/!:-^ (2*«)- 
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The sum of the values of c* is, however, 

i/c*, or -K, 
m 

so that the change in time dt is 

^^-^J'dt (249). 

m dt ^ 

Equating expressions (248) and (249), 

dK__8rVj/ /2^, .^ . 

dt" w V a;^^"-**^^ 

Or if, for the sake of brevity, we write 

B^^^'ti'../^ (251), 

so that j9 is a constant depending only on the structure of the molecules, 

^=i8.;VK(H-|K) (252). 

Since the total energy of the gas is unaffected by collisions, and since also 
the energy of rotation about the axis of symmetry of the molecules is 
unaffected by collisions, it follows that H + K is unaffected by collisions. 
Thus 

S = -S = -^^^*^("-«*^> (2^^>- 

116. From equations (252) and (253), 

J^(H-§K) = -f/3WR(H-|K) (254). 

Since Vk is always to be taken positively, it is clear that 

rf^^log(H-§K) 

is always negative, so that log(H — §k) continually decreases, until finally 

H-§K = (255). 

This equation, then, expresses the relation between h and K in the ste€wiy 
state. Now H is the energy of two momentoids, of which the separate 
energies in the steady state must be equal from symmetry, and similarly k is 
the energy of three momentoids, of which the separate energies are equal in 
the steady state. Hence equation (254) expresses that, in the steady state, 
the energies of the five momentoids are equal, agreeing with the result 
predicted by the general dynamical theory. 

The general result that the ratio of distribution of energy is independent 
of the structure of the molecule leads sometimes to striking results. In 
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the case of the loaded sphere, let us suppose almost the whole mass concen- 
trated at a point which must of course coincide very nearly but not quite 
with the geometrical centre, so that the weight of the remainder of the 
molecule is very small by comparison. Then k is very small, and since 
1(?'Gr^ is on the average equal to Jc* independently of the value of k, it 
follows that tJi must be very great, becoming infinite in the limit when 
k vanishes. In this case, then, the molecules will rotate with infinite 
angular velocity. 

117. If the values of H and k are slightly disturbed from the value 
appropriate to the steady state, we have, from equation (254), 

shewing that the disturbance will decrease exponentially with the time, and 

will fall to - of its value in a time 
e 



of which the value, on replacing /8 from equation (251), and putting 

Q 

K = 7r from equation (161), is found to be 

9^/J_ /A^\ (266). 

20r»\2i/(T*V 27r>/ 
The factor in brackets is the mean duration of a free path (cf. equation 
(48)), so that the time in question is 

^^ X (the average duration of a free path) (257). 

This quantity naturally depends both upon the structure of the molecules 
and the state of the gas. Its reciprocal will, so to speak, measure -the 
amount of "grip" which the translational motion is able to obtain over the 
rotational 

The problem of partition of energy in a system of loaded spheres was 
-JU' first investigated by Burnside*. His result was, however, erroneous. The 
"^ correct result was subsequently obtained by Burburyf. In the same paper 
Burbury calculates the rate of subsidence of a disturbance in a gas con- 
sisting of two kinds of symmetrical molecules, the disturbance consisting of 
a small inequality in the mean translational energy of the two kinds of 
moleicule. The corresponding calculation for loaded spheres was, so far as 
I know, first given in papers by myselfj. 

* '< On the Partition of Energy between the Translatory and Botatory Motions of a set of non- 
homogeneons Elastio Spheres," Tran$, B, S. E, xxxin. Part IL (18S7). 

t ''On the Collision of Elastic BodieP," Phil Trans. CLzzzm. p. 407 (1892). 
t " The Distribntion of Molccnlar Energy," PhiL Trans, cxcvi. p. 397 (1901) : and "On the 
Partition of Energy in a system of Loaded Spheres," Quarterly Journal^ xxxv. p. 824 (1904). 
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CHAPTER VI. 

PHYSICAL PROPERTIES OF A GAS. 

Pressure, Density and Temperature. 

118. In the preceding chapters the main dynamical problem of the 
motion of a gas has been solved with sufficient generality to justify us in 
hoping for some agreement with the results of experiment. We therefore 
attempt now to interpret the mathematical results which have been obtained, 
in terms of the physical properties of a gas. We shall begin by investigating 
the law which ought, as a consequence of our mathematical analysis, to 
connect the pressure, volume and temperature of a gas. 

Calculation of the Pressure of a Ga^. 

119. Let us consider any small element dS of the surface of the vessel 
containing the gas, this element being so small that it may, without appre- 
ciable error, be regarded as plane. The directions of the axes are at present 
perfectly arbitrary, so that we may choose them so that the outward normal 
to dS IB parallel to the axis of x. 

If p is the pressure per unit area at the element dS, the pressure on dS 
is pdS, and therefore pdSdt is equal to the sum of the normal components 
of the impulsive forces exerted upon dS by the various molecules which 
enter into collision with it during the interval dt. If J. is any such molecule, 
the normal impulse exerted by A on dS may be divided into two parts /» and 
la, la being the total normal impulse up to the moment at which the velocity 
of the centre of gravity normal to the boundary dS is nil, and /«' the -total 
normal impulse from this moment up to the time at which the molecule A is 
again clear of the boundary. If the velocities of the centre of gravity of A 
before and after collision are 

Ua, Va, Wa and Ua\ Va, Wa\ 

we have 
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The total impulse due to il is therefore m^ {u^ — Ua\ so that 

TpdSdt^tmaiua-O (258), 

where the summation extends over all molecules which collide with dS during 
the time dt. To calculate the value of this sum, we require to know the 
law of distribution of velocities. 

120. In practice, what is observed is not the pressure at a particular 
instant, but the pressure averaged over a certain interval of time. In fact 
JO, regarded as a function of the time, would be an infinitely rapidly varying 
quantity similar to the H described in § 70. The quantity which experi- 
ment enables us to determine is the value of p averaged over a length of 
time sufficient for these rapid variations to be of no importance. In this 
way an experimental value of p is obtained which is independent of the time. 

Now the value of p depends on the law of distribution of velocities/, and 
therefore on H. If we evaluate fT as a function of the time we shall find it 
to be an infinitely-rapidly varying function, but if we average its value over 
a sufficient interval of time, it has, as was shewn in Chapter III., a constant 
value ; and this value is its minimum value, which corresponds to the normal 
state. Hence we see that the value of p which is to be expected from ex- 
periment may legitimately be calculated on the supposition that the gas is in 
its normal state throughout. 

Infinitely small Molecules. 

121. The number of molecules which have velocities lying between 
u and u^-du etc., and which will impinge on dS during the interval (2^ is, as 
in § 27, equal to the number of molecules having velocities satisfying these 
conditions and lying within an element udSdt of volume at the beginning of 
the interval dt. 

When the molecules are infinitely small, this number may be taken to be 

vf(u, V, w) dudvdAvudSdt (269). 

Hence we have, in equation (258), 

XmaUa = dSdtmv\\\f{Uy v, w)u^dudvdw (260), 

where the integration extends over all values of u, v and w for which the 
molecules can collide with dS. In other words, the integration is to extend 
over all possible values of v and w, and over all positive values of u. 

In a similar way, we find that — S mu' in equation (258) is equal to the 

quantity on the right-hand of equation (260), except that the integration must 
now be understood to extend over all values of w, v and w which are possible 
for molecules which are just rebounding from collision with the element dS, 
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The integration is therefore over all values of v and w, and over ajl negative 
values of M. "-^ 

By addition of the two results just obtained, and comparison with equation 
(268) we obtain 

+ 00 



p — mv\\\f{Uy V, w)v}dudvdw (261), 



the integration now extending over all possible values of the velocity com- 
ponents. 

The integi-al is equal to the mean value of u* throughout the gas. If, as 
before, we denote this by u\ we have from equation (161), 

in which we now introduce the supposition that the gas is in the normal 
state. Hence we have the pressure in the forms 

p = mini^ = ^ (262), 

or again, if we use the relation mv = p^ we have 

p^pu^^^p^ (263). 

This last result can be conveniently stated in words in the form : 

The pressure per unit area of surfcice is equal to two-thirds of the kinetic 

energy of translational motion per unit volume of the gas. 

Boyle's Law. 

122. Since the heat of a gas, on the hypothesis of the Kinetic Theory, 
represents the energy of motion of the molecules of the gas, we must suppose 
that c^ remains the same so long as the temperature of the gas remains the 
same. Hence from equation (263) we can deduce Boyle's Law : 

The pressure of a gas is proportional to its density so long as the tern- 
perature remains unaltered. 

The exact relation between the temperature and the value of c\ must 
however be the subject of more careful discussion later. 

Pressure in a Mixture of Oases. 

123. If there are present in the gas molecules of different types a, /3 ..., 
equation (261) must be replaced by 

+ 00 

p^^'ZmaValllfaiiif V, w)u^dudvdw, 
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where the notation is the same as in § 73. This leads to the relation 

|> = 2 WfcM*!/., 

or by equation (161), 

P-Yi, <26*)- 



This again can be written 

where v is simply the numberof molecules of all kinds, per unit volume of 
the gas. 

This calculation shews that the pressure may be regarded as the sum of 
a number of contributions, one from each constituent gas. This is confirmed 
by Dalton's Law : 

The pressure exerted by a mixture of gases is equal to the sum of the 
pressures exerted separately by its several components. 

Temperature. 
Definition. 

124. The question which naturally presents itself at this stage is the 
relation of the pressure and density to the temperature. Before this can be 
discussed we must decide what is to be the Kinetic Theory interpretation of 
temperature. We have supposed that when the energy of internal motion 
of a gas is increased, its temperature is raised, but nothing has so far been 
said as to the quantitative relation between the energy and the temperature. 
The question of this relationship is complicated by the fact that there are a 
great number of different scales of temperature outside the Kinetic Theory : 
the scale of the mercury thermometer, those of the various possible gas 
thermometers, and the absolute thermodjmamical scale may be mentioned 
as instances, and they all lead to essentially different definitions of tempera- 
ture. It is true that in practice these scales are — except for additive and 
multiplicative constants — in subst-antial agreement, but this does not help 
in the least in a theoretical discussion. The simplest plan seems to be to 
introduce a new and independent Kinetic Theory scale. The selection of this 
scale is in a seose arbitrary ; but if the hypotheses of the Kinetic Theory 
are true, it will be possible so to choose it that it will agree very approxi- 
mately with all the existent scales. We shall define temperature on the 
Kinetic Theory scale as follows : 

In the normal state of a gas, by equation (161), 
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We define the temperature T of this gas to be such that each fraction is 
equal to RT, where R is an absolute constant, as yet undetermined. We 
accordingly have the equations 

;;^« = ^ = ^^^= — =iJT (265). 

This temperature, as we shall see later, is an " absolute " temperature, the 
zero of the scale being at about — 273*" C. 

Equalisation of Temperature. 
125. If gases of types a, /3 ... are mixed, we have from equation (161), 
m.u*= ... =m^w'= •" ~oI » 

expressing of course that the average kinetic energy of a single molecule is 
the same for each kind of gas. In terms of the temperature, this becomes 

^• = ^" = ••• = 20 (266). 

shewing that when two gases are mixed, they assume the same temperature. 

In this connection an observation of Maxwell's is of importance. He 
says*: 

"The theorem that the average kinetic energy of a single molecule is 
the same for molecules of different gases is not sufficient to establish the 
condition of equilibrium of temperature between gases of different kinds 
such as oxygen and nitrogen, because when the gases are mixed we have no 
means of ascertaining the temperature of the oxygen or of the nitrogen 
separately. We can only ascertain the temperature of the mixture by 
putting a thermometer into it 

"We cannot legitimately assert that the temperatures of the oxygen and 
of the nitrogen must be equal because they are in contact with each other, 
for the only way in which we can conceive the oxygen or the nitrogen as 
existing in the mixture is by picturing the medium as a system of molecules, 
and as soon as we begin to see the molecules distinctly, heat becomes resolved 
into motion. 

" But since our investigation f is equally applicable to a system of any 
kind, provided only it satisfies the equations of dynamics, we may suppose it 
to consist of pure oxygen and pure nitrogen separated by a solid diaphragm, 
the solid diaphragm consisting of molecules capable of motion, but acting on 
each other with forces which are sufficient to prevent any molecule from 

♦ CoUeeted Works, n. p. 727. 

t Biaxwell here refers to the investigation which has heen given in §§ 88 «f $eq. of the present 
book. 
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getting far apart from its neighbours except under the action of disturbing 
forces greater than any which would occur in a system at the given tempera- 
ture. In this system, though the oxygen and nitrogen cannot mix, each can 
make an exchange of molecular energy with the surface molecules of the 
diaphragm, and exchange of energy can go on within the solid diaphragm 
itself without any exchange of molecules between distant parts of the 
diaphragm. 

"Hence in this system, the average kinetic energy of a molecule of 
oxygen will become equal to that of a molecule of nitrogen in the final state 
of the system, that is to say, when the temperatures of all parts of the 
system have become equal, and since in that final state we have pure oxygen 
on one side and pure nitrogen on the other, we can verify the equality of 
temperature by means of a thermometer. And we can now assert that the 
temperatures, not only of oxygen and nitrogen, but of all bodies, are equal 
when the average kinetic energy of a single molecule of each of th^e 
substances is the same." 

Maxwell here rests his proof of the equalisation of temperatures upon 
his investigation which in turn rests upon the assumption of "continuity of 
path." This assumption, however, as we have seen, is not altogether satis- 
factory. Various attempts have been made to establish the theorem of the 
equalisation of temperatures without relying, in any form, upon this doubtful 
afisumption. In particular, two may be mentioned, due respectively to 
Professors Bryan and Boltzmann and to Professor J. J. Thomson. 

126. Biyan and Boltzmann* imagine a system in which gases of two 
different types a and P occupy two distinct regions A and B, These regions 
are separated by a layer S of finite thickness which is occupied by a mixture 
of gases of types a and fi. The gases inside S are, however, acted upon 
by fields of force, such that no gas of type a can pass into the region B^ and 
no gas of type /3 can pass into the region A, 

With reference to this system, the following propositions follow from 
Chapter v.: 

(i) The mean translational energy of the molecules of type a in the 
region A is equal to the mean translational energy of the molecules of 
type a in the region 8. 

(ii) The mean translational energy of the molecules of type a in the 
region 8 is equal to the mean translational energy of the molecules of type 
ft in the region 8, 

(iii) The mean translational energy of the molecules of type ^ in the 
region 8 is equal to the mean translational energy of the molecules of type 
fi in the region B. 

* Wien, Sitzungiber., iii. Deo. 1894. 
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Hence it follows that the mean translational energy per molecule in il is 
equal to the mean translational energy per molecule in B, so that, in accord- 
ance with our definition of temperature, the temperature in il is equal to the 
temperature in B. 

127. J. J. Thomson* considers two gases in a tube separated by a piston 
of mass which is very great compared with that of a molecule of either gas. 
The condition that there shall be no transfer of energy from one gas to the 
other by means of the motion of the piston is found to be that the mean 
kinetic energy of a molecule is the same for the two gases. 

Professor Thomson arrives at this result by a detailed calculation of the 
effect of individual collisions. The result is, however, obvious upon repre- 
senting the whole system in a generalised space of the appropriate number 
of dimensions. For since the motion of the piston only represents one 
degree of freedom, the kinetic energy of its motion will only be an 
infinitesimal fraction of the whole energy. This energy may therefore be 
treated as the interraolecular potential energy 4> was treated in Chapter V., 
and we arrive at once at the conclusion that the mean energy of each type of 
molecule must be the same. 

Maxwell's system of two gases separated by a diaphragm can be treated 
in the same way, if we assume that there are sufficient quantities of each of 
the two gases for their energies to be considered as infinite in comparison 
with the energy of the diaphragm. 



Infinitely small Molecules (continued). 
Avogadro's Law. 

Kt, W7 

2A 

P^Ij^^RvT (267). 



128. Replacing ^ by RT in equation (262), we have 



Hence if two gases are at the same temperature and pressure, the molecular 
density is the same for both, namely, p/RT. 

This is the well-known law of Avogadro : 

Two different gases, when at the same temperature and pressure, contain 
equal numbers of molecules in equal volumes, 

* Applicationi of Dynamics to Physia and Chemiitry, p. 01. 
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Charles' Law, 

129. Again, replacing v by ~ in equation (267), we obtain the pressure 
in the form 

P = ^pT (268). 

or, since Nm^^pil, 

pSi^RNT (269). 

Equation (268) contains the combined laws of Boyle and Charles : 
When the temperaiure of a gas is kept constant, the pressure varies as the 

density y and when the density is kept constant, the pressure varies as the 

temperature. 

Numerical estimate of velocities, 

130. From equation (263), _ 

p^pu\ 

we can calculate the value of u^ for any gas with considerable accuracy. If 
we write c" = u* + t;* + 1(;*, and C*= c*, then 

w»=t^=t£^ = i(w»+t^+i(?) = i^ = jC« (270). 

The quantity which is of the greatest physical interest, and which is 
usually tabulated, is C. The significance of this quantity is that the pressure 
is the same as if all the molecules were moving with a uniform velocity C 
We have 

(7« = 3^ = ?^ (271). 

m \ /» 

hence C is proportional to the square root of the absolute temperature, and 
inversely proportional to the square root of the molecular weight of the gas 
in question. 

The equation connecting (7* with the pressure and density (equation 
(263)) is 

P = ipC^ (272). 

At normal pressure and temperature O"" C. the weight of a cubic cm. of 
oxygen reduced to Paris standard, is, according to Morley, •00142945 gma 
The normal pressure is the weight of a column of mercury 76 cm. in height 
The specific gravity of mercury is 13'5953, and at Paris the value of gravity 
is 980'939. Hence for oxygen at 0° C. equation (262) becomes 

76 X 13-5953 x 980-939 = i x -00142945 x C\ 
whence we obtain (7=461-18 metres per sec. 
and hence by equation (271), 

:? = ^ = JC« - 273-04 = 25965 x 10*. 
m ST ^ 
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From these values in the standard case of oxygen at 0°C., we can 
calculate the quantities C and R/m for other temperatures and substances. 
The following table is calculated from recent observations. 



Hydrogen 

Helium 

Water- vapour 

Carbon-monoxide . . 

Nitrogen 

Air 

Oxygen 

Argon 

Carbon-dioxide ... 

Mercury 

lodioe 



Density 
(0,= 16) 


Density at 

0°C. 
(Water=l) 


Molecular 
Weight 
{H,=2) 


1-006 


•000090 


2 


1-98 




3-93 


8-997 




17-88 




•001234 


27-8 


14-071 


•001267 


27-86 


14-479 


•001293 


— 


16 


-001429 


31-76 


19-9 




39-6 




•001974 


43-7 
198-60 
261-78 



R 

m 

(Centigrade) 


Temp. 
(Cent.) 


C 

(omB.) 


4130x10* 


0' 


1839 xlO« 




-263" 


489x10* 


2098x10* 


0"* 


1311 xlO« 


462x10* 


0° 


616 X 10* 




100' 


719x10* 


296x10* 


0° 


493x10* 


296 x 10* 


0" 


492 X 10* 


287x10* 


0^ 


486x10* 




16' 


498 x 10* 


260x10* 


0' 


461x10* 




-182-6' 


266x10* 


209x10* 


0' 


413x10* 


189x10* 


0' 


393x10* 


416 X 103 


0' 


186 X 10* 


328xl0» 


0' 


164x10* 



Certain other quantities which are tabulated here will be found useful in 
later parts of the book. 

The value of the constant R can be found, although of course with less 
accuracy than the values of R/m, by assuming the value 4 x 10^^ for the 
number of molecules per cubic centimetre under normal conditions (§ 8). 
The weight of a cubic centimetre of hydrogen being "000090 grammes^ and 
the number of molecules in this cubic centimetre being 4 x 10", we find that 
for hydrogen, m = 2*25 x 10"**. Since R/m for hydrogen is 413 x 10", this 



leads to the value 



i2 = 9-3 x 10-^'. 



U.r^ *»C 



131. The quantity C which has been tabulated, must be carefully dis- 
tinguished from the mean velocity in the gas, of which the value is 



! = 4irA/— J- I e~*'^c*(fc 



'Jirhm 



V: 



3^^ 



i. 



..(273) 

(274). 
8 
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It appears from this that the vahies of the mean velocities can be obtained 
by multipljdng the last column in the above table by a/ — or '921. 

At this stage, we obtain our first insight, as regards quantitative 
measurements, into the internal mechanism of a gas. The order of 
magnitude of the molecular-velocities could, however, have been predicted 
without actual detailed calculation. 

For instance, if gas is allowed to stream out into a vacuum through 
a small hole in the containing vessel, the velocity of efflux is nothing else 
than the velocities of the individual molecules, which would have been 
simply molecular-velocities inside the vessel, had the hole not been present. 
Thus the mean molecular-velocity must be comparable with the velocity of 
efflux of the main stream of gas, and this velocity is known to be of the 
order of magnitude of the velocities tabulated in the last column of the 
table on the preceding page. 

Or again, a disturbance at any point in a gas will produce an effect on 
the molecules in its immediate neighbourhood. • When these molecules 
collide with those in the next layer of gas, the effect of this disturbance is 
carried on into that layer, and so on indefinitely. Thus the molecules act as 
carriers of the effect of any disturbance, so that the disturbance is propa- 
gated, on the whole, with a velocity comparable with the mean velocity of 
motion of the molecules, just as, for instance, news which is carried by relajrs 
of messengers, spreads with a velocity comparable with the mean rate of 
travelling of the messengers. The propagation of a disturbcmce in the gas 
is, however, nothing but the passage of a wave of sound, and the velocity of 
sound is known to be comparable with the values of C given in the table. 

Molecules of Finite Size. 
Calculation of Pressure. 

132. When the size of the molecules may not be regarded as infinitesimal, 
the calculation of the pressure which has been given, in which the size of the 
molecules was neglected, requires correction. 

A correction of this type was first given by Van der Waals, in his great 
essay On the Continuity of the Liquid and Gaseous States*, We shall first 
give an explanation of the corrections given by Van der Waals, which, it will 
be found, lead to an equation which expresses the deviations from Boyle's 
Law to a first approximation only, and we shall afterwards give a more 
general calculation of the pressure, which will not be restricted to small 
deviations from Boyle's Law. 

* The original edition (187S) is in Dutch, pablished by Sigtho£F, Leyden. There is a German 
translation by Both (1881, Bartb, Leipzig) and this has been translated into English by Threlfiall 
and Adair (1890, Physical Memoirs published under the direction of the Physical Society, Taylor 
and Francis, London). The references in the present book are to the English Translation. 
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Van der WacUs' Equation. 

133. According to Van der Waals, equation (269), 

pv^RNT (275), 

in which v is now written for the volume instead of fl, to agree with the 
usual notation in this subject, must be corrected in two ways. The first 
correction is a correction to be applied to the term i; to represent the finite 
size of the molecules, and the second is a correction to be applied to the 
term p, to represent the influence upon the pressure of the forces of cohesion 
in the gas. 

The argument of Van der Waals as to the first correction is as follows*. 
Let there be N molecules each of diameter <r, and let us suppose the centre 
of each surrounded by a sphere of radius a, and therefore of volume Jwcr*. 
In considering possible positions for the centre of molecule A, we know that 
it cannot lie within any of the JV— 1 spheres surrounding the JV — 1 other 
molecules, so that the space available for the centre of A must not be taken 
to be V but V — (iV- l)f7rcr*. This expression, it is true, requires correction 
on account of the possibility of two or more of the iV— 1 spheres over- 
lapping, but this correction will be of a higher order of small quantities than 
that already made, and may therefore be neglected. 

Also the expression requires correction owing to the impossibility of the 
centre of a sphere being within a distance ^ of the boundary. This correc- 
tion requires us further to reduce t; to the extent of the volume of a layer of 
thickness jr taken round the boundary of the containing vessel, but clearly 

this correction may be neglected if a vanishes in comparison with the 
dimensions of the vessel. This condition is, of course, entirely different 
from the condition that the sums of the volumes of the molecules shall be 
small compared with the volume of the vessel. The former condition is 
satisfied if crv^ may be neglected, the latter is satisfied if Na^jv can be 
neglected. Using the figures given in § 8, and taking the case of a gas at 
atmospheric pressure in a vessel of 1 litre capacity, we find 

crtri = 2xlO-«, 

J\r(7«/t; = 3-2xl0-^. 

It is therefore rational to neglect the one correction, while taking the other 
into account. 

* As regards method of presentation, I have followed Boltzmann {QastheorUt n. p. 7) more 
doselj than the original work of Van der Waalst 

8—2 



Digitized by 



Google 



116 Physical Properties [ch. vi 

Hence in any element dv which is known not to be within a distance 
^ of the boundary, or to be included in any one of the spheres surrounding 
each molecule, the probability of finding the centre of a molecule is 

Ndv 



(276). 



t;_(jvr-i)|,r<7» 

If, however, the element is selected at random we must consider what is 
the probability that the conditions postulated as to its not Ijdng inside a 

sphere, or within a distance ^ of the boundary, shall be satisfied. 

The particular element of volume which is of importance for the calcula- 
tion of the pressure is one of which the distance from the boundary is just 

gi*eater than ^ . The second condition, therefore, is satisfied as a matter of 

course. To calculate the probability of the other condition being satisfied, 
namely that the element dv shall not lie inside any one of the JV — 1 spheres 
of radius o-, we notice that if it does lie in any one of these spheres, then the 

centre of the sphere, being at a distance not less than ^ from the boundary, 

it 

must be at least as far away from the boundary as the element dv. In other 
words, if the sphere in question is divided into two hemispheres by a plane 
parallel to the boundary, the element dv can only lie in that hemisphere 
which is the nearer of the two to the boundary. 

Hence the probability that dv, selected at random, shall lie inside any 
particular sphere is 

V ' 

so that the probability that it shall not lie in any of the JV — 1 spheres in 
question is, as far as the first order of small quantities 

V 

The product of this expression and expression (276) is 
Ndv V * 



,-fc.«,^- 



.(277). 



This, then, is the probability that a molecule shall be found in the small 
element dv of which the distance from the boundary is « • As far as the 
first order of small quantities the expression is the same as 

Ndv 1 
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Ndv 



or 



where h^iNira* (278), 

in which the distinction between iV — 1 and N is now ignored. The eflfect 
of allowing for the finite size of the molecules in the calculatioa of the 
pressure is therefore the same as that of reducing the volume hovti v to « — 6. 
To allow for this, then, we replace equation (275) by 

p(v'-b)^RNT (279). 

The value of 6, it is of interest to notice, is four times the aggregate sum 
of the volumes of the molecules in the gas. 

The use of the calculus of probabilities which is made in this argument 
is probably open to criticism. We shall not stop to discuss the validity or 
non- validity of the argument, as we shall subsequently arrive at exactly the 
same result by a method which does not rely on the calculus of probabilities 
for its justification. 

134. The principle underlying Van der Waals' correction for cohesion is 
as follows. It is supposed that when the " spheres of molecular action " of 
two molecules do not intersect, the forces between the molecules, although 
small, are not negligible. Accordingly we suppose that a molecule in the gas 
is subjected to forces of cohesion acting between it and all the neighbouring 
molecules. The resultant of these forces varies continually both in direction 
and magnitude, with the position of the molecules. When the molecule is 
sufficiently far removed from the surface, all directions are equally likely for 
this resultant, and hence the aggregate force, averaged over a sufficient 
length of time, will be nil. When, however, the molecule is at or near the 
surface this is no longer true. Let the force from each molecule be resolved 
into tangential and normal components. Then all directions in the tangent 
plane are equally likely for the tangential components, but the normal com- 
ponent is in the majority of cases directed inwards. Averaged over a 
sufficient length of time the resultant force will therefore be a. normal force 
always directed inwards. 

We have here supposed the radii of curvature of the surface to be so 
large compared with molecular dimensions that the surface may at every 
point be regarded as plane. In this case the conditions will be the same at 
every point of the surface, and the normal force will depend only on the 
density of the gas, and the distance from the boundary of the point at which 
this force is estimated. 

Thus the average effect of the forces of cohesion can be represented by a 
permanent field of force acting at and near the surface. It is this field of 
force which piay be regarded as giving rise to the phenomena of capillarity 
and surface-tension in liquids. Now if we follow Van der Waals in supposing 
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that the actual forces of cohesion are adequately represented by this permanent 
field of force, it will be easy to calculate the influence of this field of force 
upon the pressure. 

For the field of force can be regarded as exerting an inward pressure, 
say px per unit area, upon the outermost layers of molecules of the gas. 
Clearly this pressure must be supposed proportional jointly to the number of 
molecules per unit area in this layer, and to the intensity of the normal 
component of foi-ce. Each of these two factors is directly proportional to the 
density of the gas, so that p^ will be proportional to the square of the density. 
Let us suppose, then, that 

where c is a constant depending'~onry on the nature of the ga& The 
molecules are now deflected upon reaching the boundary, not by impact 
alone, but as the total result of their impact with the boundary and of the 
action of the supposed field of force. In other words they may be supposed 
acted on by a total pressure p-^-piOvp-^- cp\ instead of by the simple pressure p. 

Hence equation (279) must be further amended by writing it in 
the form 

{p-\'Cp'){v^h)^RNT (280), 

or again, replacing p by iVm/v, 

{p + ^{v-h) = RNT. : (281). 

where a — cN*m K 

This is Van der Waals* equation connecting p, v and T, It will be 
noticed that a and b are constants for the same mass of gas, but depend on 
the amount of gas as well as on its nature, a being proportional to the square 
and b to the first power of the amount of gas. 

135. One hctor which is overlooked in the argument by which this 
equation is obtained, is that when cohesion forces exist, some molecules 
which would have reached the boundary had there been no cohesion forces, 
may never reach the boundary at all, being deflected by the cohesion forces 
before their paths meet the boundary. Actually, then, these molecules 
exert no pressure on the boundary, whereas Van der Waals' argument 
supposed them to exert a negative pressure. As a consequence, equation 
(281) admits of negative values for p, whereas an examination of the physical 
conditions shews that p is necessarily positive. 

This objection, however, is of no weight so long as it is clearly recognised 
that equation (281) is true only to the first order, as regards deviations from 
Boyle's Law. 
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136. The equation of Van der Waals supplies the most convenient 
basis for discussing the behaviour of a gas over those ranges of pressure, 
volume and temperature for which the equation can be regarded as approxi- 
mately true, i,e, over ranges in which the deviation from Boyle's Law is small. 
We shall return to a discussion of the equation later. In the meantime we 
shall investigate a general relation between pressure, volume and tempera- 
ture, without the limitation that the deviations from Boyle's Law are to be 
such as may be regarded as small. 

Oeneral Calculation of Pressure. 

137. We return now to the calculation started in § 119, but shall make 
no assumption as to the size of the molecules. 

The number of molecules which have velocities lying between u and 
u + du, etc., and which will impinge on the element dS of the boundary 
during the interval dt, is as before, equal to the number of molecules having 
velocities satisfying these conditions, and lying within an element udSdt at 
the beginning of this interval. This number, however, is no longer given 
by expression (259). 

If the molecules possess spheres of molecular action satisfying the 
conditions laid down in § 82, the number required may be supposed to be 

V\f{Uy V, w)dudvdwudSdt (282), 

where vi is the " eflfective molecular density " (cf § 66) at the element in 
question — i.e. at a point distant ^a- from the boundary. 

If the molecules do not possess spheres of molecular action, this expression 
must be replaced by 

dudvdwudSdt 11 ... Vif(u, v, w, fi, fa ...)dfidf,..., 

since v^ is no longer a function solely of a?, y, z. This case is too complex 
for progress to be possible. 

If we revert to expression (282), and if, as in the previous calculation of 
the pressure in a mixture of gases (§ 123), we suppose the gas to consist of a 
mixture of molecules of types a, ^ . . . , then we have in equation (258) 

^rriaUa = dSdt 2 w« (i/.X 1 1 l/i (w, v, w) u* dudvdw (283), 

where, as before, the integration extends over all values of u, v, and w for 
which the molecules can collide with dS, and therefore over all possible 
values of v and w, and over all positive values of u. 

Also, as before, the term —l^maUa in equation (258) is equal to the 

quantity on the right-hand of equation (283) except that the integration 
extends over all values of li, v, and w which are possible for molecules which 
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have just collided with dfif, and therefore over all values of v and w and over 
all negative values of u. 

Substituting these values in equation (258), we obtain 

+« 

p^Xma{y„)i\\\fa{% V, w)u*dudvdw (284), 

— 00 

where the integration now extends over all values of u, v and w. The 
integral is the mean value of u^ for all molecules of type a. If we denote 
this by Ua* we have, from equation (161) as before, 

— 1 

so that 

+ 00 



p = 2 m. (v^)i I / jfa (Uy V, w) u* dudvdw 



-00 



a 

= ^2(v.), (285), 

and when there is only one kind of gas present, 

P-Si <286). 

Here Vi is the "eflfective molecular density " at the nearest point to the 
boundary at which it is possible for the centre of a molecule to lie. To 
suggest the point at which Vj is measured, let us denote its value for this 
point by vt, so that 

p=g = iJ,;,T (287). 

Deviations from the Laws of Dalton, Avogadro, Boyle, and Charles. 

138. It will be clear both from Van der Waals' equation and the equation 
just obtained that the various simple laws deduced from the former equation 
(262), namely 

V 

all require correction when we abandon the simplifying hypotheses upon 
which this equation was deduced. 

Deviations from Avogadro* % Law, 

139. If two gases are at the same temperature and pressure it follows 
from equation (287) that i/^ must be the same for both. The correction 
required for Avogadro's Law, therefore, consists simply in replacing v by i/j. 
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Deviations from DcUton's Law. 

140. Exjuation (285) expresses the general law for the pressure in 
a mixture of gases. Dalton's law is no longer true, because (va)b depends 
not only on the number of molecules of type a which are present, but also 
on the numbers of molecules of other kinds. 

The correction required, at any rate to a first approximation, can best be 
seen from an inspection of Van der Waals* equation (280), which, throughout 
the range for which it is true, namely as far as the first order of small 
quantities, may be written 

P = -op« + -^(l + -j. 

If there are two gases denoted by suffixes a and j8, it will be found that 
in the simple case in which the molecules are supposed all of the same size, 
the total pressure is given by 

For c./>. + Cfipf replaces ep as 'the intensity of the force of cohesion, and 
K + hf replaces h as four times the sum of the molecular volumea 

The partial pressures, calculated on the supposition that only one kind of 
gas is present, are given by 






hence, instead of p being equal to the sum of the partial pressures ;>«, p^, 
we have 

P=Pa-^Pfi-(Ca-^Cp)paPfi+ \ ' 

The correction to be applied to Dalton's law is too complex for further 
investigation to be profitable. 

Deviations from Boyle's Law and Charles* Law. 

141. It is obvious enough that the laws of Boyle and Charles will 
require correction. 

If it were not for these corrections all gases would expand in the same 
proportion under an increase of temperature or a decrease of pressure, so 
that the scales of all gas thermometers would be the same, and the equation 

pv=-RNT. •. (288), 

would identify the Kinetic Theory scale of temperature with that of any gas 
thermometer. 
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It IS convenient to classify gases into ''ideal" and ''real" according as 
they do or do not accurately satisfy the laws expressed by equation (288). 
No ideal gas is known to exist: all gases in nature shew deviations from 
equation (288) for certain temperatures and pressures. At the same time 
for some other temperatures and pressures, the deviation from equation (288) 
may be very slight, and in such cases we may say that for these temperatures 
and pressures the gas differs very little from an ideal gas. From equation (288) 
it is clear that the Kinetic Theory scale of temperature which we have 
introduced is the scale of an imaginary gas-thermometer in which an ideal 
gas is used as thermometric substance. 

142. We proceed to discuss the divergencies from equation (288) which 
are to be looked for in a gas in which the molecules are not regarded as 
infinitely small. We shall do this first upon the assumption that it is 
permissible to use the conception of a "sphere of molecular action," defined 
in § 82. Assuming this, we may use equation (287), calculating vi, in the 
way abready explained in Chapter IV. In the notation of § 66 (equation (124)) 
we have 

jfl(h^i±il_ (289), 

/(a, 6, c, a...) 

expressing the value of Vi at the point a?a, y^, Za. Here /(a, 6, c, d ...) is the 
element of volume integrated throughout the whole of the generalised space 
except those parts excluded by § 33. 

The element of volume integrated through the whole of the generalised 
space is, as in § 65, equal to ft^. The excluded parts are of two types. 

We have in the first place to exclude the region given by equation (53) 
in which ^(ara, y^, Zc)<\<t, This exclusion can be represented fiiUy by 
limiting the size of our vessel, and* supposing it to have a layer of thickness 
\<T removed from the interior. Let the remaining volume be supposed to 
be ft', then the corrected value of the integral /(a, 6, c.) will obviously 
be ft'^. 

Secondly we must exclude from the generalised space regions of the type 
given by 

{^a-(^y-\'{ya-yby + {za-zt;f<a^ (290). 

Let us consider the contribution to the whole integral ft'-^ which must be 
removed on account of this particular exclusion. The whole integral may 
be taken to represent all possible ways of distributing the centres of the 
molecules A, B .,. throughout a volume ft V each position being equally 
likely for each molecule. In this case the contribution which satisfies con- 
dition (290) represents all arrangements for which the centres of A and B 
lie within a distance <t of one another. 
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Now if £ is in a position such as I. in fig. 5, in which its centre is at 
a distance greater than <r from the boundary of the volume H', the propor- 
tion of configurations represented in the generalised space in which condition 
(290) is satisfied — or, what is the same thing, in which the centre of A lies 
within a sphere of radius a surrounding B — is equal to the ratio of the 
volume of this sphere, to the whole volume which is available for the centre 
of A, is therefore equal to ^ira*l£i\ If, however, jB is in a position in 




Fio. 5. 

which its centre is at a distance less than a from the boundary, including 
being in a position such as li. in fig. 5, in which its centre is at a distance 
less than \<t from the boundary, the proportion in question is less than that 
just found, since it is only possible for A to lie in that portion of a sphere 
of radius <r surrounding B which lies inside the volume ft'. Ultimately, when 
£ is in position ill., the proportion is only one-half of the above quantity, 
namely, |7ra*/ft', for it is now only possible for A to lie inside a single 
hemisphere of the sphere about B, On averaging over all positions of B it 
is obviously legitimate to disregard the exceptional cases ii. and ill., and so 
we arrive at the result that the proportion of cases in which condition (290) 
is satisfied is ^Tra^/il'. Thus if condition (290) defined the only region to be 
excluded, the whole integral ft'^ would have to be reduced by |7ra*/ft'^~*. 

There are, however, ^N{N—l) such conditions, corresponding to all 
possible pairs of molecules. The total reduction is therefore ^N{N—l) 
times the foregoing amount. From this must be subtracted a quantity 
representing regions in which two of the conditions of the type of (290) are 
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satisfied at once. This again must be corrected on account of the possibility 
of more than two of these bonditions being satisfied at once, and so on, 
indefinitely. 

In this way we obtain an expansion in descending powers of ft', of which 
the first two terms have been shewn to be 

/(a, 6, c, d..,) = ft'^-^^iV^(iV^-l)ft'^-^ + (291). 

The integral 7(6, c, d ...) can be evaluated in a similar way except that 
in this case the molecule A is supposed already to be in collision with the 
boundary, and therefore in position ill. in fig. 5. Hence the available space 

for the centres of the molecules jB, C... is ft' ^— instead of the former ft', 

o 

and the number of molecules is N— 1 instead of N. Making the necessary 

alterations in equation (291) we obtain an expansion in the form 

lih, 0, rf...)=(n'-?^"-'-?|^(i^-i)(i^-2)(n'-Yr 

(292). 

Equation (289) accordingly leads to the value 

ft'^-^iS^(JV-l)ft'J»^-'+ ... 






on expanding as fisur as the first two terms; and since, in the limit, we 
may put 

N-l_N _N _ 

we obtain v^ in the form 

i'»=i' + ^i^+ (293). 

Using this value for i% in equation (287) we obtain the equation 

P'^(v + ^v' + ..)jRT (294), 

which agrees with equation (279) as far as the first two terms. 

143. We shall now examine what correction is to be applied for the 
forces of cohesion. The principle underlying this correction has already been 
explained (§ 134) in deducing Van der Waals' equation, so that we may start 
at once with the conception of a permanent field of force at and near the 



Digitized by 



Google 



142, 143] Devidtions from Boyle's Law 125 

boundary of the gas. The effect of this field of force upon the gas as 
a whole will be to alter the density of gas at points near the boundary. If 
d is the distance from the boundary of a point near the boundary, we may 
assume a gas density of the form p ^f{d). If we calculate the potential 
of the supposed permanent field of force for this law of density we find 
a potential x(d) at distance d from the boundary, and we now have, by § 79, 
a relation of the form 

/{dJ^Ce-^xid) (295) 

from which to determine /(rf). If the intermolecular forces are small, we 
can calculate xi^) ^V^^ the supposition that p is constant throughout the 
gas, and we then have for the value of x(rf) an expression of the form pylr{d) 
where yfr is independent of p. In this case, we can write the density at the 
boundary in the form 

and the mean density of the gas, which may be taken to be /(oo ), will be 
given by 

p=:/(oo) = (7e-«*^<«). 

The elimination of C from these two equations gives 

Po^pe-^^ (296), 

where i^ is written for yfr (0) -^ yfr {oo ), a quantity which is independent of p 
and depends only on the law of force between the molecules. 

In the more general case in which it is not legitimate to assume as a first 
approximation that p is constant throughout the gas, we shall find it con- 
venient to suppose that the value of po is still given by equation (296), but 
we must in this case regard '^ as a function of both p and h. 

The significance of the distinction between p and pQ, expressed by equation 
(296), is as follows. We are supposing a density p© at the boundary, and have 
calculated i/^, and therefore p, on the supposition that po is the density 
throughout the gas. Owing to cohesion, this density is p, so that the 
equation 

p = IiPbT (297) 

expresses p in the terms of the boundary density po, instead of the true 
density p. 

Hence the relation between p and p must be obtained by the eliminatioa 
of Po between the equation 

p^vi,{p,)RT (298), 

in which i/j (p©) denotes the effective density at the boundary for a homogeneous 
gas of density po, and the equation 

Po = pe-»*^ (299). 
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The result of this elimination can be expressed in the form 

p^vi,(j}er^)RT (300). 

This is the general relation between pressure and volume. Using the 
value of Pi, given by equation (293), the relation can be written in the form 

This again can be written 

The bracket on the right-hand side may be regarded as the product of v 
and of a function expanded in powers of 

If we introduce <Te defined by 

cr.^crcHM' (301), 

the bracket becomes 

and is now identical with the Vh of equation (293), except that <Te replaces <r. 
Hence we can suppose the pressure given by 

p^Rvf^Te-^^ !..(302), 

where Vh is calculated upon the supposition that the diameters of the spheres 
are <Tc instead of <t. 

If we write 2A = ^^ from equation (265), and pt^^mvi,, this assumes the 

form 

RT -**♦ 
P=— P****" (303). 

in which p^ is now given by 

ISOTHERMALS. 

144. The relation between p, T and p implied in equation (303) is best 
exhibited by drawing " isothermals " or graphs shewing the relation between 
p and p when T is kept constant. Following the usual practice we shall 
assume that we are dealing with a unit mass of gas and therefore replace p 
by l/v. We now attempt to draw isothermals shewing the relation between 
p and V for constant values of T. 
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Isothermah of an ideal gas. 

146. When pb is put equal to p, and the cohesion factor erf^'f'l^^ ignored, 
equation (303) becomes identical with the original equation (268) 



R rp RT 

o = —pT== — 



.(305). 



and the isothermals are the family of curves 

pt; = constant (306). 

Plotted out with p, v sa rectangular coordinates, these curves are a 
feimily of similarly situated rectangular hyperbolas, having the axes for 
asymptotes. These, then, are the isothermals of an ideal gas. 




V 



Fio. 6. 



Isothermals of a real ga^. 

146. For extremely small values of p it will still be legitimate to replace 
equation (303) by (305), so that the isothermals represented by equation 
(303) will be similar to those of fig. 6, at the extreme right-hand of the 
figure, but will require correction as we approach the region in which t; is 
small. 

The nature of one correction is at once obvious. The molecules being of 
finite size cannot be compressed into a volume less than a certain minimum 
volume Vq. When v is only just greater than v©, the average free path of the 



Digitized by 



Google 



128 Physical Properties [ch. vi 

molecules is vanishingly small. Thus the impacts upon the boundary, of the 
molecules nearest to the boundary, will be infinitely firequent, and the pressure 
will be infinite. The effective density of molecules in collision with the 
boundary is infinite, for all the molecules nearest to the boundary are in 
position III. of fig. 5. Hence when v = v©, we have p = oc , /^^ = x . It 
follows that a system of values of p, v, T for which v < v© is impossible ; and 
that in the corrected form of fig. 6 the isothermals are limited to the region 

V >Vo- 

147. In general we have by differentiation of equation (303), treating -^ 
and <Te as constants for the sake of simplicity, 

t'-'^t'—^'-Ht-m c"')- 

Hence it appears that ^ = 0, (i) when /o = 0, (ii) when 7 = (except 
when /55 = 00 ), and (iii) when 

^ = ^W (308). 

The right-hand member of this equation is inversely proportional to 
d log ph/dp. Now when p is small, we have by equation (304) 

27ra* , 

whence log f>6 = logp + -3^ /> + •••» 

and therefore by differentiation 

^'-^^- <»«»> 

Since we are dealing with a unit mass of gas, the number of molecules 
will be 1/m, and as we are supposing these for the present purpose to be 
spheres of diameter a, the smallest volume into which they can be packed 
without overlapping will be given by 

Vo = -^ (310), 

, 27r<7» 2 V27r 

whence ~ — == — —- v^. 

3m 3 

The relation just found enables us to express equation (309) in the form 

dlogDft , 2V27r ^ . . - .^--. 

—P^— = t;H ^ — ^0+ terms m mverse powers of 1; (311). 

dp 6 

This equation enables us to determine the asymptotic value of d log pi^/dp 
when V is great. We also know that d log pi^/dp becomes infinite and positive 
as V approaches the value v = Vo from the side v > Vq. 
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The graph expressing d log pbjdp as a function of v is therefore that given 
in fig. 7. 




Fio. 7. 

The dotted part is admittedly conjectural, but it is very unlikely that it is 
entirely misleading, for it is obvious enough that pi, will increase steadily as p 
increases. From this graph we can draw the graph of the values of T given 
by equation (308), namely the values which cause dpjdv to vanish. The latter 
graph is represented in fig. 8. 




Fig. 8. 



The only difficulty in drawing this figure lies in determining the form of 
the graph near the point t; = t;© at which jT = 0. It is however obvious, from 
the way in which pi, is calculated, that near to v = v©, Ph must be proportional 

J, 9 
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to some inverae power of {v — v^, and hence it follows that the value of T 
given by equation (308) must for small values of v — Vq be simply proportional 
to (v — Vo). 

148. We are now in a position to sketch the general isothermals repre- 
sented by equation (303). 

To draw any single isothermal we notice that for large values of v the 
coordinates p, v may be supposed to be connected by the relation pv = constant, 
and the isothermals are, as in fig. 6, rectangular hyperbolas. For the general 
isothermal T^Tiyin which T^ is not very great, we first draw the line T= Tj 
in fig. 8. The values of v, if any, for which it meets the graph in this 
figure, give the values of v, if any, at which dpjdv = on the isothermal At 
the points obtained in this way, the isothermal is parallel to the axis of t;. 
Also we know that the isothermal approaches v^v^ asymptotically. Finally, 
two isothermals can never cross, for if they did, equation (303) regarded as 
an equation in T would have two roots for T. But the equation is of the 
well-known form 



where x stands for YjT and a, 6 are positive constants, and it becomes 
obvious upon drawing the graphs of the two members of this equation that 
the equation can only have one root. 

149. It will be seen, therefore, that these isothermals are represented, in 
their main features, in fig. 9. The isothermals corresponding to the highest 
values of T are those furthest removed from the origin. The isothermal 
through P corresponds to the maximum value of T for which dpjdv vanishes, 
this value being of course equal to the maximum ordinate of the graph of 
fig. 8. The point P, at which dpjdv = 0, is a point of inflexion on this 
curve, for there are (cf. fig. 8) two coincident values of v for which 

dpjdv = 0. 

For smaller values of T the two values of v at which dpjdv = are not 
coincident, and there is a range such as QR over which dpjdv is negative. 
If X is any point within this range, there are two other points F, Z on the 
same isothermal as X corresponding to the same pressure as X : three states 
in all, therefore, for which the pressure and temperature are the same. In 
the state represented by X a decrease in volume, keeping the temperature 
constant, is accompanied by a decrease in pressure. This state is therefore 
unstable: any slight decrease in volume is attended by a tendency to a 
further decrease in the form of an unbalanced external pressure. Of the two 
stable states F, Z, the state Z, corresponding to greater volume, must be the 
gaseous state, the state F corresponding to lesser volume is the liquid state. 
We see therefore that the temperature of the isothermal through P is the 
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" critical temperatare " of the substance. So long as the temperature is kept 
above the critical temperature, no preeeure, however great, can liquefy the 
eubstance. 

It is usual to speak of a gas, when below the critical temperature, as a 
vapour. We therefore see that the line PP2 in fig. 9 is the line of demarca- 
tion between the gaseous and vapour states, and that PPi is the line of 
demarcation between the gaseous and liquid states. We must now examine 
the demarcation between the liquid and vapour states, which is at present 
represented by the unstable region in which dp/dv is positive. If U is any 
point in this region it is clear from physical considerations that there must 
be some stable state in which the pressure and volume are those of the 
point U. What is this state? 




Fio. 9. 

Through U draw a line parallel to the axis of v. Let this cut any 
isothermal in the points X, F, Z, the two latter representing stable states — 
liquid and vapour respectively. These states have the same pressure, so that 
a quantity of vapour in the state Z can rest in equilibrium with a quantity 
of liquid in state F. By choosing these quantities in a suitable ratio, the 
volume of the whole will be that represented by the point U, Here, then, 
we have ao interpretation of the physical meaning of the point U, As the 

9—2 
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vapour is compressed at the temperature of the isothermal SZQXItY, the 
substauce remains a vapour until the point Z is reached. At this point 
condensation sets in, and as the condensation proceeds the representative 
point moves along the straight line ZXUY until, by the time the point Y is 
reached, the whole of the matter is in the liquid state. After this the 
substance, wholly in the liquid state, moves through the series of changes 
represented by the path YQN, 

It will be seen that there is an element of arbitrariness in this, for 
instead of describing the path SZUYN the substance might equally well be 
supposed to describe the path SRRYN keeping at the same temperature 
throughout; or any other path composed of two stable branches of an iso* 
thermal joined by a line of constant pressure. In other words there is no 
unique relation between the pressure and temperature of evaporation or 
condensation. This is however in accordance with the known properties of 
matter, the range ZQ in fig. 9 representing super-cooled vapour, and tlie range 
YR representing super-heated liquid. 

160. It may, however, be objected that the path of the substance from 
one state to another, given the same external conditions, must be quite 
definite, and that we have not yet arrived at any such definiteness. 

Maxwell* and Clausiusf have both attempted to obtain definite paths for 
a substance changing at a constant temperature. The conclusion they arrive 
at is that the line SZXYN in fig. 9, will represent the actual isothermal 
path from S to N, if the line ZXY is so chosen that the areas ZQX, XRY 
are equal. The argument by which this conclusion is justified is as follows. 
Imagine the substance starting from Z, and caused to pass through the cycle 
of changes represented in fig. 9 by the path ZQXRYXZ, the first part of 
the path ZQX Y being along the curved isothermal, and the second part YXZ 
along the straight line. Since this is a closed cycle of changes, it follows 
from the second law of thermodynamics that 

[dQ 



/' 



e-»- 



where dQ is the total heat supplied to the substance in any small part of its 
path in fig. 9, B is the temperature measured on the thermodjmamic scale, 
and the integral is taken round the whole closed path representing the cycle. 
Since the temperature is constant throughout the motion, this equation 

becomes jdQ = 0, so that the integral work done on the gas throughout the 

cycle is niL This work is, however, equal to jpdv and therefore to the area, 

measured algebraically, of the curve in fig. 9 which represents the cycle. 

* Nature, Vol. n. 1875 ; CoUeeUd Work$, u. p. 435. 
t Wi€d. Aim. ru p* 887, ISSO* 
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Hence this area must vanish, which is the result already stated. Objections 
can be, and have been, urged against this argument, but to discuss the ques- 
tion any further would carry us too far into the domain of thermodynamics. 

161. The figure which is obtained from figure 9, upon replacing the 
curved parts of isothermals such as ZQXRY by the straight line ZXY, is 
represented in fig. 10. This figure then ought to represent the main features 
of the observed systems of isothermals of actual substances. There can of 
course be no attempt at anything of the nature of quantitative agreement. 




V'Vo 



FiQ. 10. 



Comparison urith Experiment 

162. It would in no way be consistent with the plan of this book to 
give a detailed account of the agreement or disagreement between the theory 
which has been arrived at and experiment. We shall therefore be content 
with mentioning two sets of experimental results, for the sake of illustration, 
rather than confirmation, of the theory. 

163. In fig. 11, the curves are the isothermals of carbon dioxide as 
found experimentally by Andrews*. The figures on the left-hand denote 

* Phil. Trans, olix. p. 676 (1869) and OLXvn. p. 421 (1876). 
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pressure measured in atmospheres, the isothermals only being shewn for 
pressures above 47 atmospheres. The figures on the right-hand denote the 
temperatures Centigrade of the corresponding isothermals. 

The isothermal coiTesponding to the temperature 311° is of great interest, 
as being very near to the critical isothermal, the value of the critical tem- 
perature being given by Andrews as 30*92°. On this isothermal, as on all 
those above it, the substance remains gaseous, no matter how great the 
pressure. 

110- 



100- 



•o- 



80- 



TO- 



GO- 



60- 




Fio. 11. 

On the next lower isothermal, corresponding to temperature 21*5*0., we 
notice a horizontal range at a pressure of about 60 atmospheres. As the 
representative point moves over this range, boiling or condensation is taking 
place. Thus at a pressure of about 60 atmospheres the boiling point of 
carbon dioxide is about 21*5° 0. The ratio of volumes in the liquid and 
vapour states is equal to the ratio of the two values of v at the extremities of 
the horizontal range — a ratio of about one to three. 

The lowest isothermal of all corresponds to a temperature of 13*1° C. 
Here the inequality between the volumes of the liquid and the gas is greater 
than before. In fact an examination of the general theoretical diagram 
given in fig. 10 shews that as the temperature decreases the inequality 
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becomes more and more marked, so that in all substances the distinction 
between the liquid and gaseous states becomes continually more pronounced 
as we recede from the critical temperature. 

164. The following table gives corresponding values of p and v observed 
at the critical temperature of isopentane, by Young*. This temperature 
according to Young is 187^8° C, the critical volume being 4'266 cubic centi- 
metres for 1 gramme of the gas. The table is calculated by Dietericif from 
Young's observations. 

Critical Isothermal of Isopentane. 
Critical temperature = 187*8° C. Critical volume = 4*266 c.c. per gramme. 



Volume, V 
per gramme 


Pressure p, 
mm. of mercury 


, RT 
pmv 


, RT 
pmv 


2-4 
26 
2-6 
2-8 
3-0 
32 
3^6 
4-0 


49080 
40660 
34980 
28940 
26460 
26490 
26060 
26020 


•6296 
•6947 
•6419 
•6920 
•7010 
•6893 
•6467 
•6004 


1271 
1-486 
1-669 
1-938 
2103 
2-205 
2326 
2-402 


4-3 

4-6 

6 

6 

7 

8 

9 
10 
12 
16 
20 
30 
40 
60 
60 
80 
90 
100 


26010 

26000 

24990 

24840 

24400 

23710 

22930 

22040 

20300 

17980 

14840 

10960 

8570 

7068 

6001 

4614 

4132 

3750 


•5691 
•6400 
•6040 
•4273 
•3682 
•3227 
•2861 
•2676 
•2140 
•1698 
•1282 
•0842 
•0666 
•0626 
•0442 
•0336 
•0293 
•0268 


2-447 
2483 
2-520 
2664 
2-677 
2-582 
2-576 
2-675 
2-568 
2-548 
2-664 
2-626 
2-624 
2-626 
2-662 
2-680 
2-637 
2-680 



To interpret this table, we revert to the general equation (303), 

P= ~ pbe *^ 

m 

where (cf, equation (304)) 

f>6 = f> + 6lp^ + 6jp* + 

in which 6i, 69 ... are constants. 

* S. Tonng, Proe. Roy, 80c. xv. p. 126 and xvi. p. 11. 
t Annalen der Phynk, v. p. 68, 1901. 
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If V is the volume per unit mass of gas, so that vp => 1, we have, as br 
as squares of p, 

' "RTp, 

pm 



RTp{l+lHp) 

Hence RT^ ^'^^^^M'^^"^^ 

= -t;log^t; + 6, (814). 

Now we have seen (§ 135) that so long as p is approximately constant 
throughout the gas, yfr may be regarded as constant in equation (312). This 

requires that e *^ shall be approximately equal to unity throughout the gas, 

and therefore that p shall be small. If this condition is satisfied, we may 

neglect terms beyond &ip' in equation (313). Hence firom equation (314) we 

may for sufficiently small values of p suppose the equation of the isothermal 

to be 

RT 
vlog =constant (315). 

The quantity on the left-hand is the function tabulated by Dieterici in 
the last column of the table on the last page. Inspection shews that 
although the function is by no means constant for all values of v, yet it is 
approximately constant for all values of v which are greater than the critical 
volume. If Boyle's law were satisfied the entry in the third column would 
vanish throughout. It does not vanish, and our investigations on the devia- 
tions from Boyle's law have shewn that it ought approximately to vary 
as l/v. The confirmation of our theory, then, lies in the fact that the 
variations of the entry in the last column are small compared with those 
of V. 

Van deb Waals' Equation. 

166. As far as the first order of small quantities we have from equa- 
tion (304), 

_ Nm 
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where 6 = -3^ 

^^% (316). 

upon substitution from equation (310). 

Expanding p^ and the cohesion factor as far as the first order of small 
quantities, we have as the equation giving the pressure, 

_RT Nrn^l _p±\ 
so that 

or, again as far as the first order of small quantities, 

{v^'^{v-h)^-RNT (317), 

where a = N^m^y 

agreeing with Van der Waals* equation (281), 

We shall now use this equation to investigate the behaviour of gases 
when the deviations from Boyle's Law are slight. 

Changes at Constant Volume. 

166. Imagine the volume of a gas satisfying equation (317) to be kept 
constant, and let us suppose the temperature first to be Tq and afterwards T,. 

We have, if />oi Pi are the corresponding piessures. 



[p» + ^)iv-b)^RNT, (318), 

{pi + ^)iv-b)~RNT, (319). 



By subtraction we get 

(lh-p,){v-b) = RN(T,-T,) (320). 

and dividing the members of this equation by the corresponding members of 
equation (318), 

P^^^^l+±, (321). 

Ti - To po poV» ^ ^ 

From this it is clear that if T^, p^ refer to a fixed temperature the increase 
in T is proportional to that in p. Hence a gas kept at constant volume 
may be regarded as a thermometer giving readings on the kinetic theory 
scale, the reading being proportional to p. 



Digitized by 



Google 



138 PhygiccU Properties [ch. vi 

In the special case of hydrogen it is foand that the ratio of the increase 
of temperature to that of pressure is very approximately independent of the 
volume. In other words, the value of a is extremely small for hydrogen. 
For this reason the ComiU intematianale des poids et mesures decided on the 
constant-volume hydrogen thermometer as standard thermometer. The 
small value which can be found for a is recognised in the stipulation of the 
committee that the volume at which the gas is used is to be such that the 
pressure at the melting-point of ice is to be the weight of 1000 mm. of 
mercury at Paris. On this thermometer the readings are proportional to the 
pressure above that at the melting-point of ice. If 9 is the observed tem- 
perature, we have 

where a is a constant and T, is the value of T corresponding to the melting- 
point of ice. The relation between the two scales may obviously also be 
written 

T = a{0. + e) (322). 

If the thermometer scale is to be the Centigrade scale, the values of a 
must be such that at the boiling-point of water = 100. On this scale it is 
found that the point 7 = is given by 

9= -9. = -273-04^0 (323). 

This temperature is what is known as the absolute zero of temperature. 
It is the temperature at which matter is entirely devoid of internal motion. 

If in equation (321) we take the temperature T, to be that of the melting- 
point of ice, and reduce the whole equation to the Centigrade scale, we put 
(equation (322)) To = atfo> Ti — T^^ aB, and the equation becomes 

^-^^=1+ ^ (324). 

The quantity - ^^ is what is usually known as the "pressure coeflScient," 

so that if we denote it by Kp^ the pressure at any temperature is given by 

Pi^Po{l + fCp0). 
Equation (316) now becomes 

*'=(^+^)^. <^^^>- 

This equation depends on the density but not on the temperature ; hence 
for a given density, the pressure coefficient is independent of the temperature. 
This law was verified by Regnault*, who found that gas thermometers filled 
with difierent gases gave identical readings over a great range of tempera- 
ture. A single exception occurred in the case of sulphurous acid, of which 
the anomalous behaviour appears to have been due to evaporation f. 

* MSm. de VAcad. xxi. p. ISO. 

t Van der Waala, ConUnuiiy, p. 892. 
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The following table coDtains the values of the pressure coefficients of a 
namber of gases, as given in Travers' Study of Ghues. 

Hydrogen* "0036624, 

Nitrogen* -00367446, 

Oxygenf -0036742, 

AirJ -0036700. 

For an ideal gas the value would of course be , or '0036635. 

Changes at Constant Pressure. 

167. We next imagine the pressure kept constant. Experiments con- 
ducted under these conditions enable us to determine a " volume coefficient " 
Kp defined by 



'^ v,0 ••" 

so that the volume at temperature $ is given by 

By a method similar to that of the last section, we find 



.(326), 



-('-^an)-^.}^. <'"^ 



This is more complicated than the corresponding pressure-formula (325) 
in that it depends on both the pressure and volume. 

Determination of Size of Molecules. 

158. From a series of experiments in which the values of Kp and /c^ 

are both determined, it will clearly be possible to calculate the values of both 

a and 6. Calculations of this tjrpe will be found in Van der Waals' essay. 

The determination of b is of special importance, because firom it we can 

calculate the value of <r, the diameter of the sphere of molecular action. 

The values for b at which Van der Waak arrives fix>m the discussion of a 

great number of experiments by Regnault are as follows : 

Air§ 0026, 

Carbon dioxide || -0030, 

Hydrogen IT -00069. 

The numbers apply to unit volume of gas at a pressure of one metre of 

mercury. 

* Obtained by Chappais, the pressure at 0° C. being 1000 mm. 

t Von JoUy. 

t Mendeleef, from observations of Begnaolt, Magnos and JoUy. 

§ CanHnuitif, p. 400. |i ibid, p. 402. See also p. 418. IT ibid. p. 401. 
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The following table, given by Berthelot*, gives the observed value for 

RNT 
the ratio at the critical point. It will be seen that argon is the only 

gas in which this value approximates with any reasonable accuracy to the 
value f given by equation (331) : 

Marsh gas 3*67, 

Carbon dioxide 3*61, 

Nitrogen 3'53, 

Oxygen 349, 

Argon 2-62. 

Other values of this quantity have been determined by Ramsay and 
Young+ ranging up to values as great as 5*00 for acetic acid. Young, 
however, is of opinion that for all substances which can attain the critical 
state without chemical change, the quantity is nearly constant, and has 
a value of about 3*7 J. 

Before leaving this question, it is of interest to examine the numerical 
values at the critical point, given by the more general equation (303), 
namely, 

m 

Let us write p = and pj =« ^, , so that, as before, we neglect 

squares of b/v. Then the equation becomes 

The critical point is the point at which dp/dv and d^/dt^ both vanish. 
If dp/dv = 0, we have by logarithmic differentiation, 

and if also d^pjd'^ — O, the equation just obtained, regarded as an equation 
for V, must have equal roots in v. The condition for this is that 

{v-by MTtf ""• 
From these two equations we obtain 

1 2 
v — 6 V* 
so that 6=it;, 

and "^ = 2^. 

* 8oc, Frang. Phys. Bull oultu. p. 4 (1901). 

t Phil Mag. 1892, p. 508; 1894, p. 1. See also Weinstein, Thermodynamik, i. p. 469. 

X Phytilcalitche Revue, i. p. S85. 
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Hence, at the critical point 

RNTv -^ 
^ (v-6) 

The ratio of the value of jtw in the critical state as given by Boyle's Law 
to its actual value is therefore 

i^, or 3-6945. 

This agrees almost exactly with Young's value 3*7. We must, however, 
not lay too much stress on the agreement. When, as in the present 

instance, we are dealing with values for which - = ^, it is obvious that 
the error introduced by the neglect of f - j must be very considerable. 



The Virial of Clausius. 



160. Clausius attempted, in a way entirely different from that which we 
have followed, to determine the relation between the pressure, volume and 
temperature of a gas*. 

Let X, y, z, be the coordinates of the centre of gravity of a molecule of 
mass m, and X, F, Z, the components of force acting upon it. Then its 
motion is governed by the equations 

m^ = X, etc. (332). 

Since (^_j+^-_ = i^-(^), 

we obviously have 



*^(sy=i^S(^>-* 






by equation (332). If we sum this equation and the corresponding equations, 
for the two other axes and for all the molecules of the gas, we obtain 

i2mc»=i2m^(^ + y» + 5»)-i2(^X + yF + 5Z), 

where S denotes summation over all the molecules of the gas. 

• PhU. Mag. August, 1S70. 
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Unfortunately the value of 6 appears in the calculations as the difference 
of two larger quantities. The accuracy of the results, therefore, is not great. 
For instance in the case of hydrogen, Regnault's experiments lead to different 
values of b of which the extreme values are 'OOOS and 'OOOS. The number 
•00069 is, however, the mean of a very great number of experiments, so that 
the probable error is nothing like so great as the difference between the 
mean and either of the extremes. The agreement amongst themselves of the 
experiments in the case of the other two gases is much better. For instance, 
taking the value 6 = '0030 for carbon dioxide. Van der Waals calculates for 
a X 10* from Regnault's experiments the values 127, 114, 115, 107, 120, 113. 
116, 111, 116. The first number according to Van der Waals is, from the 
experimental conditions, likely to be the least trustworthy: the remainder, 
as will be seen, agree to within a few per cent. 

There are other ways of determining 6, besides observations on the 
pressure and volume coefficients. Of these the most important is probably 
by measurement of the Joule-Thomson effect. From calculations by Rose- 
Junes*, Callendarf deduces the following values for 6: 

Air 1-62, 

Nitrogen 2-03, 
Hydrogen 10-73. 

These values are in cubic centimetres referred to unit mass of gas. 

Reduced to a cubic cm. of gas at normal pressure, the two sets of values 
stand as follows : 

Values for b. 



Gas 


Van d«r Waals 


Bose-Innes 


Hydroeen 


•00062 

-00198 
•00228 


•00096 
•00265 
•00209 


M-M.J VU. V^>»« 

Nitrogen • 


Air 


Carbon dioxide ... 



As we have already seen, the value of 6 is -5- va*, and to give values 

of 6 corresponding to those in the above table, v inWrbe supposed to be the 
number of molecules per cu. cm. of the gas at normal temperature and 
pressure. Thus v is the same for all the gases, and if we take the value 

v = 4sx 10", from § 8 we obtain the following series of values for ^ , the radius 

of the molecules : 

• Phil Mag. 11. p. 180. • 

t Phil Mag, v. p. 48, or Proe. Phyt. Soe. xviii. p. 282. 
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Gft8 


Van der Waal9 


Bofle-Innee 


Mean 


Hvdrosen 


•^xlO-8 

1-44x10-8 
1-60x10-8 


113x10-8 
1-66x10-8 
1-46x10-8 


1-02x10-8 
1-66x10-8 
1-46x10-8 
1-60x10-8 


t^J «U VQVM 

Nitrogen •••.... 


Air 


Carbon dioxide ... 



The Critical Point 

169. Referring to figure 9 on p. 131, we see that at a temperature 
below the critical temperature there are two points on every isothermal 
(e.g., JR, Q in the figure) at which dpjdv = 0. At the critical point P these 
two points coincide. It therefore follows that at the critical point 

dv "' dt;» "• 
Combining these equations with Van der Waais' equation, written in the 

form 

a RNT 
P + ^i^TITF' 

we obtain, as the equations satisfied at the critical point, 

2o RNT 

6a ^ 2RNT 
V* {v-bf 
firom which we obtain 

t» = 36 (328), 

RNT^^^.:^. (329), 

p-m <^<»' 

giving the critical volume, temperature and pressure. From these we find 
for the value of jn; at the critical point 

pv^lRNT (331). 

It appears from this that at this point the deviation of pv from the 
value given by Boyle's Law is represented by a factor f , and therefore that 
this deviation cannot legitimately be treated as small. In spite of this, 
equations (328) to (331) lead to values which are in surprisingly good agree- 
ment with observation, when we consider the rough method by which the 
equations are arrived at. 
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The following table, given by Berthelot*, gives the observed value for 

RNT 
the ratio at the critical point. It will be seen that argon is the only 

gas in which this value approximates with any reasonable accuracy to the 
value f given by equation (331) : 

Marsh gas 3*67, 

Carbon dioxide 3'61, 

Nitrogen 3'63, 

Oxygen 3*49, 

Argon 2-62. 

Other values of this quantity have been determined by Ramsay and 
Youngt ranging up to values as great as 5*00 for acetic acid. Young, 
however, is of opinion that for all substances which can attain the critical 
state without chemical change, the quantity is nearly constant, and has 
a value of about 3*7 J. 

Before leaving this question, it is of interest to examine the numerical 
values at the critical point, given by the more general equation (303), 
namely. 

Let us write p = and pj « ~ZT * ^ ^^**» *® before, we neglect 

squares of b/v. Then the equation becomes 

RNT -^ 
^ (v— 6) 
The critical point is the point at which dp/dv and d^/dt^ both vanish. 
If dp/dv = 0, we have by logarithmic differentiation, 

and if also d^/di^ =^0y the equation just obtained, regarded as an equation 
for V, must have equal roots in v. The condition for this is that 

{v^by RTtf ""• 
From these two equations we obtain 

1 2 
v — b V* 
so that 6=Jt;, 

and 'M^'^^^' 

♦ 8oc. Frang. Pkys, Bull olxvu. p. 4 (1901). 

t Phil Mag. 1892, p. 503; 1894, p. 1. See also Weinstein, Thermodynamik, i. p. 469. 

t Phytikaliiche Revue, i. p. S85. 
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Hence, at the critical point 

RNTv -!^- 

The ratio of the value of jtw in the critical state as given by Boyle's Law 
to its actual value is therefore 

i^, or 8-6945. 

This agrees almost exactly with Young's value 3*7. We must, however, 
not lay too much stress on the agreement. When, as in the present 

instance, we are dealing with values for which -«i, it is obvious that 
the error introduced by the neglect of f - j must be very considerable. 



The Virial of Clausius. 



160. Clausius attempted, in a way entirely different from that which we 
have followed, to determine the relation between the pressure, volume and 
temperature of a gas*. 

Let a?, y, z, be the coordinates of the centre of gravity of a molecule of 
mass m, and X, F, Z, the components of force acting upon it. Then its 
motion is governed by the equations 

m^ = X, eta (332). 

we obviously have 

by equation (332). If we sum this equation and the corresponding equations, 
for the two other axes and for all the molecules of the gas, we obtain 

iSmc»=i2m|^,(^ + y« + ^)-i2(a?X + yF + 5^), 

where X denotes summation over all the molecules of the gas. 

* PhU. Mag. Aogiut, 1S70. 
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Averaged over all instants of time from ^ = to ^ = t, this equation 
becomes 



In the steady motion of a gas, the quantities 

\tm^dt, 2m^(a;* + y« + 2f«) and ^%{xX + yY ^-zZ), 

are approximately constant throughout the motion. Hence as we increase r 
indefinitely in equation (333), the first and last terms will remain approxi- 
mately constant, while the middle term tends to vanish. Taking t suflSciently 
large, equation (333) reduces to 

^'S.md'^ - \l{xX -^ yY '\- zZ) (334), 

in which both sides, which are in any case constant except for the slight 
departures from the steady state which occur in the motion of the gas, are 
averaged over a time sufficient for them to be regarded as sensibly constant. 
The mean value of —^t^xX -{-yY ^^ zZ) has been termed by Clausius the 
virial of the system. We have therefore shewn that when a gas moves, 
undisturbed from its steady state, the kinetic energy of its motion is equal 
to its virial. 

161. The virial depends solely on the forces acting upon the molecules, 
and not upon the motion of the molecules. In the case of a gas these forces 
consist of the pressure exerted upon the gas by the walls of the containing 
vessel, and the forces exerted by the molecules upon one another. 

If dS is. an element of the surface of the containing vessel, and /, m, n 
the direction cosines of its outwacd normal, the pressure of the element dS 
exerts upon the gas a . force of which the components are — VpdS, — mpdS, 
— npdS, so that the value of that part of XxX which is contributed by the 

pressure will be 1 1 — IpxdS, The present treatment compels us to assume 

that the pressure is the same at all points of the containing vessel. If we 

make this assumption the quantity just obtained may be written — p IJlxdS, 

Hence the contribution of the pressure to the virial is, in all, 

^p li{lx-\-my-^nz)dS 

by Green's Theorem, 

where XI is the volume of the vessel. 
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We suppose that the force between two molecules at distance r is an 
attractive force ^ (r), a function of the distance r only. If the centres of 
the molecules are at x, y, z, oi^ y\ /, and if X, F, Z, X\ Y\ Z' are the com- 
ponents of the forces acting on them, then 

T T 

The contribution to ^X made by the force between these two particles 

= xX + xX' 

V 

The contribution to 2 {xX + y F + zZ) is therefore 

^^^[{x^xy^•(3,^i/r•^{z^zy]^rit>{rl 
so that the part of the virial which arises from intermolecular forces, is 

where the summation extends over all pairs of molecule& 
Equation (334) may now be replaced by 

i2mc« = fpft - i22r<^ (r) 
so that the pressure is given by 

|>n = i2mc»-i22r\^(r) (335). 

162. Clerk Maxwell* makes an important observation on the subject of 
this equation. By obliterating one or other of the terms on the right-hand 
side, we notice that a pressure may be produced either wholly by molecular 
motion or wholly by intermolecular force. The latter is a hypothesis on 
which attempts have been made to account for the pressure in a gas. If this 
were the true account, then Boyle's Law that pll is constant could be 

satisfied only by making 22r^ (r) constant, and therefore by taking ^ (r) = - . 

In other words, two molecules would have to repel one another with a force 
proportional to the inverse distance. This is, however, an impossible law for 
a gas. It would make the action of the distant parts of the mass prepon- 
derate over that of the contiguous parts, and would not give a pressure 
which, for a given volume and temperature, would be constant as we passed 
from one vessel to another, or even from one part to another of the surface 
of the same vessel. We therefore conclude that the pressure of a gas cannot 
be explained by assuming repulsive forces between the molecules ; it must 
arise, at any rate in part, from the motion of the molecules. 

* "The Dynamioal Evidenoe of the Molecular Constitation of Bodies." Collected Work$, 
ii.p.422. 

J. 10 
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163. If we could calculate the term 22r^ (r) in equation (335) for any 
law of intermolecular force, we should have a complete knowledge of the 
corrections to be applied to Boyle's Law. Unfortunately this is not possible 
even in the simplest cases. 

164. If there were no intermolecular forces, the probability that the 
centre of molecule A should lie at a distance between r and r-^-dr fix>m the 

centre of B would be 

47rr»dr * 

—ft— <3-^6)- 

In this expression 4!irT^dr is the volume of a spherical shell of radius r, 
and we neglect the possibility of B being within a distance r of the boundary 
of the containing vessel, as we legitimately may if r is suflBciently small 
The probability of the centre of A lying withiu a distance between r and 
r + dr from the centre of C is also equal to expression (336), so that the 
probability of the centre of A lying within this range of distance from the 
centre of some other molecule is (iV— 1) times expression (336), except for 
a correction arising from the possibility of two of the {N - 1) shells of radius 
r which surroimd these molecules intersecting. Ignoring this correction for 
the present, and replacing JV — 1 by iV, it follows that the number of pairs of 
molecules of which the centres lie at a distance intermediate between r and 
r + dr apart, would, in the absence of intermolecular forces, be 

"'^'^dr .(337). 

When, however, molecules at a distance r attract one another with a force 
<f> (r), it will be seen, upon examination of the results of § 85, that expression 
(337) must be modified in two ways. The probability of finding two mole- 
cules at a distance r apart is, by § 85, less than the probability of finding 
the same two molecules at a distance oo apart (oo here denoting any dis- 
tance great enough for the molecules to be out of range of each other's 
action) in the ratio 

e •'*■ 
And again the probability of finding two molecules at a distance oo apart is 
greater than it would be if there were no intermolecular forces, because some 
positions for the molecules, not at great distances apart, are less likely, on 
account of the intermolecular forces, than they would otherwise be. The 
former consideration requires us to multiply expression (337) by a factor 



e -Jr— (338); 

r the factor -^ in expression (337), 
only accurate if all positions of tjie molecules are equally probable. 



the latter requires us to modify the factor -^ in expression (337), which is 
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If we write Nv for the modified value of -y , so that i/' is a modified 
molecular density, the corrected form of expression (337) becomes 

This is the number of pairs of molecules each of which gives a contri- 
bution r^ (r) to XXr<f> (r). Hence, multiplying the expression just obtained 
by r^ (r) and integrating over all values of r, we obtain 

22r^(r) = 27riV^f*i/V^(r)e"^^"*^'**'dr (339). 

•'0 . 

166. Progress is for many reasons impossible in the general case. Let 
us fall back on the simplifying assumption of the existence of spheres of 
molecular action satisfying the conditions mentioned in § 82. If each sphere 
is of diameter o-, then in every term which, supplies an appreciable contribu- 
tion to 2S^ (r), the value of r is very nearly equal to o*. If we write 



/: 



<f> (r) dr = x, 

so that — <f> (r) dr = dx, 

then equation (339) becomes 

2SM(r) = -27rJvf v'Te-^dx. 
Jo 

In the integral on the right-hand side, i/V may be replaced by i/V and 
taken outside the sign of integration. The value of the integral is accord- 

ingly -^T- and the equation becomes 

%tri>{r)^-''^^ (340). 

166. We next turn to the calculation of v. In virtue of the supposed 
existence of a sphere of molecular action, we can imagine each of i\^ — 1 
molecules surrounded by spheres of radius o", and then every position outside 
these sphei'es may be supposed equally probable as a possible position for 
the centre of the i\rth molecule, while any position inside these spheres is 
impossible. Thus if iV be the total volume excluded by these spheres, we 
shall have 

"'"lAr <3")' 

N 
instead of ^ = t^ • Obviously if we neglect the distinction between iV — 1 

and JT, 

a'^^Nira* (342). 



167. Equation (335) now becomes 



10—2 
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by equations (340) and (341), 

on introducing the temperature from equation (265), 

^rnt[i+\^\ («*3>- 

Hence, as far as first powers of Sl'jO,, 

= {v+'^^v^)rT. (344). 

and this agrees with equation (294). 

168. The approximation has been extended* to the second order of small 
quantities, by taking account of the further con-ection mentioned in § 164, 
which arises from the possibility of two of the shells, which there are supposed 
to surround the molecules, intersecting one another. The corrected equation 
is found to be 

p=|. + ?^.. + |(2^?*)V + ...}je2' (345). 

169. If we now suppose that forces of cohesion act of the kind specified 
in § 135, these forces will have a contribution to make to the virial. To the 
first order of small quantities, we may, in calculating 22r<^(r), ignore the 
effect of the forces of cohesion on the distribution of density of the gas. 
The value of ^^r4>{r) is therefore obviously proportional simply to /)*. 
Allowing for this addition to the virial, equation (343) becomes 



P^-RNT[l^h^]-cp*^, 



where c is the c of § 134, and is independent of the temperature. Or again 
this last equation may be written 



[p-^^){Ci-i,a') = RNT. 



agreeing with Van der Waals' equation (281), since the 6 in that equation is 
the same as the present ^Qf. 

170. It is obvious that the calculation of the effect of the forces of 
cohesion to a second approximation, would be extremely tedious, and I am 
not aware that it has ever been attempted. Indeed a comparison of the 
general equation of the virial (equation (335)), with the general equation 
giving the pressure (equation (303)) seems to suggest that the virial is hardly 
suited to the calculation of pressures to any accuracy other than that of a 
first approximation. 

* Boltzmann, Vorlemngen Uber Oastheorie, ii. § 61. 
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CHAPTER VIL 

PHYSICAL PROPERTIES OF A GAS (oontinubd). 

Mass Motion and Calorimetry. 
General hydrodynamical Equations of Motion. 

171. Let us consider the small element of volume dxdydz supposed 
entirely inside the gas, of which the centre is at f, i;, f and which is 
bounded by the six planes, parallel to the coordinate planes, of which the 
equations are : 

t, , dx dy i. , dz 

At any point let the molecular density be denoted by v. Strictly 
speaking, the quantity required is the "effective molecular density" Vi, 
defined in Chapter IV., but it will tend to clearness to suppose for the 
present that the molecules are vanishingly small, so that the distinction 
between v and Pi disappears. In either case v (or Vi) is a function of 
X, y, 2r, and when it is necessary to specify the point at which v (or Vi) is 
measured we shall write it in the form v^^y^g. 

Let the law of distribution at any point be f(u, v, w), it no longer being 
supposed that the law of distribution is the same throughout the gas, so 
that /(w, V, w) is a function of x, y^ z ss well as of i*, v, w. When it is 
necessary to express this we shall be able to replace 

f{u, V, w) by /(m, V, Wy X, y, z). 

As before, let us say that a molecule belongs to class A, when its velocity 
components lie within the limits 

u and U'\'du, v and v + dv, w and W'\-dw, 
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2 



The number of molecules of class A which cross the plane a; = f — ^ 



into the element of volume, in time dt^ will be 

dx 



^+t' f+f 



I I ^^-^,y,,/(^> v» ^» f-y* y* zjdydzdudvdwudt, 






and as far as squares of small quantities this may be written in the form 

V dx /(^» ^» ^» f — 2' ^' ^) ^y^-^^^^^^^^*^ (346). 

Similarly the number of molecules of class A which cross the plane 
fl; = f + ■— out of the element of volume is given by expression (346) if 

f — — is replaced by f + y . By subtraction, the resulting loss to the 

element, of molecules of class A, caused by motion through the two faces 
perpendicular to the axis of a?, is 

o~[^(^> V, w)]dxdydzdudvdwiidt (347), 

in which the differential coefficient is evaluated at f , 17, f. The net loss of 
molecules of class A caused by motion through all the faces is therefore 

(w^ + y^ + w;^j [vf{Uy V, w)]dudvdwdxdi/dzdt (348). 

By integration over all values of u, v and w, we obtain the total number 
of molecules which are lost to the element dxdydz in time dt If we 
write 

\uf{u^ v, w)dudvdw = u^y etc (349), 



llh 



80 that Uo, t^o, t(;o are the components of mass velocity of the gas at x, y, z, 
this number is seen to be 

g-('^) + g- {yv^'\-;^{vw^\dxdydzdt (360). 

Since, however, the number of molecules in the element at time t is 
vdxdydz, and at time t + dt is (^+37^) dxdydz, the net loss is 

-^dtdxdydz (351). 

Equating expressions (350) and (351), we obtain 
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This is the hydrodynamical equation of continuity, expressing the 
permaDence of the molecules of the gas — ^in other words, the conservation 
of mass. 

172. The loss of each molecule of class A to the element means a loss of 
momentum parallel to the axis of x equal to mu. Hence the total loss of 
momentum parallel to the axis of x arising from this cause in time dt^ is, 
from expression (348), 

idxdydzdt ///(^*^ + ^V5: +^*w^) \yf{^i v, w)] dudvdw (353). 



mc 

Let us write 

Iu'/(m, V, w) dudvdw =^u^ (354), 



ljluvf{Uf V, w)dudvdw^uv (355), 

etc., 
so that ii*, uv, etc. are the mean values of w*, uVy etc. at the point so, y, z. 
Then expression (353) becomes 

mdxdydzdti^ (vu^) + ^ (vuv) '\- ^ {vuw)j (356). 

With this must be compounded a gain of momentum caused by the 
action of forces on the molecules. The gain of momentum parallel to the 
axis of iT to any single molecule is Xdty where X is the component of force 
parallel to the axis of x, including of course intermolecular forces and forces at 
collision, acting upon the molecule in question. Combining the sum of these 
gains with the loss given by expression (356) we find for the net increase of 
momentum inside the element dxdydz in time dt, 

\XX - mdxdydz (^ (i^) + ^ (vuv) + ^ (mw) H dt (357), 

where 2 denotes summation over all the molecules which were inside the 
element dxdydz at the beginning of the interval dt 

The total a;-momentum inside the element dxdydz at time t is, however, 
mw^dxdydz. Hence the gain in time dt may be expressed as 

-^ (j^o) mdxdydzdt, 

and equating this to expression (357), we obtain 

dt ^^ "*■ S~ ^^^ "^ d~ ^^^^ "*" a" ^^'^^^ mdxdydz = 2Z...(358). 

These and the similar equations in y, -ar are the hydrodynamical equations of 
motion of the gas, expressing the conservation of momentum, except in so 
far as this momentum is changed by the action of external force& 
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173. If we write 

w = ii« + u, etc., 

as in § 26, we have u = Wo» and u = 0. We therefore have 
^ {vuv) = ^ [v («, + u)(w, + V)] 

O 

= ^[»'(«»«. + uv)] 
and from this and similar equations, by addition. 

Also, by the equation of continuity (equation (352)), 
d , . duo ^ dv 

so that on adding corresponding sides of this equation and (359), we 
obtain 



I ("«.) + ^ {w?) + I C-^^) + I, (•^'«') 






•9y 

The left-hand member of the equation is, however, identical with the bracket 
in equation (358), so that this equation now becomes 

= 2Z - r^ (i/u5) + 1- (vU^)+^(i/Uw)1 mdxdydt. . .(360). 

174. We now proceed to examine more closely the system of forces 
which act upon those molecules of which the centres are inside the element 
dxdydz — the system of forces which we have so fiir been content to denote 
by XX. tY, XZ. 
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These forces may arise either from forces between pairs of molecules, or 
from the action upon the molecules of an external field of force. If there is 
an external field of force of amount H, H, Z per unit mass, the contribution 
made to 2X will of course be 

Bmvdxdydz (361). 

This part of the system of forces need not be discussed further: we now 
turn to the intermolecular forces. We are supposing those molecules to be 
inside dxdydz of which the centres are inside dxdydz. To discuss the 
intermolecular forces, then, consistently with the suppositions already made, 
we must regard the molecules as point-centres of force, the position of the 
centre of force coinciding with the centre of the molecule. This supposition 
is, of course, perfectly general. For instance, if the molecules are elastic 
spheres of diameter <r, we take the law of force between the supposed 
point-centres to be some function of the distance which becomes infinite 
when the distance is less than <r, and zero when the distance is greater 

than <y — e.g. f- j where n is infinitely great. 

In general, it is not possible to represent the effect of a system of forces 
acting upon a material medium by a system of suitably-chosen pressures 
inside the medium. In the present case, however, this is possible, if we make 
the assumption that the range of molecular action is small compared with 
the linear scale of variation of density, etc., in the gas. For subject to this 
assumption we shall be able to choose the element dxdydz of such a size 
that the density, etc., may be regarded as constant throughout, while at the 
same time the intermolecular forces experienced by the molecules inside it 
are solely forces between pairs of molecules both of which are very near to 
one and the same face of the element : the element can, in fact, be too 
great for intermolecular action across it to be perceptible. 

Choosing the element of volume in this way, the forces exerted across any 
one of the faces of the element may be regarded simply as a system of pressures 
acting upon the surface of the element. The components of pressure will 
obviously be continuous functions of position in space, so long as it is under- 
stood that the edges of the faces of the element are large compared with 
the distance between adjacent molecules. 

If we denote the components of pressure per unit area acting across a 
small plane area perpendicular to the axis of x by mxx* '^xyy "^xzy ^^^ adopt a 
similar notation as regards pressures across planes perpendicular to the axes 
of y and z, we see that the a?-component of all the molecular forces which act 
on the element dxdydz can be put in the form 



Digitized by 



Google 



154 Physical Properties [oh. vn 

Combining this contribution to XX with that ab*eady found (expression 
(361)), we find as the whole value of SX, 

and there are, of course, similar equations giving the values of 2 F and XZ. 

Hence equation (360), on dividing throughout by dxdydz and replacing 
^'^ by /), becomes 






dy 

o ri o 

= />H - g^ (w„ + pir«) - g- (Wy» + A>uv) - g; (''•r + pOw) (362). 

176. Let U8 write 

P«, = -„+pui. I ^^^^ 

Pyx = nTya- + /)UV, etc. J 
then equation (362) may be written 

This equation is identical in form with the hydrodynamical equation of a 
fluid of density p moving with a velocity Mq, Vo» m'o, the body forces being 
H, H, Z per unit mass, and the pressures being the system 

P«r, Pyx. P«r, P«y etC (365). 

We may, therefore, speak of this system of pressures as the total pressure at 
the point x, y, z. As is clear from equation (363), the pressures arise partly 
from the intermolecular forces and partly from the molecular agitation in 
the gas. 

If we multiply equation (S52) throughout by m, it becomes 

l + a^<'«^) + |<'«") + a7<'^'> <3^«>' 

which is formally the same as the hydrodynamical equation of continuity, and 
the hydrodynamical analogy is now complete. 

We have, therefore, seen that we may regard a gas as a continuous 
fluid, of which the motion is subject to hydrodynamical equations of motion 
and continuity of the usual type. This is the justification, in discussing 
the mass-motion of gases — the propagation of sound, for instance, — for 
treating the gas as if it was a continuous fluid of the kind contemplated 
in hydrodynamics. 
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Molecules of Finite Size. 

176. In order to separate the difficulties as much as possible, and so 
simplify the treatment of the subject, it has been found convenient to defer 
the difficulties introduced by the finite size of the molecules. The finite size 
can, as has already been explained, be supposed to have been allowed for in 
the field of intermolecular force, but if we wish to get results which admit of 
easy interpretation it is best to suppose the molecules to be of finite size, in 
addition to possessing fields of intermolecular force. 

If Vx, y. « 18 the " effective molecular density " at a?, y, z, then the expecta- 
tion of the number of molecules of which the centres lie within any element 
of volume is 



jjj^»,v,^^^y<^* 



where the integration extends throughout the element of volume in question. 
It is, however, also equal, by the definition of v, to 



/ Ijjdxdydz, 



so that Vx,y^g, averaged through a volume large enough to contain a great 
number of molecules, becomes equal to v. 

Similarly the number of molecules crossing an element of surface dS 
contains as a factor 

'L^y^.dS (367). 



//' 



and if this element of surface is great compared with the size of a molecule, 
while at the same time i/ is approximately constant while we pass in any 
direction over a distance comparable with the size of dS, then the factor may, 
we know, also be written 



'//■ 



dS (368), 



so that V is the average value of Vx, y, , over the element of surface dS. 

A complication occurs in the neighbourhood of the boundary, because 
here, as appeared in the last chapter, the value of v may vary perceptibly 
over a distance comparable with the molecular diameter. If, then, dS is an 
element of surface at a distance J<r from the boundary and parallel to 
the boundary, expression (366) must be replaced, not by expression (368), 
but by 

'idS (369), 



'# 



where vj, is the same as the i^ of § 137. 
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It will now be clear that all the analysis of the present chapter will hold, 
even after allowing for the finite size of the molecules, if we take i; to be the 
density everywhere except at the boundary, provided that, in considering an 

element of surface at distance ^ from the boundary, we replace i' by i^^. 

In calculating the pressure, it will be remembered, we assumed the 
element of volume so great that intermolecular forces could not act across it. 
At the same time we assume it so small that the density is approximately 
constant throughout. These assumptions become inconsistent at the 
boundary, because the density, as is clear from §134, varies over a range 
across which intermolecular forces can and do act. In this case, however, we 
can abandon the supposition that the density will be approximately constant 
throughout. All that is required is a knowledge of the mean density in the 
element of volume, and this, on account of the thinness of the layer near the 
surface in which the mean density differs perceptibly from i/, may still be 
taken to be i/. 

Oas in EqailibHum, 

177. We now examine the form assumed by our equations, when the 
^"gas is in equilibrium. In this case we can clearly take the law of distri- 
bution of velocities to be MaxwelFs law at every point, so that 

by equation (161), and 

Ov sfc vw = wu = 0. 

Thus of the system of pressures specified by equations (363), that part 
which arises from molecular agitation reduces to a simple hydrostatical 

pressure of amount ^ . Clearly also the «r system of pressures, arising 

from the intermolecular forces, will reduce to a simple hydrostatical pressure, 
and we shall therefore have 

V 

2A' 



■PflW = Pyy = Pa = «■ + ; 



The total pressure at the point a?, y, z is therefore a simple hydrostatical 
pressure of amount P given by 

^ = - + 4 (370). 

178. The equations of equilibrium become 



/)B=^etc (371). 
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The conditions for equilibrium to be possible are, therefore, three of the type 

|(,s) = 3io>H). 

In general, the result of eliminating the unknown variable /> from these 
equations is* 

(f-|)^H(|-f).z(f-f).o (3n, 

If, however, the gas is at the same temperature throughout, the inter- 
molecular pressure m will depend solely on />, so that we can regard P as a 
function of/) only, and equation (371) can be written in the form 

OX J p 

There are of course two similar equations for H, Z, and the system of 
three equations taken together simply expresses that the forces must have 
a potential. Tliis condition being satisfied, that expressed by equation (372) 
is satisfied also, but the two conditions are not identical. It is only in the 
case of a gas being at the same temperature throughout that the one can be 
deduced from the other. 

If we suppose the potential to be y^, the equations of equilibrium are 

dx "/) dx ^ ^ 

and two similar equations, and these have the common integral 

'^^ (374). 



, [dP 



Now -P = '"■ +5T by equation (370). If we ignore intermolecular forces 
and put cr = 0, we have P = ^ = ■^— , and equation (374) becomes 



-t = G^'^, 



2hm 

or /) = De-^^ 

In putting AT = 0, we not only suppose the field of intermolecular force 
outside the molecules to be very small, but also that the pressures across 
any surface set up by collisions between molecules are very small In other 
words we assume that the size of the molecules is negligible. Thus the 
equation obtained agrees, as it ought, with the equation 

p = Z)e-^x, 

obtained in Chapter V. (equation (165)), for the x ^^ ^^^^ equation had the 
same meaning as the present my^. 

* Besant and Bamsey, Hydromechanics ^ i. p. 12 (1904). 
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179. When no external forces act, the equations of equilibrium (equa- 
tions (371)) reduce to 

dx dy dz ' 
so that P is constant throughout the gas. 

Obviously, in fact, since the gas is in equilibrium under the action of no 
forces the total pressure must be the same throughout. At the bouDdaiy 
this total pressure becomes identical with the pressure p calculated in the 
last chapter. This, then, is the constant value of P. 

Let us, however, examine carefully the form assumed at the boundary by 
the general equation (equation (370)) 

^ = - + 4- (375). 

If we calculate P at a layer at distance just greater than ^ from the 

boundary, we put «r = 0, for the number of molecules whose centres lie 
between this layer and the boundary is infinitesimal. Also, as explained in 
§ 176, we take Vb as the value of v, and so obtain 

^=S (m 

If, on the other hand, we calculate P at a layer just less than - from the 

boundary, we must not put «r = 0, for we have now to take account of the 
stresses between the boundary and the molecules which are in collision 
with it. We accordingly put «r=p, and of course i/ = 0, since no molecules 

" ce less than ^ from the boundary. Hence 
jseen, 

P=p (377). 

en by equations (376) and (377), we obtain 

ht to be, with the value of the pressure 
nation (287)). 

>r P in equation (375), we obtain 



'- 2A « 

he intermolecular pressure, which will be 



Digitized by 



Google 



179-181] Thermodynamics 159 

Thermodynamics. 

Equation of Energy. 

180. The total energy of the gas may be divided into internal and 
external. The former consists of the kinetic energy of molecular motion 
and the potential energy of intermolecular forces. The external energy is 
measured by the work which could be performed by the gas in expanding 
to a state of infinite rarity starting from its present configuration, this 
work of course being performed in opposition to the pressure of the gas. 
The external energy will be denoted by 2B, the internal energy by @. As in 
equation (133) we have 

e = ^« + ^ft+... + <I> = i\r^ + <I> (379), 

where E is the mean energy of the N molecules, and 4> is the potential 
energy of the intermolecular forces. 

181. Let us suppose that a quantity d®, of energy, either in the form 
of heat or otherwise, is absorbed by the gas from some external source, so that 
as a consequence the pressure, volume and temperature of the gas change. 
We shall suppose d®, measured in work-units ; the corresponding quantity 
{2|^ measured in heat-units will be connected with d(SL by the relation 

d<a = /(^ ' (380), 

where / is the mechanical equivalent of heat. 

Let us suppose that after this absorption of heat the gas again assumes 
a steady state, and that in the new state the values of 3B and @ have become 
changed to 333 + rfSB and @ -f- d@. The energy equation — obtained by 
equating the total energies before and after the change — is 

d(a = d2B-f-de , (381), 

^d^-^-NdE + d^b (382). 

If we suppose the volume of the gas increased, by a small element dS 
of the surface moving a small distance dn parallel to itself normally outwards, 
then obviously the work done by the gas will be that of moving a force pd/Sf 
through a distance d/n. We therefore have 

d^^pdSdn, 

The resulting increase in volume {dv) is of course the sum of the contri- 
butions dSdn from all the elements of surface which are moved, so that 
the equation becomes 

dm^pdv (383). 
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182. We know on experimental grounds (§ 74) that d4> is very small. 
If we take dO = 0, equation (382) assumes the form 

dUSi^^NdE-^pdv (384), 

and we have (equation (287)) 

80 that the equation becomes 

d®,^NdE-{'Rvi,Tdv (385). 

183. If we do not neglect the term d^, the calculation becomes con- 
siderably more difficult, for the intermolecular pressure cr will do work when 
the gas expands. 

Let us write nr = at^, + «r<, 

where «■« is the part of m produced by collisions — Le, encounters in which 
the molecules are so close that they cannot approach any nearer, — and nr^ is 
the part of cr produced by the outstanding intermolecular forces between 
pairs of molecules not in contact. 

We have already calculated a value for nr; we must now try to calculate 
fffi and 10-0 separately. 

As in the treatment of Van der Waals* cohesion (§ 141), we can denote 
the density inside the gas by />, and that at the boundary by po- The 
equation giving m (equation (378)) can then be expressed in the more 
complete form 

"^^ 2h ' 
expressing that vb is calculated for a density />o. 

Let us now imagine a rigid plane surface of area unity set up and 
held rigidly at rest at some point inside the gas. This alteration will not 
affect the distribution of density inside the gas, for the field of inter- 
molecular force will exist on both sides of the area. The pressure produced 
by molecular impacts on either side of the area will of course be the same, 
say Pi, Treating this surface as we have already treated the surface which 
forms the true boundary of the gas, we obtain equations giving the constant 
P in the form 

by considering an area at a distance just greater than ^ from the fixed 
area; and 

by considering an area at a distance just less than ^ from the fixed area 
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iDcidentally we notice that by comparing the two we obtain for the 
internal pressure pi the value 

Pi = '^ = Rv,ip)T (386). 

Returning to the values just found for P, and replacing P by its known 
value 



we obtain 

We also have found that 

w 

hence, by subtraction, 






^^^-^(ht^ (387). 






^ _ Vh{p)-v 
These equations give cr^ and me separately. 



.(388). 



184. To obtain some insight into the meaning of these pressures, let us 
examine what they become when the deviations from Boyle's Law are small. 

If we put p = ^^\)^ in Van der Waals' equation, we get 



2A 



^cw^^y^-')-^''' 



or again, for the pressure on an area inside the gas, noticing that the 
cohesion term must be supposed to vanish in this case, 

From these equations, we have, on replacing RT by ^r , 

N 
~v-b 

so that v>(/>,)-.>tO») ^_a 

2A v* 

Thus uTi, as we should expect, becomes identical, except as regards sign, 
with the cohesion pressure p, assumed in arriving at Van der Waals' equa- 
tion, and 

'" 2A ""2Atv-6 ^)^2At;' 
J. U 
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80 that nTc, as we should expect, is proportional to the 6 of Van der Waals, 
being in fact a fraction - of the whole pressure. The internal pressure pi is 
therefore given by 

P' 2h 



^p — fffi 
a 






in Van der Waals' equation. 

186. To calculate d^ we notice that when the gas expands or is 
compressed, the pressure cr^ does not do any work, for the molecules 
themselves do not expand or contract with the gas. To a first approxi- 
mation, we may suppose that every element of the gas expands in the 
same ratio, so that any element dxdydz expands to a volume (1 + e) dxdydz. 
The resulting contribution to d4> is — miedxdydz, the negative sign indicating 
that work is done by the pressure on the gas, and not as before by the gas 
against the pressure. The total value of d<i? is accordingly 

d^^-njmiedxdydz (389), 

or, using the value of Wi given by equation (387), 

dip = -^liP^)^jj:^ dv (390). 

The energy equation is now 

d(!k = NdE+pdv + d^ 



-mE^[^--:^<s^^]i. 



-=NdS + Rvb(p)Tdv (391). 

The equation is therefore of exactly the same form as equation (385), 
obtained on neglecting cohesion forces, but the value of vj, must be calculated 
on the supposition of a uniform density p equal to the mean density of the 
gas. This value of i/^ is of course a function only of the constants and 
volume of the gas (cf. equation (293)). 

The First Law of Thermodynamics. 

186. The law which is commonly termed the first law of thermodynamics 
is that contained in equation (380), and simply expresses that heat is energy, 
which is capable of transformation into the kinetic energy of motion of 
material masses. This, however, is all included in the hypothesis upon which 
the Kinetic Theory is based. Thus, in the Kinetic Theory, the &st law of 
thermodynamics is reduced to a truism. 
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The Second Law of Thermodynamics, 

187. If equation (391) is divided throughout by T, it becomes 

'^^^N'^+Rn(p)dv (392). 

In this equation the gas remains of the same constitution throughout 
the change in its state. Thus ^ is a function of T only and i/ft(p) of v only. 

Hence the terms -^ and vj,(p) dv are each complete differentials. 

It follows that the right-hand member of equation (392) is a complete 
differential, say dSb> and we therefore have 

^ = dSb (393). 

This equation contains the second law of thermodynamics. 

If we suppose that by the introduction of heat and by changes in 
pressure and volume, the gas is caused to pass through a series of states, 
such that finally it is brought back to the same volume and temperature 
from which it started, we have, since Sb is the same at the beginning and 
end of the series of changes. 



/' 



jr=0 (394). 



Thus we have the second law in a different form : 

The value of j -m * tvhere the integral is taken through any closed cycle of 
thermal processes, is zero. 

188. When equation (394) is reached from the thermod3mamic stand- 
point, the temperature is not measured on the kinetic theory scale, which, as 
we have seen, is identical with the scale of a gas thermometer in which a 
perfect gas is used as thermometric substance, but is measured on the 
thermodynamical scale, which is independent of the working substance. 

The result expressed by equation (394) does not in itself permit us to 
identify the kinetic theory temperature 7, with the thermodynamic tempera- 
ture O. All that we have found so far is that ^ and jp are both of them 

integrating factors of d®, but since diffil depends only on two variables, it 
must in any case have an infinite number of integrating factors. 

For in general, if 

dz = Ldx'\'Mdy (395), 

the condition that N shall be an integrating factor of dz is that 

-j^dx + ^dy 

11—2 
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shall be a complete differential, and is therefore 

dy\N)~cb\N)' 
from which N can always be found. 

If N is an integrating factor of (395), so that 

where df is a perfect differential, then we have also 

SO that if JV is an integrating factor, so also is Nf(X) — in fact N multiplied 
by any function of f is an integrating factor. There are, therefore, an infinite 
number of integrating factors. 

189. We can, moreover, shew that if N is one integrating factor of (395), 
so that 

dz^Nd^, 

then all the integrating factors are included under the form Nf{^). 
For let N and JV ' be two separate integrating factors, so that 



and also 



Then obviously 






dy' 



= 0, 



a? 3? 

dx* dy 

ar ar 

dx * dy 
from which it follows that (f' is a function of f. Hence 

^^^_ar 

N af"ar' 

dx 
a function of f, which proves the result in question. 

190. Appljring this to the problem of thermodjmamics before us, it 
appears that since ^ and ^ are both of them integrating factors, there must 
be a relation of the form 

!=/(») (396). 
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Now T and 6, by definition, depend only on the heat-energy of the gas, 
whereas Sb depends also upon the density of the gaa Hence equation (396) 
can only be satisfied by taking /(^) equal to a constant, k, so that 

identifying the absolute thermodynamical scale with the Elinetic Theory 
scale, except for a possible multiplicative constant. 

Entropy, 

191. The quantity Sb introduced by equation (393) is defined to be the 
" Entropy " of the gas. It is, as we have seen, a function only of the quan- 
tities which determine the state of the gas. Since 



^ = NJ^ + RJnip)dv (397). 



it is clear that Sb is the sum of two terms, of which the first depends only on 
the motion of the molecules, and the second only on their positions. 

The importance of the function Jb is as follows : Let two systems, denoted 
by sufiSxes 1 and 2, have initially entropies Jbi ^i^d Jbsi ^^^ ^^^ ^ quantity 

diSi of heat pass from the one to the other. The loss to Jbi is -^ , the gain 
to Spj IS -=r- > so that 



d(*, + *,) = d<a(^-^) (398). 



In nature, however, heat only passes from a hotter to a colder body, so that 
Ti must be greater that 2^. Hence d {Sbi + Sbs) must be positive. 

It follows, then, that any natural transfer of heat tends to increase the 
entropy of the systems concerned, or, stated more concisely, the entropy tends 
to its maximum value. 

Apparent Irreversibility. 

192. We seem here to have arrived again at an irreversible phenomenon, 
although the equations of motion from which it ought to have been deduced 
were strictly reversible. In Chapter II. we had an experience with the 
function H which seems now to be repeated in the case of the function Sb« 
We apparently found in Chapter II. that dHjdt was always negative or zero, 
although, as the whole calculation of dHjdt had rested solely upon rever- 
sible equations of motion, it ought to have been found that dHjdt was as 
likely to be positive as negative. In Chapters III. and IV. however, we 
were able to trace this apparent fallacy to the imperfections of the statistical 
method. We found that H had a minimum value ; if the initial value of H 
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were diflferent from this minimum value, it was infinitely probable that 
H would decrease, but on the other hand, it was infinitely probable — 
assuming the basis of probability supplied by the generalised space, — that 
the initial value of J3" would be equal to the miaimum, in which case, as H 
could not decrease further, the " expectation " was of a slight increase. Thus 
the large probability of a small increase in H just balanced the small pro- 
bability of a finite decrease in H, and on the whole the " expectation " of 
change in H was niL 

A precisely similar explanation holds with reference to Sb- Indeed it will 
be found that Sb is very closely allied numerically, not with the simple 
function H of Chapters 11. — IV. but with the more general function ^ 
of Chapter V. An increase in Sb presupposes an initial difference of 
temperature between the two component systems; and these initial con- 
ditions, looked at from the point of view of abstract dynamics, and judged 
with reference to the basis of probability supplied by a generalised space, 
are infinitely improbable. With reference to the same basis of probability, 
it is infinitely probable that the initial conditions will be those of equilibrium 
of temperature, in which case the only change possible in Jb is a deci-ease. 
Or, physically, the only possible alteration in the state of the system is the 
production of iuequalities of temperature. The production of such an 
inequality, although improbable when the motion is confined to a short 
time, is not impossible, and indeed becomes infinitely probable when the 
motion is continued for a suflBcient time. Thus the increase of entropy, 
even granted the infinitely improbable (from the dynamical point of view) 
initial conditions which makes such an increase possible, is only a probability 
and not a certainty ; and when the entropy starts initially at its maximum, 
it is infinitely probable that, granted sufficient time, the entropy will 
decrease. 

193. Translated into physical language these results seem at first 
sight somewhat startling. To borrow an illustration from Lord Kelvin, if 
we have a bar of iron initially at uniform temperature, and subject neither 
to external disturbance nor to loss of energy, it is infinitely probable that, 
given sufficient time, the temperature of one half will at some time differ by 
a finite amount from that of the other half Or again, if we place a vessel 
full of water over a fire, it is only probable, and not certain, that the water 
will boil instead of freezing. And moreover, if we attempt to boil the water 
a sufficient number of times, it is infinitely probable that the water will, on 
some occasions, freeze instead of boil. The freezing of the water, in this 
case, does not in any way imply a contravention of the laws of nature : the 
occurrence is merely what is commonly described as a " coincidence," exactly 
similar in kind to that which has taken place when the dealer in a game of 
whist finds that he has all the trumps in his hand. 
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The analogy of the distribution of a pack of cards will help us to see 
further into the problem presented by the entropy of a gas. In dealing 
cards, it is just as likely that the dealer will have the thirteen trumps 
as that he will have any other thirteen cards that we like to specify. The 
occurrence of a hand composed of thirteen trumps might, however, be 
justly regarded as a "coincidence,** whereas the occurrence of any specified 
hand in which the cards were more thoroughly mixed, could not reasonably 
be so regarded. The explanation is that there are comparatively few ways in 
which a hand which is all trumps can be dealt, but a great number in which 
a mixed hand can be dealt. 

A similar remark applies to the result of putting cold water over a hot 
fire. There are comparatively few ways in which the fire can get hotter, and 
the water colder, but a great many ways in which the fire can impart 
heat to the water — a proposition which becomes obvious on looking at it 
from the dynamical point of view of the generalised space. Speaking loosely, 
it is just as likely that the water will freeze as that it will boil in any 
specified way. There are, however, so many ways in which the water can 
boil, all these ways being indistinguishable to us, that we can say that it 
is practically certain that the water will boil. 

The increase of entropy, then, simply means the passage from a more 
easily distinguishable state to a less easily distinguishable state, or, in 
terms of the generalised space, from a less probable to a more probable 
configuration. 

In reference to the generalised space, however, we saw that a decrease 
of ^ denoted the passage of a system from a rarer to a more common, or, if 
we like, from a less probable to a more probable configuration. The theorem 
of increasing entropy is, therefore, identical with the principle of decreasing 
^, by the help of which we investigated the motion of a gas towards its steady 
state. 

194. A reference to equation (397) shews that the entropy consists of 
two parts, the former depending on the energy of the molecules of the gas, 
and the latter on their positions. So far we have considered only variations 
in the first term, resulting from inequalities in the temperature of the gas. 
Similar remarks could, however, be made about the variations of the second 
term, these denoting inequalities in the density of the gas. A single 
illustration, suggested by Willard Gibbs*, will, perhaps, make clear what 
is meant. 

If we put red and blue ink together in a vessel, and stir them up, 

common experience tells us that, if we assume the ioks initially to differ in 

nothing more than colour, the result of stirring is a uniform violet ink. 

Here we have the passage from a more easily distinguishable to a less easily 

* Elementary Prineipl€$ of 8tati$tical Meehanie$t p. 144. 
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distlDguishable arrangement of coloured inks. If, however, we start by stirring 
a uniform violet ink composed of a mixture of red and blue inks, then it 
is possible, although not probable, that the effect of the stirring will be to 
separate the inks of different colour, so that one half of the vessel is occupied 
solely by red, and the other solely by blue ink. And from the dynamical 
standpoint it is no less probable that this should occur, than that we should 
be able to start stirring inks which were separated initially as regards colour. 

196. With reference to this subject, some well-known remarks of 
Maxwell* are of extreme interest. He says: "One of the best established 
facts in thermodynamics is that it is impossible in a system enclosed in an 
envelope which permits neither change of volume nor passage of heat, and in 
which both the temperature and the pressure are everywhere the same, to 
produce any inequality of temperature or of pressure without the expenditure 
of work. This is the second law of thermodynamics, and it is undoubtedly 
true so long as we can deal with bodies only in mass and have no power of 
perceiving or handling the separate molecules of which they are made up. 
But if we conceive a being whose faculties are so sharpened that he can 
follow every molecule in its course, such a being, whose attributes are still as 
essentially finite as our own, would be able to do what is at present im- 
possible to us. For we have seen that the molecules in a vessel full of air at 
uniform temperature are moving with velocities by no means uniform though 
the mean velocity of any great number of them, arbitrarily selected, is almost 
exactly uniform. Now let us suppose that such a vessel is divided into two 
portions A and £, by a division in which there is a small hole, and that a being, 
who can see the individual molecules, opens and closes this hole, so as to allow 
only the swifter molecules to pass from A to B, and only the slower ones 
to pass from B to A. He will thus, without expenditure of work, raise the 
temperature of B and lower that of il, in contradiction to the second law of 
thermodynamics." 

Thus Maxwell's sorting demon could effect in a very short time, what 
would probably take a very long time to come about if left to the play of 
chance. There would, however, be nothing contrary to natural laws in the 
one case any more than in the other. 

The reader who wishes to study the question of irreversibility further is 
referred to the following works:* 

(i) "Report on the Present State of our knowledge of Thermodynamics, 
specially with regard to the Second Law/* by J. Larmor and G. H. Bryan, 
British Association Report, 1891 (Cardiff), p. 85. 

(ii) Elementary Principles of Statistical Mechanics^ J. Willard Gibbs 
(Scribners, New York), 1902. 

(iii) Vorlesungen iiber Oastlieorie, Boltzmann. 

* Theorif of Heat, p. 828. 
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Calobimetbt. 
Specific Heats of a Perfect Oas. 

196. We DOW turn to an investigation of the specific heats of a gas, 
and shall begin by considering the simplest case, namely that of a perfect 
gas in which the relation between pressure, volume, and temperature is 

P-^ (3»»). 

The equation of energy in this case becomes 

ddk^NdE + pdv 

= NdE + RNT— (400), 

and this may be regarded as the general equation of calorimetry. 

197. Let us first suppose that a quantity dUk of energy in the form of 
heat is absorbed by the gas, while the volume of the gas is maintained 
constant. In this case all the heat goes towards raising the temperature of 
the gas, equation (400) assuming the form 

d^^NdE (401). 

Let C^ be the specific heat of the gas at constant volume, ».«., the amount of 
heat required to raise the temperature of a unit mass of gas by one degree, 
then 

d^^Jd^^JG^NmdT, 

and therefore equation (401) becomes 

^'-Lw <«'2>- 

198. Next, let us suppose that the absorption of heat takes place at 

constant pressure. In this case both the volume and temperature will 

change, but from equation (399) they must change in such a manner that 

T 

— = constant. 

V 

If we differentiate this equation logarithmically, we obtain 

T ^ V * 

as the relation between dT and dv when the pressure is maintained constant, 

and using this relation, equation (400) becomes 

d(SL = NdE+RNdT (403). 

The value of dUk is now JCpNmdT where Cp is the specific heat at constant 

pressure. Hence equation (403) leads to the relation 

^ 1 dE M /Af\A\ 

^' = JindT^Jii. <*^*>- 
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199. From eqnatioDS (402) and (404) we obtain by sobfaraction 

^'-^^'^ <^> 

Since m is proportional to the molecolar weight of the particular gas we are 
diacoBsing, this equation expresses Camot s Law : 

The difference of the two specific heals of a gas is inversely proportional to 
the molecular weight of the gas. 

This law can be expressed in a diSerent form. The specific heats refOTed 
to unit volume instead of to unit mass are of course C^p, C^ and equation 
(405) may be written 

^'^-^■^=:^=^ (*^>' 

the last transformation depending on equation (399). Hence: 

At a given temperature and pressure the difference of the two specific 
heats per unit mmms is the same for all gases. 

200. It is found by experiment that, at any rate for a large number of 

gases, C, and (7« are approximately independent of the temperature. This, 

as is Fhewn by a reference to the formulae (402) and (404), must mean that 

dE 

-p= is a constant, and therefore that the mean energy of a molecule of the 

gas stands in a constant ratio to the tnmslational energy. Let us denote this 

ratio by (1 + p), so that P is the ratio of internal to translational energy. 

Then 

^ = (l+^)^(7« 

^{l+fi)\RT (407), 

dE 
so that ^ = |i2(l + ^). 

dE 
Substitutmg this value for -pp in equations (402) and (404), we obtain 

If we denote the ratio GpjG^ by 7, we obtain by division, 
^-0. i(l+/S) 

= l + 3(iW) ^*^^^ 
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Adiabatic Motion, 

201. Let us suppose the pressure, volume and temperature to change in 
such a way that no heat enters or leaves the gas. Then since dffi = 0, we 
have from equation (400), 

NdE+RNT- = 0, 

V 

or, on substituting for E from equation (407), and dividing by RNT, 

i(l4./9)f +^" = 0. 
Hence upon integration 

rt;»li+^) = constant (409), 

or again, since T is proportional to pv, 

2 

pv ^^+^^ = constant, 

or jw;> = constant (410). 

This is the general relation between pressure and volume in a motion of 
the gas in which no heat enters or leaves the gas — a type of motion which is 
known as "adiabatic.** 

Since yS cannot be negative, we see from equation (409) that in adiabatic 
motion an increase in v is accompanied by a decrease in T, and vice versd. 

Calculation of 7. 

202. Let us now examine more closely the values of the two specific 
heats, abandoning th e simplifying assumpti on that the mean internal energy 
of a moleculft befti-s a mnfltAnt T^t^j[Lt p the m ean energy of translation 

As in equation (160) the energy of a molecule may be regarded as the 
sum of the potential energy V and of the energies of n momentoids. The 
mean energy of each momentoid is by equation (265) equal to ^S7'. The 
total mean energy of a molecule is accordingly given by 

E^r + ^nRT (411). 

This gives, upon diflferentiation with respect to T, 

dE dV . rk /..^Av 

-^ = — + inR (412), 

and the substitution of this in equations (402) and (404) leads to 

^' = if + i«/^ («3), 
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By division we obtain 

7=1+ 5_ (415), 

'*"^i2 dT 
the quantity 7 denoting, as before, the ratio of the two specific heats. 

203. In the case of hard elastic spheres, we have F=0 and n = 3, since 
the only energy of the spheres is their energy of translation, which is 
represented by three momentoids. Hence for a gas composed of such 
spjieres, 

7=lf (*16). 

This is (except for a possible small error) the value of 7 which is observed 
for mercury, argnn , and «.« far aa ic I n m rn, fnr q11 TTlftri fttomic tyas es. We 
must not, however, infer that the molecules of these gases are hard elastic 
spheres. Each of these gases, when raised to incandescence, exhibits a 
spectrum consisting of thousands of distinct lines, and therefore is pre- 
sumably capable of executing vibrations of thousands of distinct periods. 
If, as we believe, all the molecules of the gas are exactly similar, each 
molecule must be capable separately of executing vibrations of all these 
periods. In other words the kinetic and potential energies of a molecule, 
specified as a dynamical system through coordinates ^, ^2 ••• ^«> must 
contain thousands of terms of the forms 

2i = aa<^» + a,<^«+...+a,<^/ (417), 

2F=6.^,« + 6^«+... + 6A« (418), 

and since the evidence of the spectrum shews that the vibrations of any 
single type are (very approximately) isochronous, the coefficients ai...a«, 
61 ...6« must be constants. Averaged throughout the motion we find, as 
usual, that the mean kinetic energy of any vibration is equal to the mean 
potential energy, and hence, throughout the gas. 



_ Mi" = ai<^i' = i(«i^' + Mi") (*19> 

The quantity ai<^* is, however, double the mean energy of a momentoid. 
Hence each line in the spectrum of a gas denotes a contribution to the 
mean energy of each molecule, equal to double the mean energy of a 
momentoid. 

From this it appears that the value of n in equation (415), must be 
taken to be some thousands, and therefore that the value of 7 given by 
equation (415) would, so far as experimental observation goes, be in- 
distinguishable from unity. 

It has, however, already been mentioned that the value observed for 7 in 
the case of the monatomic gases is very approximately equal to l|. A table 
will be given later shewing the observed values of 7 for a large number of 
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gases and in no case is 7 equal to unity within the limits of experimental 
error. Our theory, has, th en, led to a resi i jt v^^''^^ ^"^--%g7TrTr^ ■' * rp'* "it i>n 
to experimelit. / 

Dissipation of Energy. 

204. An explanation is not diBScult to find. The whole discussion has V 
rested upon the Law of Equipartition of Energy, expressed by equation (161). 
Now in arriving at equation (161) it was assumed that the molecules of the 
gas together formed a conservative dynamical system, whereas the very fact 
of our observing spectral lines shews that the molecules are radiating energy 
into the ether, and therefore do not form a conservative system. The 
application of the Law of Equipartition or of equation (161) to the energy 
represented by spectral lines is therefore illegitimate. In the next chapter 
we shall apply the general dynamical methods of Chapter V. to the motion 
of a gas in which the conservation of energy does not hold, and shall return 
later to a mathematical investigation of the question of the ratio of the 
specific heats of such a gas. 



205. We may conclude the pr^ent chapter by giving a brief forecast of 
the results of this investigations The_fipergy of those degrees of freedom 
which are represented by the lines of the^ spectrum are, it will_be seen, 
subject to losses from two causes and to gain from one. In the first place 
there is the continual radiation into the surrounding ether. This results in 
a loss which may be referred to as a. Secondly at each collision the 
vibrations of the molecule are disturbed, so that a collision may either 
increase or decrease the energy of a particular vibration. The collisions 
which occur during a specified small interval of time may therefore be 
supposed to result in a loss and a gain 7 to any particular degree of 
freedom. The total decrease in the energy of this degree of freedom may 
therefore be written symbolically as 

• a + /8--7, 
and when the energy remains steady, we must have 

/ a +/3- 7 = (420). 

In the previous investigations, there has been no radiation so that a = 0, 
and in the normal or steady state /3 = 7. Equation (420) was therefore 
satisfied in this case by the solutions 

a = 0, /8 = 7 (421). 
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As regards the degrees of freedom represented by the spectral lines, we 
shall find that equation (420) is satisfied very approximately by taking 

/3 = 0, a = 7 (422). 

That is to say, the vibrations set up by collisions are no longer balanced by 
the transfer of energy back from these degrees of freedom to the translational 
energy, but by radiation into the ether. 



Mechanical Illustration. 

206. A simple analogy will probably elucidate the meaning of these 
solutions better than pages of discussion. Suppose that we have two vessels 
A, B filled with gas and connected by a passage (7. Suppose the vessels and 





C 




B 




A 









Fio. 12. 



passage to be bounded by non-conducting walls then the whole gas forms 
a conservative dynamical system, and in its steady or normal state, the mean 
energy of the molecules in il is equal to the mean energy of the molecules 
in B — in other words the temperatures in il, 2? are equal, being equalised by 
conduction through the passage G, The temperature in -4 is analogous to 
the mean energy of one of the momentoids of translation, say \mu\ the 
temperature in ^ is analogous to the moAHian^ngy /^f ^ .ir^/^^p^i^^j H r^p,^ . 

sentgd-bj^Mia-oL the, spectral li^es, say Ja^* in equation (417). 

/ The equivalence of these two temperatures is the analogue of the 
/solution /8 = 7 (equation (421)) in the case in which there is no dissipation 
of energy. 

To represent the dissipation of energy, let us suppose that one of the 
walls hV of the vessel B is made a conductor of heat, the further face being 
kept at a zero temperature. The loss of heat which occurs by conduction 
through the wall W is now analogous to the loss of energy to which the 
momentoids represented by the spectral lines are subjected on account of 
the radiation into the ether. The analogy of the steady state represented by 
equation (422) is a state in which the gas in the chamber B is almost 
entirely devoid of heat, so that the loss of energy by conduction through W 
is very small, and in which this loss is just counterbalanced by the supply 
of heat which reaches the gas in B through the passage G. It is clear 
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that if the passage G is suflSciently narrow this last amount may be very 
small, and hence that the temperature of the gas in A will remain perceptibly 
constant for a great time. It will be seen, then, reverting to the real gas, 
that the temperature of this gas can remain perceptibly constant for a great 
time if the analogy is a true one, and if the transfer of energy which has 
been represented by the transfer of heat through the passage can be shewn 
to be sufficiently slow. To examine this transfer will be the problem of 
Chapter IX. Meanwhile it is hoped that the analogy suggested in the 
present section, although of course not representing a step in the main 
argument, will be of service in making clearer the direction in which this 
main argument is tending. 
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CHAPTER VIII. 

THE THEORY OF A NON^CONSERVATIVE GAS. 

General Dynamics of Non-C!onservative Systems. 

207. It is proper to begin the study of the dynamics of a non-conserva- 
tive gas by attempting to repeat, mutatis mtUandis, the investigation which 
was carried out in Chapter V, for a conservative gas. In fiswst Chapter V. may 
be regarded as a study of the general equations of the dynamics of a con- 
servative system, when the simplifying supposition is made that the dynamical 
system is an aggregate of a very great number of similar systems. 

It might be thought at first sight that it would be an easy matter to 
repeat the former investigation, taking into account the dissipation of energy 
represented by an unknown general dissipation function. Unfortunately this 
is not so. In the former case the ultimate result happened to be entirely 
independent of the constitution of the molecules of the gas. In the present 
more general case in which the gas is not supposed to satisfy the conservation 
of energy, no ultimate general result of this kind can be obtained. It will 
therefore be found that no progress is possible which is at all comparable 
with that accomplished in the former case, but the fact that the possible 
progress is small would be no reason for neglecting the investigation. 

The Dissipation Function. 

208. As a preliminary to the general dynamical theory, it must be 
explained how it is that a gas in nature is adequately represented by a system 
of similar molecules and a dissipation function, and we must investigate the 
appropriate form for this dissipation function. 

We shall assume that the complete dynamical system consists of the 
molecules of the gas and the ether by which these molecules are surrounded, 
and we shall therefore suppose that all energy lost to the molecules is energy 
gained to the ether. But in estimating this quantity there is a difficulty, for 
we do not know sufficient about the line of demarcation between ether and 
matter to be able to say at what stage precisely the energy is transferred 
from the one to the other. 
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209. Happily there is no need to probe into this difficult question. The 
dynamics of those parts of the ether which do not contain any matter are, at 
any rate if we assume Maxwell's electrodynamical theory, sufficiently well 
understood. I{ Si, S^ are small surfieu^es surrounding the molecules, we know 
that at any point outside these sur&ces we have, if E^ H are the electric and 
magnetic forces, 

divB=0, divH=:0 (423). 

The total energy, electrostatic and electromagnetic, inside any one of the 
surfaces, say ^i, is known to be 

^jJJ(P» + (? + i? + a* + )8* + 7«)da;dyd^ ^*^^^' 

where P, Q, R and a, /8, 7 are the components of electric and magnetic force 
respectively. The total flow of energy outwards across the surface Si is 
known, as shewn by Pojmting*, to be 



i^|/[BH]dS. (425). 



Now if fi, ^9 ... are the generalised coordinates of position and velocity of 
the system inside Si, we have at every point inside Si 

div E =/(f„ f, ...) (426), 

divH = ^(f„f,...) (427), 

where / and ^ are functions of the coordinates which are theoretically 
calculable, the latter being almost certainly zero. From equations (423), 
(426) and (427) we can calculate E and H as functions of all the coordinates 
of the various systems, and from these we can calculate the Poynting flux 
given by expression (425), also as a function of those coordinates. 

Let us, then, regard as the energy of the system inside Si the total 
material energy of this system, if any, plus the total electric energy, electro- 
static and electromagnetic, associated with the ether inside ^i, this latter 
being given by expression (424). Then we may legitimately regard expres- 
sion (426) as a dissipation function of the system inside Si, and the motion of 
the system will be deducible from a knowledge of the forms of the energy 
function and of the dissipation function just defined. Taking this view of 
the system, the interaction between matter and ether is represented by the 
existence of the dissipation function, which may be interpreted physically as 
evidence of the radiation of electromagnetic waves and "pulses" into the 
ether ; and the interaction of the various molecules inter se is represented by 
the fact that the energy and dissipation functions of system 1 depend not 
only on the coordinates of system 1, but also on those of systems 2, 3 .... 

* J. H. Poynting, PMU Trans. 18S4, n. p. 843. J. J. Thomson, Recent JUtearchet, p. SOS. 
J. 12 
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If, during the motion of the molecules, two or more of the sur&ces Si, 8^.., 
intersect, an obvious slight modification must be made in the conventions just 
stated. Instead of integrating expression (425) over the surCeices separately 
to obtain the dissipation function, we must integrate only over the single 
closed surface formed by such as intersect Similarly instead of integrating 
expression (424) throughout the volumes enclosed by the surfaces separately 
to obtain the energy, we integrate only throughout the single connected 
volume formed by such as intersect In this way we £bu1 to obtain the energy 
and dissipation functions as the sums of contributions from individual mole- 
cules, and obtain these functions only in the aggregate, a limitation which is 
of no importance as regards the main results to be obtained. If, on the other 
hand, we are willing to assume that there is a definite fixed line of demarca- 
tion between matter and ether, and that two portions of matter cannot 
occupy the same space, then these diBBculties are obviated and we can 
associate definite terms of the energy and dissipation functions with each 
molecule. 

The OeneraZ Dynamical Theory, 

210. We can now, in the main, follow the method of Chapter V. As 
that method was based on Liouville's Theorem (§ 72), we must begin the 
present discussion by investigating a theorem to replace this when the con- 
servation of energy does not apply. 

As in § 72, we imagine a general dynamical system, specified by the n 
coordinates qi,qi...qn and the corresponding momenta pi, p,...p», and we 
suppose all possible configurations of this system represented in a space of , 
2n dimensions corresponding to the 2n variables 

Pi,pa...pn, qu ?8...9ii (*28). 

If ^ is the energy of the system expressed as a function of the q's and 5 s, 
we have 

P' = i <*29). 



and the equations of motion of the system are 

dq^^dE 
dt "dp, 
dps _ dE dF 



i=-i ■ <«»x 



dt " dq, dq, ^^^^' 

where E is now expressed as a function ofp^p^... pn, ?i, ?s • • • 7ii> and F is the 
dissipation function, expressed as a function of 

?ii ?«•.. qn, ?ii ft... ?«. 
These, therefore, are the equations of motion of the fluid in the generalised 
space, and the elimination of the time firom these equations will lead to the 
equations of the paths or stream lines along which the fluid moves. 
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The hydrodjnamical equation of continuity in the generalised space 
(equation (130)) is 



S^^K(l^l) <«'^ 



where, as before, DIDt denotes differentiation following an element of fluid in 
its motion. 

From equations (430) and (431) we obtain 

9p, dqg dpsdq, * 
so that equation (432) becomes 

^-p'til- (433). 

In the special case in which ^=0, this reduces to the simple form 
Dp/Dt = 0, which is, of course, the expression of Liouville's Theorem. 
Equation (433) therefore expresses the general theorem which must replace 
that of Liouville when the conservation of energy does not hold. 

211. In the former case, in which we had J^=0, the procedure was one 
of extreme simplicity. Since we had Dp/Dt = 0, it was clear that a distribu- 
tion of fluid which was of uniform density at one instant would remain of 
uniform density throughout all time. Hence a generalised space filled with 
fluid of uniform density supplied a basis of investigation which was inde- 
pendent of the time. It was therefore possible to prove, by taking a census 
of the different points in the generalised space, that all except an infinitesimal 
firaction of the space represented systems for which certain propositions of the 
Kinetic Theory — equipartition of energy, etc. — were true, and hence that 
these propositions would be true (except for a theoretical infinitesimal 
probability of error) for a gas selected at random. 

In the present instance this method fails because the space filled initially 
with homogeneous fluid does not supply a basis of calculation which is inde- 
pendent of the time. It may be (and, as will be seen, actually is) the case 
that the fluid tends to crowd just to those parts of the space which represent 
systems in which the former propositions are not true. To investigate these 
questions, we commence by seeking for a basis which shall be independent of 
the time. 

212. For the sake of brevity, let us write 

2 ^^^AF (434), 

t-i op,dqs "- ^' 

BO that we can write equation (433) in the form 

^ = PAJ^ (435). 

12—2 
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We now have 

,«i optoqt 

= 22 £^^ (*36), 

by equation (429), expressing A-P as a function of the y's only. Since 
E and F are both positive for all values of the variables it follows that AF is 
positive throughout the space, and hence from equation (4j35) it is clear that 
as we follow the motion of any element, p continually increases. Also, as we 
follow the motion E decreases, so that the motion of the points in our 
imaginary space is one of concentration about minimum values of E and, in 
particular, about E = 0. 

213. The rate of change in £ as we follow any element in its motion is 
of course 



Dt ,ri \dq, dt'^dp, di) 



= -T|^|f , by equations (430) and (431) 

^_'^dEdF 

*=i 3?t dpt 

•^« dF 

#=1 op, 
= -2F (437), 

since J^ is a homogeneous quadratic function of the momenta pi, ..,pn- 
From equations (435) and (437) it appears that as we follow the motion of 
any element 

Dp AF 

M—P2F <*38). 

and D may now be regarded as the symbol of differentiation along a stream 
line in the imaginary space. The equation just obtained has therefore the 
integral 

^-^0^ 2"^^^ (439), 

where the integration is taken along any stream line, and po is the value of p 
at the lower limit of integration. 

214. Equation (439) is an equation between p and the coordinates in 
the imaginary space : it does not involve the time. Hence it follows that 
provided the initial distribution of points in the space is such as to satisfy 
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equations (439) at every point, the motion of these points will be "steady 
motion " in the hydrodynamical sense. To obtain such a motion, then, we 
may assign arbitrary densities over any one of the loci E= constant. The 
density of distribution of points is then uniquely determined throughout the 
whole space, and is given by equation (439). The space, filled with fluid in 
this way, supplies what we require, namely, a basis of investigation which is 
independent of the time. 

By distributing the arbitrary densities in different ways, we shall obtain 
the various distributions of points in the imaginary space which are 
appropriate to the discussion of different problems, i.e., to the discussion of 
gases about which various data are given. For instance, suppose we know 
that a gas has cooled, undisturbed by external agencies, from some higher 
temperature at which its energy was E^y and that nothing further as to its 
past history is known, then we may appropriately suppose the imaginary 
space filled with a distribution of points such that the density over E = Ef^iB 
constant, say equal to unity. Let the present energy be Ei, then what we 
wish to know is the density of points over J5 = ^,, and this by equation (439) 
is given by 

p^e^B^tF^^ (440). 

Application to a system with an infinite number of Degrees of Freedom. 

216. We now introduce the simplifying assumption that the system 
consists of a very great number of parts {e.g., molecules) so that n, the 
number of momenta, is very great. Let /)* denote the mean value of 

at any point in the imaginary space. Then in general ^ is of the same 
order of magnitude as r^ while AFI2F is obviously of the order of 1/p*. 
Hence we can write 

ii:m^-^ *"'^ 

and 4> will remain finite whea n becomes infinite, being, as we have seen, 
always positive. 

The distribution of density in the region E = Ei is now, by 
equation (440), 

p^^ (442). 

There is therefore a point (or series of points) of maximum density obtained 
by making O a maximum, and the density here is infinitely greater than that 
elsewhere. We have now to examine in what way the density falls oflf as we 
recede from such a point, so as to determine whether the whole aggregate of 
points for which E^E^ may be regarded as being concentrated about this 
point (or series of points). 
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216. Let Oo denote a maximum value of O, and suppose that this value 
occurs at the point pi\pt ..^ qn, then in the immediate neighbourhood of 
this point we can expand O in the form 






.(**3). 



where the differential coefficients are all evaluated at the point at which 
O^O^. Since 4> is, by hypothesis, a maximum so long as J? is kept 
constant, it follows that over the surface E^^E^^ 



.(444). 



Hence the region for which E—Ei and for which 4> lies between O. aJid 
an adjacent value O^ is bounded by 

(Pi-i>.?^,+ 2 (p.-j,,')(;,.-2,.')^^+ ... =- 2(<I>.-^0-(*45)- 

When Pi — Pi', Jo» - p/> ... are small enough, terms of degree higher than the 
second in these quantities may be neglected, so that the equation is that of 
a small closed boundary, an "ellipsoid" of 2n dimensions. The volume of 
this ellipsoid is a Dirichlet integral of which the value is found to be 



^^(<I>.-<l>.)»A-* (446). 



where 



r(l+n)^ 


•*'i> — ^x) ' 




dp* ' 


dpidpt' " 


A = 


3^ 


dp,* "• 



.(447). 



The equation of the plane E=^E^ is equation (444), and the intersection 
of this plane with the 2n dimensional ellipsoid (445) determines a 2n — 1 
dimensional ellipsoid. This latter ellipsoid contains all points for which 
E=^E^ and Oj < 4> < O^. To find the volume of this 2n — 1 dimensional 
ellipsoid, we must first find the lengths of its principal axea 

A 2n dimensional sphere of radius r intersects the 2n dimensional 
ellipsoid (445) in a cone of which the equation is 



<^-?^')'(S + ^^^^) + 2(jH-/h')(i>.-K) 
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If r is the length of a principal axis of the section, the plane (444) must 
be a tangent plane to this cone, and the condition for this is the vanishing 
of the bordered determinant 

ap,» r* 



A' = 



dpidp. 



a^ 




a4> 


dpidpt 




dpi 


a^ 2(4>,- 


*0 


d^ 


8p,' ' r* 




■■•'dp. 


dp. 




.... 



a* 

9pi 

The equation A' = accordingly gives the lengths of the principal semi- 
axe& 

In the expansion of A', the coefficient of the highest power of — is 

where the summation extends to all the variables. The term independent of 

~ is of course obtained from A' by omitting terms containing - , leading to 

a new determinant, say A". Hence if we denote the product of the semiaxes 
by n (r), we have 

The volume of the 2n — 1 dimensional ellipsoid is now found (as in § 46) 
to be 

St»-3 



IT 



r(..--) 



n(r). 



If we denote this volume by 12, and substitute in the value just obtained 
for XI the value of 11 (r) given by equation (448), we obtain an equation of 
the form 

n = (7(<i»,-«i>,)^, 

where does not involve 4>j, being in fact given by 



dm-l 



(7 = i^ 



/2n + l\ 



A" 



.(449). 
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By diflFerentiation, the volume for which E=^E^, while 4> lies between Oi 
and <I)j + d4>, will be 

Hence the aggregate mass of fluid representing systems for which E=^E^ and 
4> lies between <I>o and <I>i, is 



2n-l^ r*. 



C e'»*(*o-*) ' d* (450). 



The integrand vanishes at <I> = <I>o. After this, as <I> decreases, the integrand 
increases until it reaches its only maximum, which occurs when 

and then decreases. In the limit when n = oo , this maximum is given by 

4> = 4)o-l (451), 

and if this value lies between <I>o and <I>i, the whole value of the integral (450) 
is given by contributions from the immediate neighbourhood of this maximum, 
and is equal to 

or(?2fi) 

n a 

This result, however, only holds subject to the condition that we may neglect 
terms of order higher than the second in equation (443). 

217. Assuming for the moment that this condition is satisfied, our result 
shews that all the fluid for which E = Ei, and which is in the neighbourhood 
of the point of maximum density <I> = <I>o may be supposed to lie within the 
boundary defined by equation (445). In other words the fluid is seen to flow 
into small clusters of stream lines, a cluster surrounding each maximum value 
of 4>. All except an infinitesimally small proportion of the fluid for which 
E = El will lie in one or other of these clustera 

The amount of fluid surrounding the maximum 4> = Oo is given by 
expression (452). In comparing the amounts surrounding two different 
maxima 4>o and <I>o', the ratio of the two factors e***», «'**•' will of course be 
infinite or zero according as 4>o — <I>o' is positive or negative, but it is unfortu- 
nately impossible to determine the ratio of the remaining factors, for the ratio 
of the two Cs (equation (449)) may be infinite or zero. We therefore see 
that in general the ratio of two expressions of the form of (452) will be either 
infinite or zero, but it is impossible to determine which. In other words, we 
can see that all except an infinitesimally small amount of the fluid will be in 
a single cluster, but it is impossible to identify the particular cluster. 
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218. An exception to the statement that all the fluid will be in a single 
cluster occurs when there are a number of clusters which are siniilar in every 
respect, so that expression (452) is identical for all. This will, for instance, 
occur in the case of a gas, owing to the possibility of interchanging the r6le8 
of the diflFerent moleculea 

219. We must now return to equations (443) and (445), and examine 
whether or not the condition is satisfied that we may neglect terms of degree 
higher than the second in (pi —p\% etc. Upon the assumption that we may 
do so, we have found the value of O — <!>© at the boundary of a cluster to be 
equal to 1 (equation (451)). Let us suppose that the corresponding value of 
{pi —pT) is of the order of magnitude Sp, then the first terra which has been 

neglected is (pi—piY^-i or (BpY r— ,. Failing definite knowledge it is 

3*4> . 1 

natural to suppose that x-j- is of the order of magnitude of tj-t;, and 

hence that the neglected term is of the same order of magnitude as 1. In 
other words, the neglect of the remaining terms in equation (445) cannot be 
justified. 

But this only affects the detail of the result we obtain : the main result 
remains. The value 4>o being still a maximum for O, the locus 4> = <>i will 
surround the point 4>o, although it will only be ellipsoidal when 4>o — Oi is 
very small. The integral in expression (450) must be replaced by an integral 
of the form 

r^*V(*o-<I>i)d* (453), 

in which /{x) is an unknown, but always positive, function of x, which 

becomes identical with a? * in the neighbourhood of a: = 0. The integrand 
in this integral will, as before, have a maximum, and the integral will derive 
its whole value from the contributions supplied by values of O in the neigh- 
bourhood of this maximum. Also, as before, the value of the integral 
involves 4>o merely through the factor 6"*». Again, then, it appears that the 
fluid will flow into clusters surrounding maximum values of <>, and the 
strength of such a cluster will be proportional jointly to c** and to another 
factor. All except an infinitesimal fraction of the fluid will be in a single 
cluster, or, in cases such as that contemplated in § 218, family of similar 
clusters, but as already explained, it is impossible to identify this cluster 
or family of clusters by general arguments of the kind which have so far 
been used. 

220. Under the special assumption that we may neglect terms of degree 
higher than the second in equation (443), we have at any point inside a 
cluster (equation (446)), 

-[(P.-i'.')'^, + 20)»-K)(p.-i>.')^+...]<2(^.-«I>.)<2...(45*). 
by equation (451). 
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la tbe nbDfrt gtnend came it is obTioQs dial the q^iadnsie expresioo am the 
left kaad is finite. Tbe exprenoia is, howerer, bj hrpocLess. postire for all 
▼al.^^ of <p; — p-Zi .- aiid aa it criOtaiiis the 2» Tviab^ ^ ~Pr'» — ?»"?»'• ^ 
maj be expreaMd as a scm of 2a srpiarEA of linear foDctiocs of these YanabiesL 
When a is mnniie^ therefore, each a«^Tiare will be vanishinglT sraalL so that 
Pi^Pif Pt^Pi' -'- *^*^ I* infiuiesimaL We maj say, then, that iijcside any 
drjdOer the coordiDates /h, pt — of ^ukj point are iiMiiddcgnisLable firom the 
eoordinat^a p^', pi ... of the oorrespoodicg point on the central line of the 
eliuter. 

22L Tbe analysis has supposed tbe srstem to have started from an 
initial ralne of the energy E ^ E^,znA has, mi>reover. supposed all coofigmm- 
tioiM for which E^E^ to hare been eqrially proViable as the starting point. 
In nature it is not easy to find any value of E^ which shall represent the con- 
ditioos of the problem. When the system under eoosideratioo is a gas, we 
may probably assert with conBdence that the gas has cooled from some higher 
temperature at which its energy has some value E^, but we cannot say that 
at this temperature all configurations for which E^E. were equally likely. 
For obviously if it had previously cooled from some still higher temperature 
this statement would not be true. Again, the value iS'«=x does not supply 
a solution of the difficulty, for in taking this value we should not only have 
to suppose that the gas has cooled from a temperature in which it probably 
could not exist as a gas, but we should also have to suppose that it had cooled 
undisturbed throughout infinite time. 

222. An escape from this difficulty is found as soon as we examine the 
way in which our work has depended on E^, It will be seen that E^ has 
entered only as a limit of int^ration in the definition of ^, namely (from 
equation (441)), 

nJB, ^ 






^ AFdt (455). 

4 



In this equation the integral has to be taken tentatively along all stream 
lines starting from E^E^, and the course of the cluster or fiunily is deter- 
mined by the maximum values of 4>. The integrand contains a factOT F 
in the denominator From its nature F cannot be negative, and in general 
will not vanish. If at a special point F does vanish, then the integrand in 
the first integral becomes infinite, but the value of the integral taken over 
Miy part of the path which includes this point remains finite, because so long 
as ^ ai we have also dE = 0. Tbe same result is of course obvious from the 
second form of the int^^L If, however, F remains very small over a finite 
range of values of E, the contribution to the integral from this range of 
values will be very great. In this case the definition of ^, for values of E 
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below a finite range of small values of F, becomes approximately independent 
of the upper limit of integration, so that the stream lines on which O is 
a maximum become identical for all such upper limits. Thus so soon as 
a value of the energy is reached so small that it is possible for F to remain 
very small over a large range of values of Ey we see that the positions of the 
clusters tend to become independent of their starting points. In other 
words, all clusters tend to combine into a single cluster ; or again, all stream 
lines tend to combine into a single stream line. 

The values of the energy at which the condition just stated is satisfied, 
are the only values which are of much importance in nature. They corre- 
spond to temperatures at which a substance can remain in appreciably the 
same state for a considerable interval of time ; and in considering this ques- 
tion it must be borne in mind that the unit of time appropriate for 
comparison is the interval between successive collisions of the same moleculea 
We have already seen (§ 8, p. 8) that under normal conditions this interval is 
comparable with 10~^' seconds. And for obvious reasons the state of a 
system which changes appreciably in 10~** seconds is not of much interest 
to us. 

When the condition in question is satisfied, the system may be said to be 
in an " approximately steady state." It is then infinitely probable that it will 
be represented by a point on the single cluster (or fisimily of clusters) just 
discussed. In this case it may be said to be in the "normal state," this 
state being analogous to the normal state previously found for a conservative 
gaa 

223. It has already been assumed that the system possesses an infinite 
number of degrees of freedom. The application of the results must therefore 
be to "Statistical Mechanics," rather than to dynamical problems of the 
ordinary type. Leaving out of mention the infinitesimal probability of error, 
it being understood, for reasons explained in § 104, that this is inherent to 
any problem of statistical mechanics, it may be said that we have found that 
of our non-conservative systems, started from unknown configurations, all 
will, by the time a sufficiently low value of the energy has been reached, be 
represented in our generalised space by points on a single cluster or family of 
clusters. 

In the case of a gas it is obvious that we must take the second alter- 
native, and say " family of clusters," rather than " single cluster." For, as 
has already been pointed out in § 218, by interchanging the rdles of any two 
molecules we get two distinct clusters which are identical in so far as 
the elements which are of importance in the dynamical problem are con- 
cerned. In other ways, too, it is clear that we shall get further distinct 
clusters which are identical as regards the important elements of the 
problenL Let M be the number of clusters in any such family and 8 the 
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strength of each, given by an expression of the form of (463). Then the 
strength of the family of clusters is MS, Comparing two families of clusters 
we have already seen that the ratio of the two S*b will be infinite, so that 
whether or not the ratio of the two M'b is infinite, the ratio of the M8*b is, 
in general, infinite. Thus all the fluid belongs to a single family. It is 
clear that systems in all the M clusters have the same statistical speci- 
fication. 

224. Hence we may sum up as follows : 

Out of a number of systems which have a given value for the energy, 
this value being sufficiently low, and have had their energy reduced from 
higher values by dissipation, the systems meanwhile being unafiected by 
external disturbance, all except an infinitesimal fraction will have the same 
statistical specification. 

And as regards physical interpretation : 

If nothing is known about a gas except that it has cooled undisturbed from 
some higher temperature, and is now at such a temperature that its changes 
of state are not very rapid (by " very rapid " being meant comparable with 
10~*® seconds), then it is infinitely probable that it will have a definite 
statistical specification, which will depend solely on its present energy. 

The way in which this specification has, in theory, been arrived at, shews 
how profoundly diflferent it must be from that arrived at on the assumption 
of conservation of energy, namely the specification which leads to equi- 
partition. 

Prdtcipal and Subsidiary Temperatures. 
Definition of Svbsidiary Temperatures, 

225. The exact form of a law of distribution of coordinates possesses 
interest in itself from the point of view of abstract mathematics, but as 
regards utility it will be seen that its only importauce is that it enables us to 
calculate the mean values of different functions of the coordinates, averaged 
throughout the gas. Of these functions of the coordinates, only one class of 
function is of much importance, namely the class which represents the whole 
or parts of the energy. 

Let us suppose, as in § 77, that L, the kinetic energy of a single molecule, 
expressed as a function of its coordinates, is reduced to a sum of squares in 
the form 

2i = mw« + mt;" + mw;» + CiV + c,i7,«+ (456), 

where m is the mass of the molecule, u, v, w are as usual the velocities of 
its centre of gravity in space, and %, 17, ... are generalised momentoids. 
Equation (456) expresses the kinetic energy as the sum of contributions from 
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momentoids. In the case of a conservative gas, it was shewn that if mw*, 
Cii7i* ... denoted the mean values of mu^, CiV ... averaged over all the 
molecules of the gas, then (equation (219)) 

In the present case, we could, if our law of distribution were known, 
calculate the values of m^i^ Cii/i', etc. It is obvious that we should have 
mu^==mv*=mv^, and we may as before put each quantity equal to RT, these 
equations defining T, We shall also put Cii;i*=iJTi, (hV^^R'^t •••> etc., 
these equations defining tj, t, .... It will be convenient now to speak of T 
as the principal temperature, and of Ti, r^... as subsidiary temperatures. 
The temperatures are accordingly defined by 



It T''^''T, V^ "" ^*^^^- 

226. The information which has been obtained as to the law of distri- 
bution of coordinates admits of easy interpretation in terms of principal and 
subsidiary temperatures. The result is as follows. If we start an infinite 
number of gases, each with energy E^, these gases being distributed with 
uniform density throughout the part of the generalised space which corre- 
sponds to energy Eoy then by the time the energy has been reduced to Ei, 
all except an infinitesimal fraction of the whole will have the same principal 
and subsidiary temperatures. 

227. We can conveniently represent the temperatures of a gas in a 
generalised space, the coordinates in this space being T, Tj, t, .... Obviously 
only those parts of the space are needed in which every coordinate is positive. 
The motion of a gas can be represented by the motion of a point in this 
generalised space. Our theorem now shews that of an infinite number of 
representative points which start fi'om the same point, all except an infini- 
tesimal fraction pursue the same course. 

Of the representative points for the system of gases, starting with any 
energy Eo, the systems being as we have assumed throughout equally distri- 
buted throughout the original generalised space, all except an infinitesimal 
fraction will, it is true, start from a point in the line 

T^T.^T,^ ;(458), 

on which there is equipartition of energy. It is however obvious that if we 
had considered only those systems of which the representative points started 
from the most general point (T, Tj, t, ...), the result of the last chapter 
could have been obtained in exactly the same way. It will therefore be seen 
that the whole space can be mapped out into stream lines, in such a way 
that when a representative point is once moving on a stream line, it is 
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infinitely probable that it will remain on that same stream line throughout 
its motion. Obviously each stream line in this space represents a family of 
clusters in the former space. Unfortunately for the simplicity of treatment 
it is no longer true, as it was in the previous case, that two stream lines 
cannot intersect. 

The result stated in the last section can now be expressed by the state- 
ment that when the energy is so small that there is very little dissipation of 
energy (or, more precisely, when a value of jK is reached so small that it is 
possible for F to remain very small throughout a finite range of values for E), 
then the stream lines in the new generalised space tend to combine into 
a single stream line. And of the gases which have cooled firom an unknown 
higher temperature, all except an infinitesimal fraction, will be represented 
by points on this stream line. 

The Normal State for a Non-GonservcUive Oaa. 

228. When a gas is represented by a point on the single stream line just 
found we shall say that the gas is in the normal stata This state is 
obviously analogous to the normal state previously found for a conservative 
gas. For as we have just seen, if the conditions for a normal state to be 
possible are satisfied, it is infinitely probable that a gas selected at random 
from gases which have cooled from higher temperatures, will be in the 
normal state, and, in general, gases which are not in the normal state tend 
towards that state. And the conditions necessary for a normal state to be 
possible are that it shall be possible for F to remain very small throughout a 
finite range of E: in other words, that the rate of cooling shall be very slow. 

In nature, this condition is frilfilled in the case of a gas in the ordinary 
state, which is not radiating energy to a perceptible extent, e.g.^ in the case 
of the air of the atmosphere. An investigation of the mechanism by which 
it comes about that the condition is fulfilled is given in the next chapter. 
At present we are content with the knowledge that a gas of this kind is in a 
definite normal state, which is entirely different from the normal state in 
a conservative gas, in which the energy of each momentoid is the same. 



We conclude this part of the subject by discussing two mechanical 
illustrations of the theory which has been developed in this chapter. 

I. The example Jrom § 206. 

229. In the mechanical illustration suggested in § 206, it was pointed 
out that the mean temperatures in the vessels A and B might be supposed 
to represent energies of two momentoids, of which the latter was affected by 
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a dissipation function (represented by conduction of heat through the wall hb')y 
while the former was not affected by a direct dissipation function but lost 





C 




B 




A 









Pio. 13. 



energy by transfer represented by conduction through the channel G, We may, 
therefore, suppose the actual physical temperatures of A and B to correspond 
to the principal and subsidiary temperatures, say T and t, of a gas which has 
only one subsidiary temperature. 

From a general knowledge of physics we can see what will ultimately 
happen to this system. According as T is greater or less than t at any 
instant, there will be conduction firom -4 to £ or from B to A through the 
channel C. If the conduction through the channel C is good, the tempera- 
tures will rapidly equalise, and the system tends to approach a 8tate defined 
by the equation T^r. There is, however, a constant loss of energy through 
the conducting wall W so that r continually decreases. The value of T also 
decreases, lagging behind r by an amount which depends on the goodness of 
conduction through the channel C, The coefficient of conduction through 
the channel C will however decrease as T and t decrease, for the coefficient 
of' conduction in a uniform gas is proportional to some positive power of its 
absolute temperature. Hence, however good or bad the conducting power 
of the wall hV may be, there will come a time, after the gas has cooled 
sufficiently, when the wall hV will be a good conductor in comparison with 
the channel (7. The conditions are now changed. A small quantity of heat 
escapes from A through the channel C but is immediately lost through the 
wall 66', and it is impossible for the value of r to attain to any appreciable 
value. Here then we have the iSnal (normal) state of the system. It is 
a state in which T is finite but small and both r and dTjdt are, in the limit, 
vanishingly small. 

This state is, moreover, analogous to that which observation shews to be 
the state of a real gas under normal conditions, namely a state in which all 
the energy is absorbed by a few degrees of freedom, corresponding to the 
principal temperature, and in which the rate of dissipation is extremely 
small The illustration can be extended to apply to a gas with a large 
number of subsidiary temperatures by imagining a large number of chambers 
similar to B opening out of A, each by a separate channel. 
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II. The example of the loaded spheres. 

230. We shall be able to derive a second, and somewhat important, 
illustration of the general theory from the problem of the loaded spheres, 
worked out in Chapter V. We there considered a gas in which the centre of 
gravity of the molecules did not coincide with their geometrical centres, so 
that rotations were set up by collisions. In order to make this system of 
molecules illustrative of a non-conservative gas, we shall suppose that energy 
is lost when these rotations take place. We may conveniently suppose that 
every rotation, by a mechanism which there is no need to specify with pre- 
cision, is retarded by a force proportional to the velocity of rotation. 

As before, we shall use h, K to denote the mean energies of rotation and 
translation of a molecule. We previously found a value for dK/dt in terms of 
K and H, independently of the law of distribution of the angular velocities, 
and as the change in K is still caused entirely by collisions, we can legiti- 
mately use this expression for the value of dK/dt in the present instance. 
The value of h decreases for two reasons. There is first a decrease of h 
caused by collisions, and the rate of this decrease must be dK/dt, the rate of 
increase of k caused by collisions, since the total energy remains unaltered by 
collisions. The second cause of decrease in h is the system of retarding 
forces. These may be supposed to cause a decrease in h of amount 2€H per 
unit time, where e is a constant. Hence, on the whole, we shall have 



'dt' ^^" dt' 



dK 



Introducing the value of -^ from the former investigation (equation (253)), 
we have as the equations expressing the rates of change in k and H, 

^ = y8vA/i^(H-jK) (469), 

dvA 

^ = -2€H-)8l/\/K(H-fK) (460). 

231. Our aim is to obtain from these equations an illustration of the 
dynamical theory of a non-conservative gas, just as we found that the same 
equations, with the omission of the term — 2€H, supplied an illustration of 
the much simpler theory of a conservative gaa We miist begin by noticing 
that the present system possesses only one subsidiary temperature, and that 
K and H are respectively proportional to the principal and subsidiary 
temperatures. 

Let us write 

t^«2€H-J/9i/K» (461), 
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80 that 

on substitution from equations (469) and (460). The general theory does 
not lead us to expect to find a definite steady state except for small values 

of K. 

Now as K decreases, the relative importance of the three terms of the 
bracket (46* + ^e/Su Vk + ^p*k) changes, until ultimately the term 4€^ is of 
preponderating importance. When these values of k are reached, the last 
term in equation (462) becomes negligible, being of the same order of im- 
portance as the term )8VK of the bracket, so that the equation assumes 
the form 

du ^ 

It therefore appears that for these values of k the gas tends towards 
a state given by w = 0, or 

6H = iy8i'K» (463). 

H . . 

In this steady state, — = in the limit when k is very small, so that the 

K 

energy tends to become wholly translationai. It is therefore clear that in the 
appropriate generalised space of the kind defined in § 227, the stream lines 
will tend to form into a cluster, and that equation (463) is the equation of 
this cluster. 

232. It will, however, be advantageous to examine the general arrange- 
ment of these stream lines. 



dK /8i/V1^(h-|k) 



If we eliminate the time between equations (459) and (460) we obtain 

dn 
dK' 

Since we may properly write 

K = fftr, h^Rt (465), 

where T, r are principal and subsidiary temperatures, it is clear that equation 
(464) may be regarded as the differential equation of the stream lines in 
question. The case is one of extreme simplicity, partly because the necessary 
space is only two-dimensional, and partly because the stream lines are true 
hydrodynamical stream lines in the sense that no two lines intersect. We 
shall therefore proceed to draw this system of stream lines. It is not possible 
to solve the differential equation (464) in finite terms, but a graphical treat- 
ment will give all the information we require in a convenient form. 

J. 13 
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in 



It appears firom the form of the diSereatial equation that -7- TaiuBhes 



^F V^ (h - |k) + 2€H = (-leex 



when 

is infinite when 

H = f K ....(467\ 

or K « ; and is negative, being eqnal to — 1, when H = 0, It then, we draw 
a two-dimenaional space (H, K;, the quadrant in which H and K are both po6i> 
tive will be divided into three sections bj the axes and the two cnrres of 
which the equations are (466) and (467). Starting from the axis of K, the 

signs of -J- in these three sections are respectively negative, postive and 

negative. The corves are therefore roaghlj as rej^esented in fig. 14. It 




Fio. 14. 



will be seen that they tend to converge for small values of H and K into 
a single stream line for which at the origin, 

Lt" -0, and Lt$i = 0. 
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Combining these equations with the general differential equation (464) 
we obtain for the equation of this stream line near the origin 

€H = i/8i/K» (468), 

a semi-cubic parabola. Equation (468) accordingly defines the "normal 
state" for the imaginary gas now under consideratioD, and is in obvious 
agreement with equation (463). 

If we replace K and H by their values in terms of the principal and 
subsidiary temperatures, as given by the equations (465), 

we obtain as the relation between r and T in the normal state, 

/9, 



T 



= ^Vpi;r» (469). 



e 



233. The corresponding normal state when e = 0, is 

2K = 3H (470). 

It is interesting and important to notice that this last equation cannot be 
deduced from equation (468) by putting 6 = 0. In other words a conserva- 
tive gas is a true special case : it is not legitimate to regard it as the limit of 
the general case. Hen ce also it is obviously f utile to try . to pass frono Jjhe 
case .of a conservative ga s to the, case of a non-conservative gas ; the slightest 
amount of radiation of energy will entirely alter the circumstances of the 
case. 

B^capiindation. 

234. The present position is therefore as follows. We have (Chapters 
II. — V.) developed the dynamical theory of a conservative gas, and have 
found (Chapter VII.) that the results obtained do not agree with those of | 
observation. We have now seen why this is, and have seen also that nothing 
less than an entirely new investigation, taking account of dissipation of 
energy from the outset, can be expected to lead to true resulta An investi- 
gation of this kind has been attempted, but it has not been found to be 
possible to obtain results of the definite kind which had previously been 
obtained for a conservative gas. The impossibility of progress arose from a 
cause inherent in the subject itself: the results for a conservative gas are 
in dependent of th e constitut ion of the molecule, whereas those for a non- 
c onservative gas differ for d iflFerent molecules. As we have no certain know- 
ledge of the structure of molecules we Tiave, so far, been unwilling to make 
any assumptions on this point Now, however, that we have seen that farther 
progress is only possible by the help of some definite assumption, we must be 
content to rest the remainder of our investigation upon hypothesis instead of 
upon comparative certainty. 

13—2 



* 
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235. The phenomena which give the most definite and least questionable 

/{nsight into the structure of matter are those of spectroscopy. The line 
spectrum of a gas can be most naturally interpreted as evidence of the 
existence of a number of isochronous free vibrations in the ultimate units 
of the gas. 

It is true that other explanations of the line spectrum can be suggested ; 

these will be reserved for discussion later. At present it is proposed to 

^examine the one just mentioned. We shall therefore assume our gas to 

/^ consist of molecules of which the internal structure is such that they possess 

a number of internal vibrations, of which the frequencies of free vibrations 

are equal to those of light. 

The principal problem before us is of course to examine the rate of 
transfer of energy in this gas. Experiment suggests that the internal 
degrees of freedom do not receive anythin g, like the amount of energy whic k 
wou ld be assigned to them by the Law of Equipartition. The theory 
developed in the last two chapters indicates that this must occur if the 
internal degrees of freedom are capable of dissipating away their energy, 
and if also they receive energy with sufficient slowness from the translational 
motion. The mere fact that we are aware of the existence of these internal 
degrees of freedom shews that they are capable of dissipating their energy, 
for it is only their dissipated energy, in the form of light-waves, which tells 
us of their existence. As to the slowness of transfer of energy, the two 
illustrations of the theory discussed in the present chapter both suggest that 
for any type of structure the transfer of enere/ will, at sufficiently low 
temperatures, be " slow " in the sense required.*^ The question before us is 
therefore as much to determine the actual limit of temperature within 
which this transfer may be regarded as "slow," as to determine whether such 
a limit of temperature exists. 
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CHAPTER IX. 

THEORY OF A NON-CONSERVATIVE GAS (contdojed). 

The T^nsfer and Dissipation of Energy. 

\/ The vibrations set up by collisi<ms. 

236. When a molecule is describing a free path, the changes in its 
coordiDates will of course be deducible from its own energy function. Let 
us, on the grounds explained in the last chapter, suppose this energy function 
to contain terms of the form 

2Z=a,^»+a,<^»+ (471), 

2F=6i</>,«-h6,<^,« + (472), 

in which the a's and 6's are constants, these terms representing the 
isochronous internal vibrations of the molecules. The quantities ^, ^a*** 
are principal coordinates of the system, and have the property that their 
equations of motion are independent of one another and of the other 
coordinates of the molecule. The variation of any coordinate </> is given by 
an equation of the form 

a$ + 60 = O ..(473). 

The solution of this equation is 

<f> = A cospt'\'B8mpt .....(474), 

in which J, £ are arbitrary constants, and p is given by 

ap«-6 = (475). 

Let us suppose that at time t — the motion of this molequle is disturbed 
by an encounter with a second molecule, this encounter lasting until time 
^ = T. The influence of this second molecule upon the first will be capable 
of being expressed by a force function of the form 

I7,8<^ + i7^</>,+ (476), 

and from t=0 to t=T the equation expressing the change of the coordinate <f> 
will no longer be equation (473), but will be (dropping suflBxes throughout) 

a4>+p'a<f>=^U. (477). 
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Before the time t = 0, the coordinate if> is describing the free harmonic 
vibration expressed by equation (474). The impulse Udt acting from < = to 
t^dt, sets up an additional free vibration of initial displacement zero and 

velocity ; the displacement of this additional vibration at any subsequent 

time is therefore sinp^ Compounding all these vibrations with the 

original vibration expressed by equation (474), we obtain for the displace- 
ment ^ at any instant subsequent to ^ = r, the well-known solution* 

<^ = ilco8pe + £sinjp« + — [ Ut^r^v{t-t')dl! (478). 



ap 



237. Let us write 



F=^ J Ut^rsinpt'dt' 



tr=o 
so that 



.(479), 



Z+tT=^ j Ut^te^^dt' (480), 



ap 

then equation (478) assumes the form 

<f>^{A-Y)QOBpt + {B + X)^pt (481). 

The energy of vibration is i(a4^ + b<f>% or 

ib[(A--Yy + (B + Xy] (482). 

If this is written in the form 

i6(il« + ^) + 6(5X-^F) + i6(J:* + F«) (483). 

the first term represents what would have been the energy of vibration had 
the encounter not taken pla^e; the two remaining terms represent the 
change effected by the encounter. 

At the beginning of the encounter <f> is given by putting t = in 
equation (474), so thrft 

4>^A, ^ = pB. 

On averaging over all the molecules of the gas these quantities may be 
supposed to be equally likely to be positive as negative, so that on averaging 
over all encounters we find that the mean value of BX — AY may be taken 
to be zero. Hence from expression (483), the increment in the energy of 

* Bajkigh, Thewy of Sound, i. § 66. 
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the ^ coordinates which occurs throughout the whole gas, is the same as if 
the increase, in the case of each single molecule such as we have just been 
considering, were 

i6(Z« + r») (484). 

238. This quantity must be evaluated from equation (480). The form 
of the function U is, however, almost entirely unknown. We are therefore 
compelled to examine the general properties of the function JC + tF defined 
by equation (480), making as few assumptions about the function U as 
we can. 

A good deal can be learned from a graphical treatment. In fig. 15, let 
the thick line be the graph of the frmction U, regarded as a function of the 
time, then the dotted curve will be the graph of the function U cospt, and 




Fio. 15. 

the value of Z, given by equation (479), is equal to the area of this curve 
estimated algebraically, divided by ap. The area of this curve can, however, 
be regarded sis made up of the areas A, B ... P, Q, i2, S, T ... , and of these 
the alternate areas, say B ... Q, S .,. must be estimated negatively. Thus if 
we denote the numerical magnitudes of the areas by the corresponding letters, 
we have 

apZ = ^-£ + + ...+P-Q+J?-/S + r-... 

= i[4 + (4-2£ + (7) + ((7-2jD + ^) + ... 

+ (P-2Q + i2) + (i2-25+r)+...]. 

It is at once clear that each term in this sum is very small ; Q is nearly 
the arithmetic mean between P and i2, and so on, and the two isolated 
terms at the beginning and end are clearly seen to be small, on reference to 
the figura 

It is therefore obvious that X is very small : to see clearly how small, we 
must have recourse to exact analysis. 
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239. Let fig. 16 represent a plane in which all values of t\ real and 
imaginary, are represented, and let AOB be the axis along which If is real, 
being the point ^ = 0. 




If P represents the point 

^R{cos0 + isin0\ 
then the angle FOB will be equal to 0, and OP will be ^qual to jB. 
By Cauchy's Theorem of contour integration, 

jf(1f)dt'^2i7rl.Z (485), 

where the integral is taken round any closed contour in the plane of fig. 16, 
and XZ is the sum of the residues of f{1f) inside this contour. Let us take 
f(t') = U&'P^, and take the closed contour to consist of a semicircle BPA of 
radius It described about the origin as centre, and the real axis AOB which 
forms the bounding diameter of the semicircle. In the limit we shall take 

We have supposed as a legitimate first approximation, that U vanishes 
except between f^O and ^ = t. But when we attempt to represent the 
conditions of nature by strict mathematical analysis, there can be no dis- 
continuity of this kind and the function V must be supposed to exist firom 
^ = — 00 to ^=00. This latter supposition, it is true, includes the former as 
a special case, but the special case is not only excluded on physical grounds, 
but is inconsistent with the supposition made in equation (485) that i7 is an 
analytic function. When in the limit we make i2= oo, the real axis AOB 
will extend from — oo to + oo so that the integral of Ue^^ taken along this 
real axis may be supposed equal to the integral taken through the encounter, 
and therefore, by equation (480), to ap(X + iY), 

The remainder of the left-hand member of equation (485), the integral 
being taken round the prescribed contour, is the integral taken round the 
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semicircle BPA, over which R is constant and infinite, while varies from 
to TT. On this part of the path we have, since If = ite**, 

hence this part of the integral becomes 

and the original equation (485) assumes the form 

ap(Z + »T) + / = 2t7r2Z (486). 

To evaluate /, we divide it into three parts /i, I^ and /,, the first being 
the integral from — to ^e, the second from tf = €to6? = 7r — €, and the 
last ftx)m tf = 7r — €totf = 7r. The integrand can be written in the form 

U'[ico8(0-]-pRcos0)''Qin(0+pR6in0)]e-P^'^^+^'^^ (487). 

Let us choose the quantity € so that e shall be vanishingly small, whilst 
i2sin6 shall be infinitely great in comparison with logiZ, this being always 
possible when jR is infinite (e.g,y we may take e = iJ~* so that -Bsin e = -B*). 
Giving € such a value, it is clear that e-pJ28in«+iogJ2 ^ju vanish from = € 
to 0='jr — € and therefore, except in the special case in which U' becomes 
infinite within the range in question, we shall have 1^=0, 

The cases in which U' becomes infinite within the range of integration 
must now be examined. It is clear that if, when iJ = oo , 17 becomes infinite 
less rapidly than an exponential e**, then by taking R suflBciently great, 
the integrand (487) will always vanish. When U becomes infinite with 
the same rapidity as an exponential this is not in general true, and 
the same is the case if U becomes infinite more rapidly than an ex- 
ponential. The important case in which the result is not true is that in 
which U contains a term of the form cos (qt + e), which gives rises 
upon the semicircle to terms containing the factors e*^^^^. If J<p, the 
result /, = will be seen to be true ; if g > p the result /, = is not true, 
but the main proposition can be proved by a slight modification of the 
present proof; i{ q=p the main proposition is obviously not true. On 
general principles it will be seen that this is the only important case of 
exception. Physically, this possibility represents vibrations "forced" in one 
molecule, by vibrations of equal period in the second molecule. These 
vibrations, then, form an exception to the proposition which we are trying to 
prove, that the vibrations excited by collision are small in comparison with 
the energy of the exciting agency ; but the physical deduction we wish to 
draw from this proposition will be in no way invalidated, for vibrations of the 
kind in question do not represent a transfer of energy between translational 
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and vibratory degrees of freedom, but only between two degrees of freedom 
of the same type. The mean energies of the various degrees of freedom, 
therefore, are not affected. 

Beyond this, however, it is impossible to discuss cases in detail : that the 
result is in general true there can be little doubt. We therefore suppose, 
for the present, that /, = and proceed to the calculation of I^ and /,. 

In evaluating I^^O <e and is therefore vanishingly small. We therefore 
have 



/,= J £rV<P««-«+«e-*^id(iJtf). 



b,«(? 



9-0 

In this the factor fr^^d(R6) may be replaced by — — where u = 6"**^ and 

the limits of integration, regarded as an integration with respect to u, are 
u — 1 to u = 0. Also, since U'^0 when ^ = 0, CT' may in general be replaced 

hTT) ' *^^ hence we have the equation 

and this, in general, vanishes through the factor 0. In a similar way we can 
shew that /, vanishes, and hence that /=0. 

Equation (486) now becomes 

Z-htF=: — 2^ (488). 

240. Let the residues of the function U which occur inside the infinite 
semicircle which has formed the path of integration, be 2fi at tti +ifii, 2f, at 
«i+t/92> ®*^-» ^^ which ot, /9 are in every case real, and in which, since the 
residues lie within the semicircle, fi must in every case be positive. Then 
the residues of the function Ue^^ will be fi^i^(*»+»Pi) at ai + tiSi, etc. These 
are the quantities of which the sum has been denoted by 2Z, so that 
equation (488) becomes 

Z + iF= — 2fi^^»(r^> (489). 

We now proceed to study the variation of this quantity with p when p is 
very great. Let us imagine the molecule to change so that, although its 
configuration in equilibrium remains unaltered, the forces of restitution when 
it is disturbed are altered, and consequently the value of p is altered. We 
shall suppose the purely geometrical coordinates ^, ^ ... to remain unaltered, 
and hence Oi, a, ... and the forces J/i, U^ ... remain unaltered. Since 
Ui, 17, ... remain unaltered with a change of p, it follows that (fi, ai and fii 
in equation (489) remain unaltered. If fii is the smallest of the quMitities 
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A, /9,... it appears that when p is very great the term with suflSx 1 will 
be the preponderating term in the sum on the right-hand of equation (489). 
We may accordingly write the equation in the form 

X + tT= — f,6-^6-P^ (490), 

ap 

and, since the modulus of a product is equal to the product of the moduli of 
its factors, it follows at once that 

X'+P=^|i:.|«e-««. (491). 

Since, from equation (475) ap^ — b^ it follows that expression (484), which 
gives the mean increase of the energy of vibration, becomes 

i6(X»+ r») = ^|i:.|»«r«*. (492). 

and the right-hand member depends on p only through the factor er^^ It 
therefore appears that, subject to the assumptions we have made, the energy 
of the vibrations set up in the molecules decreases exponentially with p. 
This immediately shews what an enormous range of values is possible for the 
rate at which the translational motion becomes dissipated through these 
vibrations. For instance, the two values of the expression given by equation 
(492) which correspond to pfii = 200 and pfi^ = 100 stand in the ratio 6~**, or 
about 10~". It will, therefore, be seen that there is no difficulty in account- 
ing for the slowness of the process of dissipation in a gas, provided we can 
attribute a sufficiently high value to pfii. 

241. The values of p are known with great accuracy, being the fre- 
quencies of the light vibrations emitted by the molecule. 

To determine the values of /8i we should require to have full knowledge 
of the forces which come into play at an encounter of molecules. This is, of 
course, beyond our reach, but without it we can arrive at an estimate of 
the order of magnitude of ^i which, although not exact, is sufficient for our 
purpose. 

Let us begin by considering a collision between two elastic spheres. In 
this case the forces may be supposed to act instantaneously. We do not 
require to know the variations in the magnitude of the force-function (476) 
which occur throughout the collision: all that is significant is its value 
integrated throughout the collision. We shall therefore get accurate results 
by assigning to this force-frinction any form which is such that the collision 
is instantaneous, and that its value integrated through the collision has 

a certain given value. Suppose, for instance, that / Udt, where the integral 
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is taken through a collision which occurs at time ^ = 0, has to be equal to /. 
Then we may take 

^=W) ^''^^' 

provided we put c = in the limit. For this value is such that U vanishes 
except when ^ = 0, and we have 

r+- ic 



/: 



* = / (494X 



In this case U, regarded as a fii notion of the complex variable ^, has two 

infinities occurring at ^ = ic, — tc, and each of residue ±o^-- Hence there 

is only one infinity < = ic, occurring within the contour of integration in 
fig. 16, and for this fi — c. The right-hand member of equation (492) in this 
case is therefore 

£^ (*95). 

Putting c=0 we notice that the expression becomes independent of p. This 
is as it should be ; when the collision is instantaneous, the forces of restitution 
in the molecule do not have time to come into play, and therefore do not 
affect the result of the collision. 

Taking c small, but not quite zero, equation (493) can be supposed to 
represent the value of U for an encounter which is not quite instantaneous. 
Here U vanishes except through a small interval of time comparable with c 
and occurring when t = 0. The efiect on expression (495) of taking c small 
instead of zero, is to decrease it in the ratio e"**^, and the forces of restitution 
now come into play. The quantity /3 which in this case is equal to c is, as 
we have seen, comparable with the time through which an encounter lasts. 
It will be seen that the interpretation of /8 which has been obtained in this 
special case, will hold in every case sis regards order of magnitude, and hence we 
conclude that the rate of dissipation of the energy of a gas may reasonably be 
expected to be slow, provided that the product of the time occupied by a 
collision and the frequency of vibration is small. 

The physical principle upon which this result rests would of course 
have, been obvious enough without a mathematical discussion. What would 
not have been obvious is the extreme rapidity with which the rate of 
dissipation decreases as jp is increased. 

242. Before we can determine the extent to which this principle applies 
to a gas, we must form an estimate of the duration of a collision. Let us at 
first suppose that the molecules are surrounded by spheres of molecular 
action, satisfying the conditions mentioned in § 82. The figures of § 158, as 
well as other experimental results to be mentioned later, shew that the 
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radius of these spheres must be supposed comparable with 10"* cms. The 
collisions which excite vibrations to the greatest extent will be "direct" 
collisions, and the vibrations most excited will be those of lowest frequency. 
For ultra-red light, which may for the present be supposed to represent the 
vibrations of lowest frequency, we may take |> = 2 x 10". Let us, using the 
results of § 130, take (7= 5 x 10*. If we suppose that at a direct collision 
the spheres penetrate one another to the extent of a hundredth part of their 
radius, we see that during collision the centre of a molecule would describe 
a path equal to 2 x 10""^® cm. at a mean velocity of J x 5 x 10*. Hence the 
time of collision would be about 8 x 10~" sees. The product of this and the 
value given above for p in the case of ultra-red light is 16. 

This is hardly a great quantity in the sense required ; the value of e~^^ is 
about 10~', and since the average molecule undergoes more than 10' collisions 
in a second, it is obvious that the dissipation of energy per second would be 
muchrtoo great to agree with observation. 

^243. On the other hand there is not the slightest evidence that it is 
permissible to assume the molecules to be surrounded by "spheres of 
molecular action" possessing the properties mentioned in § 82. Or, what 
comes to the same thing, if we suppose the molecules to be surrounded by 
such spheres, we must also suppose the amount of interpretation to be 
comparable with the radii of the spheres. If we assume this to be one-half 
instead of one-hundredth part of the radius the time of collision previously 
calculated must be multiplied by 50, and the product of this and p will be 
800 instead of 16. The value of C"*" is about lO""' and it will be seen that 
this is amply small enough to account for the observed slowness of dissipation 
of energy. If we allow 10^® collisions per second, it follows that the trans- 
lational energy will be reduced to e"* times its value in about 10^ seconds, 
or about 10^ years. 

244. At the same time we must notice that even in a gas at an ordinary 
temperature, there will be some pairs of molecules which collide with 
enormously high relative velocities, and for which therefore the time of 
collision is much shorter than we have supposed it to be. Such a collision 
may obviously set up large vibrations in the molecules concerned. 

In expression (45) we found the number of collisions of relative velocity 
between Fand F + dF which occurred per unit time per unit volume to be 



v'a^Aj''^e-^^^^VHV (496). 



The total number of collisions, obtained by integrating this expression 
from F = to F = 00 , was also found to be 



v'a^ 



/2w 
y km' 



Digitized by 



Google 



206 Theory of a Non-Conservative Gots [cbl tk 

80 that the ratio to the total number of collisioDS, of the namber of collisioDs 
for which V is greater than F«, is 

^ e-i^^r-r^dV. (497) 



=/: 



er'xdx 

«6-**"^-^(H-iAmF,«) (498X 

This quantity vanishes with extreme rapidity as V^ increases, so that the 
number of collisions for which V is great forms an extremely small fraction of 
the whole. If, as in § 242, we take (7 = 5 x 10^ we must put 

Am»2§i = 6xl0-". 

Still using the figures of the last two sections, it appears that to obtain a collision 
of duration comparable with that of a vibration of light (p = 2 x lO**), the 
value of F, must be comparable with 2x10' cm. per sea Giving this value 
to Fo and putting Am = 6 x 10~" the value of expression (498) becomes 

120,001 X 6-i«>'«». 

Even if we give to Fo a value ten times as small as this, the value of 
expression (498) is 

1201 X 6-^ (499), 

which is equal to about 10~^, a quantity which is quite negligible for our 
present purpose. 

246. To recapitulate, we have seen that there are two cases of transfer 
of energy to be considered, the first arising from the common collisions in 
which the duration of the collision is great in comparison with the periods of 
vibration of the molecule, and the second from the rare collisions in which 
the duration of the collision is comparable only with that of a vibration. We 
have seen that in the former case the transfer of energy is infinitesimal 
on account of the high frequency of the vibrations, and in the latter case 
the transfer is infinitesimal on account of the extreme rarity of these 
collisions. 

Here, then, we have a sufficient explanation of the slow transfer, and 
consequently slow dissipation of energy, which is necessary in order that 
a normal state may exist. In this respect the analogy with the two 
mechanical illustrations of the preceding chapter is complete. Our hypo- 
thetical view of the structure of the atom having so far led to a satis- 
factory result, we shall proceed in the next chapter to investigate the 
calorimetry of a gas upon these hypothesea 
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Physical Consequences of Hypotheses. 

246. We shall conclude the present chapter with the mention of a few 
physical considerations which arise from this hypothetical view of the 
structure of the molecule. They have very little bearing on the direct 
development of the Kinetic Theory, PTCftpt in rc^ far as t.hfty tftnH tn 
strengthen the evide nce for the hypotheses o n whic h they rest . 

Ccdcvlation of Temperature of Incandescence. 

247. In § 242, we assumed the value (7=5 x 10^ corresponding roughly 
to air under normal conditions. If, instead of this we had taken (7= 5 x !()• 
corresponding to air at a temperature of 28,000'' C, the value obtained for 
formula (498) in expression (499) would have to be replaced by 

of which the value is about '00008, a quantity which is certainly not negli- 
gible for our present purpose. For if we take the number of collisions 
per second to be 10^^ we find that the translational energy is reduced to 
e"^ times its initial value in about a millionth of a second. We should 
therefore expect a gas at a temperature comparable with 28,000** to lose 
energy with extreme rapidity. Our hypothesis would then lead to the 
prediction of a temperature of incandescence — a temperature, that is, at 
which the loss of energy by radiation becomes perceptible — lying some- 
where between 0° C. and 28,000° C. Stated in this form, the result may 
seem at first sight to be almost worthless as a confirmation of the hypothesis 
on which it rests. It ought, however, to be noticed that the hypothesis 
enables us to predict the value of C corresponding to the temperature of 
incandescence to within less than a power of 10 — a result sufl&ciently 
remarkable when we consider the vagueness of the numerical data on which 
it rests. 

Experiments of Schuster and Hemsalech. 

248. The collisions between molecules moving with low velocities will 
give rise to but little radiation for reasons already explained : thos^ between 
molecules moving with high velocities will be extremely rare. Hence the 
greater amount of the radiation will, when the radiation is perceptible, arise 
from the collisions of molecules moving with certain intermediate velocities ; 
and, on account of the rapidity of change of the exponential expressions 
(cf. expressions (492) and (498)) on which the radiation depends, it is clear 
that the velocities will be closely grouped about a certain mean velocity. 
This mean velocity will, as is clear from an inspection of expression (492), 
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depend on the frequency of the particular light-waves under consideration. 
Hence, speaking somewhat loosely, we may say that light of one frequency 
will be emitted mainly by molecules moving with a certain velocity, light of 
another frequency by molecules moving with another frequency, and so on. 
Obviously violet light will in general be emitted by molecules moving fsister 
than those which emit red light. Something of this kind has been 
noticed by Schuster and Hemsalech* in the case of the light emitted by the 
electric arc. The conditions here are of course widely diflFerent from those 
contemplated by our simpler theory, but the cases are sufficiently parallel for 
a comparison to be of interest. The point which is of primary importance is 
that our hypothesis seems capable by itself of accounting for the observations 
of Schuster and Hemsalech: it is not necessary to introduce a further 
hypothesis to the effect that the light-radiating molecules are in a ''special 
state." 

Light produced by heating, 

249. From the considerations just mentioned, it is clear that from our 
hypothesis we should expect that as the temperature of a gas is increased, 
the light first observed would be that of lowest frequency, provided of 
course that this light is the result solely of molecular collisions. This 
prediction cannot be verified by direct observation, for when a gas is heated 
until it emits light, it is not possible to decide whether this light is due to 
molecular collisions only or to chemical or electric action. But the analogous 
phenomenon in the case of a solid is one of everyday observation, and 
there is no reason to suppose that the behaviour of a gas would not be 
similar. 

In connection with the radiation from heated gases, the experiments of 
Paschenf and others must be mentioned. It has been found that when 
certain gases (e.g. H2O, CO,) are heated, there is an emission of rays of 
definite wave-length, this wave-length being many times greater than that 
of ultra-red light. 

Light produced by Electric Action, 

250. When a gas is radiating light the emission seems to be produced, 
in almost all cases which can be examined in the laboratory, by chemical or 
electrical action J. 

♦ Phil Tram. A. ozom., p. 189. 

t See a paper by Paschen (Wied. Ann. l. p. 409) for a smnmary of evidence on tliis question. 

X Pring^eim {Wied. Ann. xlv. p. 428) is of opinion that no light is ever prodnced in gases 
by coUisions alone. This view is contested by Paschen (Wied. Ann. l. p. 409) and Smithells, 
PhU. Mag. [5], zxxvii. p. 244. See also Pringsheim, Rapports prisentit au Congrb$ InUmatumal 
de Phytique, Paris (1900), p. 100. 
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In the former case, if light can be caused at all by chemical action 
independently of electrical action, the direct cause of radiation is pre- 
sumably the vibratory agitation of the atoms produced by the disruption 
of molecules. 

Our knowledge of light emitted by a gas on account of electrical action, 
as for instance the well-known light of the vacuum tube, is at once more satis- 
factory and more definite. The cause of radiation seems to be the vibrations 
of the atoms caused by their being bombarded by free corpuscles. 

Let us apply the considerations of this chapter to the collisions which cause 
this radiation. The mass of a corpuscle is, to within a few per cent., equal 
to about 7^ of that of the hydrogen atom. Hence if we assume, as a pre- 
liminary hypothesis, that the corpuscles take up velocities in their motion 
equal to those which would be possessed by the molecules of a gas of masses 
equal to those of the free corpuscles, then the value of (7, as will be seen 
from the table on p. 113, which corresponds to a temperature of 100'' C, 
will be about 7 x 10* cm. per sec. The ratio of this velocity to the radius 
to an atom is 7 x 10", a ratio which is therefore comparable with, although 
not equal to, the frequency of light vibrations. 

In many cases, however, the velocity of the corpuscles will be due to the 
action of an electric field. For instance in a vacuum tube in which the 
gas is hydrogen at a pressure of 2 mm., the free path (cf. § 8) is of the order 
of magnitude of ^ mm. If we assume a fall of potential of 40 volts per cm., 
the fall on the free path is \ volt, or 25 x 10* C.G.S. (electromagnetic) units. 
The velocity v at collision is therefore given by 

imt;» = 25 X 10« X 6, 

and on taking c/m =» 10^ we obtain v = 22 x lO'. The ratio of this to the 
radius of the hydrogen atom is 2'2 xl(P», a number sufficiently large to be 
comparable with the frequency of even violet light. 

In this way we see that the emission of light as the result of electric 
action is possible either when the free path is large, as in a vacuum tube, or 
when the electric intensity is great, as in the electric arc. 

It therefore appears that our theory would almost enable us to predict 
the emission of light which is produced by electrical action : at any rate 
its consequences are fully in accordance with this observed emission. 



U 
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CHAPTER X. 

THEORY OF A NON-CONSERVATIVE GAS (oonhnubd). 

Calorimetbt. 

261. We have seen that the hypothesis upon which we have been 
working leads to a possible explanation of the difficulties connected with 
the dissipation of energy. This hypothesis therefore puts us in a position 
to continue the investigation into the behaviour of a gas, at the point at 
which we had to abandon it before (Chapter VII.). We shall accordingly 
attempt to investigate the calorimetry of a gas with, the help of this 
hjrpothesis. Naturally the results obtained will give us further evidence 
as to the tenability or the reverse of the hypothesis in question. 

Calculation of subsidiary temperatures. 

262. We have found that so long as a gas is at a temperature 
comparable with the temperatures we find on this planet, or which we can 
reproduce in the laboratory, the transfer of energy from the principal 
degrees of freedom to the vibratory degrees of freedom is extremely slow. 
If, then, Ti, T, ... are the subsidiary temperatures corresponding to these 
vibrations, we shall have an equation for the change in r^ of the form 

^ = tf,-26,T, (600), 

where tf, is the rate of increase of Ti caused by collisions. 

The number of collisions of aay specified kind which occur per unit of 
time is proportional to the squai-e of the molecular density of the gas, so 
that the consequent increase in Ti is proportional simply to the density. 
For the rest, since the subsidiary temperatures are small compared with the 
principal temperature, the value of 6^ may be supposed to depend solely 
on this principal temperature. We may therefore take ^i to be of the form 

e.^vUT) (501). 
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In the normal state -^, -^ ... vanish in comparison with Ti, Tq ... so that 

from equations (500) and (501) 

2€Tx = tfi = i/<^x(^etc (502). 

Or,writing/,(r)for^, 

T. = i/,(T) (503). 

etc. 
These equations give the subsidiary temperatures as functions of the 
principal temperature and the molecular-density of the gaa 

An illustration of these equations has already been obtained in 
equation (469). 

263. There is, however, a second standpoint from which we may attack 
the problem of obtaining equations for the subsidiary temperatures. Up to 
the present we have taken full account of the dissipation of energy which is 
caused by radiation into the ether, but we have not followed this energy any 
further after it has once been transmitted to the ether. If we are dealing 
with a thin layer of gas isolated in space, this procedure will probably give 
an adequate representation of the facts of the case. The energy is merely 
radiated away from the gas, and since there is no way by which it can 
return, its existence need not further trouble us. 

264. Suppose, on the other hand, that the gas is enclosed in an ideal 
vessel, of which the walls are perfect reflectors, and are therefore absolutely 
incapable either of transmitting or absorbing energy. The total energy 
inside this vessel must remain constant, so that the energy radiated out 
by the gas accumulates in the ether. It is now necessary to consider the 
possibility of a retransference of energy from the ether to the matter. 

The energy lost to the gas by dissipation from a vibration of frequency p 
will exist in the ether in the form of trains of waves of frequency p. Such 
a train of waves falling upon a second molecule will be represented by a 
force-function, simply-harmonic as regards the time and of frequency j[>, acting 
upon the coordinates of the molecule. From the analysis of the last 
chapter (p. 201) it is clear that this train of waves will **force" vibrations 
in the molecule of frequency p, if such vibrations are possible, but will have 
only an infinitesimal eflFect upon vibrations of other frequencies. Thus the 
only perceptible transfer of energy fix)m the ether to the vibratory energy of 
the gas will be a transfer of energy represented by waves of one definite 
period to vibrations of the same period. This, of course, is fully in agree- 
ment with the results of spectroscopy, as shewn by absorption bands in 
the spectrum. 

14—2 
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In discussing the transfer of energy from the ether to the translational 
energy of a gas, we are dealing with the phenomenon known as the "pressure 
of radiation." From electrodynamical considerations, it can be shewn that 
a transfer of this kind will actually occur, and this again is fully in agreement 
with the results of observation — as, for instance, the fact that the air is 
warmed by sunlight. 

To attempt to represent this mathematically, let us suppose that the 
aggregate energies in the gas represented by the temperatures T, Ti, t, ... 
are respectively ST, «iTi, ^jTj... etc., so that 8, «i, «i... are each pro- 
portional to 1/. Let us suppose that the wave energies in the ether of 
frequencies equal to those of the vibrations Ti, T2... are Ei, E^,... Let us 
suppose further that the ether-energy Ei increases the value of t, at a rate 
^lEi and the value of T at a rate X^E^y the quantities fi, X^ being of course 
independent of v. Then, if we neglect all the energy in the ether except that 
of definite trains of waves, we shall have equations of the forms 

etc. 
|^=-J(«i^i + «A+...) + (^i^i + ^2^9+-..) (505), 

for the changes of material energy, and for the changes of the energy of the 
ether, equations of the forms 

^' = 2€AT,-«ifi^,-/SfZx^x, etc (506). 

From these equations we obtain at once 

|(«iTa + «2Ta-h... + /Sfr + ^i + ^,+ ...) = (507), 

expressing that the total energy remains unaltered. 

266. There is now possible an absolutely steady state, the mathematical 
expression of which is obtained by equating to zero the right-hand side of 
every equation from (504) to (506). These equations, however, are not 
independent, in virtue of equation (507). We may therefore omit one 
equation, let us say (505). We are left with equations of the types 

26ATx-«xfi^i->SfZ,^x = 0j ^ ^' 

the remaining equations being obtained by replacing the suffix 1 by 2, 3 ... 
Solving the pair of equations (508), we obtain 

El Ti 61 



2€A «ifi + /SiZi 2€AZi 



.(509), 
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and similar equations for the other suffixes. If we replace 6i by its value as 
given by equation (501), we obtain 

2..r. = ^.(l+||j=..^.(T)(l+||) (510). 

and these equations lead to equations which are formally the same as 
equations (503), namely 

T, = i/i(n etc. 

except that/i(T) no longer stands for 

but for 

<^(r)/. ■ s,^,\ 

The value of /i(T), it will be noticed, is as before, independent of v, 
for 8iy Si are each directly proportional to v. 

266. We have now seen that the values of the subsidiary temperatures 
are given by equations of precisely the same form, whether we suppose 
(i) that all the energy which passes into the ether is lost to the gas, or 
(ii) that all the energy is reabsorbed by the gas. It is therefore pretty 
obvious that the equations will also give a fair account of the state of things 
which will arise when part only of the radiated energy is reabsorbed by the 
gas. We shall, accordingly, in the present chapter, investigate the behaviour 
of a gas upon the supposition that the subsidiary temperatures are given by 
equations of the form of equations (503). 

267. Before passing on it may be well to remark that there is a single 
case of failure of these equations. This occurs when Xi = 0, and fi is not 
equal to zero, for then the value of t, given by equation (510) becomes 
infinite, suggesting that, in arriving at this equation, it is no longer 
legitimate to regard Ti as small. The physical interpretation of this case is, 
however, obvious. The combined energies Ei and Ti can continue to gain 
energy through collision at the expense of T, but have no opportunity of 
losing energy, until Tj becomes comparable with T. When this stage is 
reached energy can be repaid through the medium of collisions. The final 
stage is one in which the exchanges of energy produced by collisions are 
exactly balanced. This will be seen to be a state in which the material 
energy is equally divided between the diflFerent degrees of freedom, while the 
energy of the ether stands in a definite ratio to the material energy, the 
absorption exactly balancing the radiation. 

This state, however, is not likely to occur in nature. It requires in the 
first place that the energy of the ether shall produce absolutely no effect on 
the translational energy of the molecules, and in the second place that the 
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reabsorption of vibratory energy shall be perfect Even if the first con- 
dition is satisfied, while only a definite fraction tc of the radiated energy is 
reabsorbed, it will be seen that the equations of § 252 are still true, except 
that € must be replaced by £(1 — tc). 

The Total Energy of a Molecule, 

268. In the expression for the energy of a molecule of the gas, there 
will be momentoids other than those corresponding to the small vibrations 
we have been considering. The most obvious instance is that of the energy 
of rotation, which will be responsible for three momentoids. 

If we consider the simplest case of molecules represented by perfectly 
symmetrical, smooth and elastic spheres, it is clear that these three 
momentoids do not enter at all into the dynamics of the gas. A collision 
cannot alter the rotation of the molecules, and the whole behaviour of the 
gas is exactly the same as if these rotations were of zero amount throughout, 
i.e., the same as if the three corresponding momentoids were ignored 
altogether. In nature, it is possible that we have to deal with very approxi- 
mately spherical molecules, but we may be sure that the perfect conditions 
postulated for the ideal elastic spheres will not occur. If the molecules are 
approximately spherical, it is clear that only very small rotations will be 
set up by collisions. If, then, we suppose that rotations are accompanied by 
dissipation of energy, the momentoids which represent the energy of rotation 
may be supposed governed by a subsidiary temperature. 

If the molecule is of a shape far removed from spherical symmetry, it is 
clear that the transfer of energy from translational to rotational energy at a 
collision will be comparable with the whole energy of the molecule. In this 
case the rotation will be governed by the principal temperature, if the 
radiation from the rotation is nil or is very small If this radiation is not 
very small, the dissipation of energy from the gas will go on with great 
rapidity, a condition which need not be discussed since it obviously does not 
occur in nature. 

The potential energy of the molecule must also be taken into account. 
The small vibrations will result in changes of potential energy, but these 
may be represented by terms of the second degree in the coordinates, and 
may therefore be regarded as momentoids. The potential energy of any 
small vibration, averaged over a su6Bcient time, is equal to the kinetic 
energy averaged over the same time, so that the potential energy of these 
vibrations will be governed by subsidiary temperatures, these being the same 
in every case as for the kinetic energy. 

We therefore suppose the total energy of the molecule to consist of 

(i) the energy of translation, proportional to the principal temperature ; 
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(ii) the energy of n other momentoids {e.g, momentoids of rotation) also 
governed by the principal temperature ; and 

(iii) the energy of various degrees of freedom, governed by subsidiary 
temperatures Ti, t, ... . 

General Equation of Calorimetry. 

269. We now examine the calorimetry of such a gas, without at 
present making the simplifying assumption that the gas obejrs Boyle's 
Law. 

The general equation of calorimetry is, as before (equation (391)), 

dJ&^Rvi,Tdv^NdE (511), 

where i^ is the molecular density at an imaginary boundary, and E is the 
mean value of the energy of the molecules. The value of the mean energy 
is, irom equations (467), 

^ = ii2{(n + 8)r+T, + T,+ ...l (612). 

Instead of equation (511), the equation of calorimetry can now be written 

d(a = iii/5rdt; + i-Arie{(w + 3)dr+dTx + dT,+ ...} (613), 

and on division by T 

^=Rv,dv^■\NR{n^.Z)^+\NR^+^■\■ ..)^ (514). 

On the right-hand side the terms -^, -^ axe not perfect diflferentiab, 

so that there is no theorem corresponding to that of § 187 (the Second Law 
of Thermodynamics) when the energy of subsidiary temperatures is taken 
into account. 

Specific Heat at Constant Volvme, 

260. To find C^, the specific heat at constant volume, we suppose that a 
quantity dilk of heat is absorbed by the gas, while the volume remains constant. 
In this case equation (613) assumes the form 

d&^^NR[in + S)dT+dr, + dT,+ ...] (516), 

in which, since Tj =» vfj (T) etc., we have 

dr, = vf'{T)dT. 
Putting dffi = C^JNmdT we obtain 

a = i;^{n + 3 + ,;(//(T)+/;(r)+...)} (516). 

It therefore appears that (7, is, in general, a function of the temperature, 
but that it may be regarded as constant at temperatures at which the gas 
is not incandescent. The value of (7,, we notice, is in no way affected by 
deviations from Boyle's law. 
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Specific Heat at Constant Pressure. 

261. To find Gp, the specific heat at constant pressure, we suppose that 
the absorption of heat takes place while the pressure of the gas is maintained 
constant. The relation dp = will lead to a relation between dT and dv, 
which must be substituted in equation (514). 

If we assume for p the form obtained in Chapter VI., namely 

it is clear that the resulting equation will be one of extreme complexity, and 
the results will be so complicated as to be unintelligible. Let us, then, 
simplify the pressure equation by dropping the cohesion factor and assuming 
the relation 

p^VbRT. (517), 

leaving aside for the present any discussion of the exact meaning of this 
procedure. The relation connecting volume and temperature when the 
pressure is kept constant is now d(vbT) = 0, and this may be written 

dT _ dvh_ dv 
T^^vj,'^ (dv 



Using this value for dv, and writing from equation (503) 
dr,=MT)dv + vfaT)dT, 

-'-^MT)dv + p/,'{T)dT. 

we find that equation (513) becomes 

di& = dv\Rpa-h^{MT)+M^ + -) 

+ iNRdT{n + 3 + v(/,'(T)+/,'iT) + ...)}^ 

+ ii\riJ{n + 3 + ..(//(r)+/.'(2')+ ...)}}. 
The value of d® is now CpJNmdT, so that 

^^ = 72^ {d(W) "^ * ^ 3^ ^' ^^^ ■*■ • ■ '^ 

+ ^N{n + 3 + v(/aT) + ...)}} (618), 

and it is clear from equations (616) and (518) that the quantities Op, C„ Cp—C, 
&xid CplC,('By) are no longer constants when the subsidiary temperatures 
are taken into account. 
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Specific Heats when Subsidiary Temperatures are neglected. 

262. If we neglect subsidiary temperatures, the values of the specific 
heats assume the simple forms 

C, = i^(n + 3) (519), 



c.-i^{(.+3).i/i(i)} im. 



The quantities Cp, Cp — C^ and 7 accordingly depend on the deviations from 
Boyle's law. 

If we expand 1/5 as far as the first order of small quantities in the form 

N 
Vf, = — -T , where 6 is the 6 of Van der Waals' equation, 

d /1\ 1 d . ,, 1 

and equation (520) becomes 

Cp = i^(n + 6) (521). 

SO that as far as the first order of small quantities the quantities Cp, C^, and 
of course also their difference and their ratio, become constants. The value 
of 7 is now 

'=i-*4? <''^^>- 

These results are exactly those which would be obtained if the molecules 
possessed no energy except that of the (n + 3) momentoids governed by the 
principal temperature. 

Experimental Values. 
Values of (7„. 
263. With the help of the formula 

it is easy to deduce the value of n, from observations on the value of C^. 
The value of / is known, to within sufficient accuracy for the present purpose, 
to be 

/= 4-22x10'. 

The value of R/m has already been tabulated for a number of gases (p. 113). 
Hence we obtain the following table : 
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[CH. X 



Values op 0^, at 0** 0. 



Gas 


C« (observed) 


Authority 


MeanC. 


1 R 
2Jm 


n+S 


Hy<irofir6D . . . t . . . * . 


2*4269 


Wiillner* 


2-4269 


-489 


4-96 


Nitrogen 


0-1738 


Wiilhier 


01738 


-0349 


4-98 


Ethylene 


0-2782 
0-2701 


WUUner 
Wiedemannt 


0-2741 


-0349 


7-85 




Carbon monoxide 


0-1732 
0-1729 


Wiillner 
Wiedemann 


01730 


•0350 


4-94 


Air 


01701 
01690 


WUUner 
Wiedemann 


0-1695 


•0340 


4-99 




Nitric Oxide 


01665 


Wiilhier 


0-1665 


•0329 


506 


Oxycren 


0-1563 
0-1466 
0-1489 


Wiillner 
Wiillner 
Wiedemann 


01563 
01477 


•0308 
•0224 


5-08 
6-60 


Carbon dioxide... 


Nitrous oxide ... 


0-1453 
0-1513 


WiiUner 
Wiedemann 


0-1483 


•0224 


6-62 



The values of C„ given in the first column are not obtained by direct 
observations on (7„, but have been arrived at by using experimental values of 
Gp in combination with the known value of either the ratio or diflference of 
the two specific heats. There is only one method of determining C„ directly, 
namely by the use of Joly's steam calorimeter, and the results of these 
experiments are hardly suitable for our present purpose. 



Values of Op. 
264. Since we have obtained the formula 

it appears that this table contains material for the calculation of Cp. It is 
of interest to calculate Cp in this way, and to compare the results with those 
obtained by direct experiment. This is done in the following table, the 
experimental values being Regnault's values as quoted in a table in Travers' 
Study of Oases, p. 267. 

* M^er, Kinetic Theory, p. 295. 
t ihid. p. 298. 
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Values of C, at 0° 0. 



Gfts 


MeanC, 


R 
Jm 


Cp (calo.) 


Cp{0b8.) 


Hvdroffen 


2-4269 
0-1738 
0-1730 
01695 
0-1665 
01563 
0-1477 
01483 


•978 
-0698 
•0700 
,(^680 
»(^658 
«(^16 
^448 
•CP448 


3-405 

0-2436 

0-2430 

0-2375 

0-2323 

0-2179 

0-1985 

0-1931 


3-4046 
0-2440 
0-2479 
0-2374 
0-2315 
0-2182 
0-2164 
0-2238 


Nitrogen 


Carbon monoxide 
Air 


Nitric oxide 

OxYGren 


Carbon dioxide... 
Nitrous oxide ... 



It will be seen that the agreement is good, except in the case of the last 
two gases. Since, however, C, was only arrived at by using an observed 
valae of Cp, the agreement means little more than that various disturbing 
factors, such as the deviation from Boyle's Law, are of small importance. 
These deviations are allowed for in calculating the values of G, given in the 
former table, but are not allowed for by our simple theory. 



Vaiiies of 7. 

266. The last table suggests the possibility of calculating the ratio y 
(— Cp/Cf) from the first and last columna In the following table y is 
calculated in this way, and is compared with various observed values of 7, 
determined for the most part directly by methods depending on the velocity 
of sound or adiabatic expansion, and not on the separate values of Cp and (7«. 
The observed values are largely taken from Meyers Kinetic Theory, p. 125, 
and Travers' Study of Gases, p. 277. The values ascribed to Lummer and 
Pringsheim are from a paper in WiecL Annalen, LXIV. p. 565. 
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[CH. X 



Values of y. 



Gas 


7(ob«erved) 


Anthoritj 


Mean 


y (oalc.) 


Hydrosen 


1-394 


Dulong 
Masson 






^ ^^ o**"* • 


1-406 


1-402 


1-403 




1-408 


Lummer & Pringsheim 






Nitrogen 


1-405 


Masson 


1*406 


1-404 


Carbon monoxide 


1-403 


WUUner 




1-410 


Dulong 


1-409 


1-433 




1-413 


Maflson 






Air 


1-4004 


Lummer & Pringsheim 
Rdntgen 








1-4063 








1-4063 


WiUlner 


1-4061 


1-406 




1-4106 


Eaysir 








1-4040 


Leduc 






Nitric oxide 


1-394 


Masson 


1-394 


1-390 


Oxysen 


1-398 


Lummer & Pringsheim 
Dulong 
Muller 






•^ o^»* • 


1-402 
1-403 


1-402 


1-396 




1-406 


Masson 






Carbon dioxide... 


1*266 
1-277 
1-292 


MUUer 
Masson 
Lucchi 








1-300 
1-306 


Lummer & Pringsheim 
ROntgen 


1-300 


1-466 




1-308 


Capetick 








1-311 


WUlhier 








1-326 


Dulong 








1-319 


Leduc 






Nitrous oxide ... 


1-270 


Masson 








1-311 


Wfillner 


1-304 


1-609 




1-331 


Dulong 







We again find that the agreement is excellent except in the case of the 
last two gasea 
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The following table gives the values of 7 for some other gases, which are 
of interest : 



Values of 7. 



Oas 



Mercury 

Krypton 

Helium 

Argon 

Hydrochloric acid 

Chlorine 

Ethylene 



7 (observed) 



1-666 
1-666 
1-662 



64 
61 

392 
394 
-398 

323 
336 



1-228 



264 
245 
243 
260 



Authori^ 


Mean 


Kundt & Warburg 


1-666 


Rayleigh & Ramsay 


1-666 


Travers 


1-662 


Rayleigh 
Ramsay 


1-626 


Masson 




Sirecker 


1-396 


MiOler 




Sirecker 
Martini 


1-329 


DuloDg 




Capstick 




WUllner 


1-248 


MUller 




Masson 





Valtiea of n. 

266. When we know the value of 7, it is obviously possible to calculate 
the value of n from the formula 

2 



7 = 1 + 



n + 8' 



This has been done in the following table of values of (n + 3). The 
values of (n + 3) obtained from Cp and (7, separately (pp. 218, 219) are given 
for the sake of comparison. 
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Values of n + 3. 



[CH. X 



Gas 


Galoulated 
from mean 7 


Galoulated 
from mean Oy 


ftrom Cp 


Mean 




3-00 
3-00 
3-07 
3-20 
4-98 
4-94 
4-89 
4-96 
5-08 
4-98 
6-06 
6-08 
6-67 
6-58 
806 


4-96 
4-98 
4-94 
4-99 
5-06 
5-08 

6-60 
6-62 
7-85 


4-96 
4-99 
6-01 
4-98 
5-04 

7-66 
7-69 


3-00 
3*00 
3-07 
3-20 
4-97 
4-97 
4*95 
4-97 
6-06 
6-05 
606 
608 
6-98 
6-96 
7-95 


ELrvDton 


Holium ...tt.. ........... 


Areon 


Hvdroffen 


Nitrogen , 


Carbon monoxide ... 
Air 


Nitric oxide 


Oxvsen 


Hydrochloric acid ... 
Chlorine 


Carbon dioxide 

Nitrous oxide ......... 


Ethylene 





Discussion of Results. 

267. If the experimental values were entirely trustworthy, and if our 
theory had taken a complete account of the physical conditions, the values 
obtained for n by all the three methods ought to be the same, and these 
values ought to be exact integers in every case. 

Approximately this is so, although the divergencies from the values 
indicated by theory are sufficiently marked to be noticeable. Undoubtedly 
this is partly due to the inaccuracies of experiment For instauce in the 
case of oxygen the values of n + 3 calculated from the observed value of 
(7« and Cp are each 5*08, so that the discrepancy between this value and the 
value 4*98 obtained by calculation from direct observations of 7 cannot be 
laid to the charge of the Kinetic Theory, but must be attributed to 
imperfections of observation. It is, in general, very much easier to obtain 
good experimental values of 7 from observations on the velocity of sound, 
than by finding G^ and Cp separately, so that the values of n + 3 in the first 
column of the table ought to be given more weight than those in the 
other columns. 

We shall find it convenient to discuss first the meaning of the values 
found for n on the supposition that they are exact integers. 
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Monatomic Chises. 

268. There are four gases in the table, namely mercury, krypton, helium 
and argon, for which we may take n+3 = 3, corresponding to the value 7 »1}. 
For these gases, then, we have n^O; and since n is the number of degrees 
of freedom, other than those of translation for which the energy is governed 
by the principal temperature, the result that n » must be interpreted to 
mean that the whole energy of the molecules of these gases is translationaL 
This can only occur if the molecules of the gas are very approximately 
spherical in shape, and spherically symmetrical as regards internal structure. 
For if this were not so, an appreciable fraction of the translational energy 
of a molecule would be transformed into rotational energy at each collision. 
Now if on the one hand we' assume the dissipation of rotational energy to be 
slight, this would be inconsistent with the value 7 — 1); while if, on the 
other hand, we do not assume the dissipation of rotational energy to be slight, 
it would be inconsistent with the observed slowness of loss of energy by the 
gas as a whole. We conclude then that the molecules of these substances 
are spherical. It follows that the molecules of the gases in question cannot 
be composed of two or more atoms, and we therefore conclude that the 
substances are monatomic. This is the view generally accepted by chemists. 
It rests primarily, at any rate in the case of krypton, helium and argon, 
upon the observed value of 7, but it accords well with the known 
chemical inertness of the substances. The Eanetic Theory, then, suggests 
the additional information that the atoms of these elements are spherical 
as regards both shape and internal structure. 

269. After w + 3 = 3, the next possible value forn + 3 allowed by theory is 
n + 3 = 4, corresponding to the value 7 = 1 J. In the table there is no gas for 
which n+3=4, and there is no gas known for which 7 = 1 J, even approximately. 
This, however, upon closer examination is seen to be additional confirmation 
of the truth of the theory. As a matter of geometry, a body, if not spherical, 
can either have one axis of symmetry, in which case its surface is a figure of 
revolution, or none at all. In the former case the energy of one of the 
three momentoids of rotation may be small; in the latter case none of these 
three energies can be small. It is impossible for the energy of two of the 
three momentoids of rotation to be small, while the third is not small. 
Thus a molecule for which n= 1 is impossible, and therefore the value 7= li 
is shewn by the Kinetic Theory to be an impossible one for any element. 

Diatomic Oases, 

270. After n + 3 = 3, then, the next possible value is n + 3 = 5, giving 
7 = If, and corresponding to a molecule possessing symmetry about an axis, 
as regards both shape and structura From the table it appears that n + 3 
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and 7 have very approximately these values in the case of air, of the elements 
hydrogen, nitrogen and oxygen, and of the gases CO, NO and HCl. These 
molecules are all diatomic, so that the structure which our theory indicates is 
fully in agreement with what we should expect. A molecule symmetrical 
about an axis as regards both shape and structure would obviously be 
formed by the conjunction of two spherical atoms. It might also conceivably 
be formed by two atoms which were themselves not spherical but each 
symmetrical about an axis, the axes coinciding with that of the molecule 
as a whole. The original shape of the atoms, whether spherical or not, will 
possibly be lost when the atoms are placed under the influence of each other's 
forces, but there is nothing to destroy the symmetry about the single axis of 
figure of the whole molecule. 

More complex Gases, 

271. The next value possible is n + 3 = 6, giving 7 = 1 J. This is 
obviously the value which ought to be found for a gas in which the molecules 
may be regarded as rigid bodies, having no axis of symmetry. We might 
reasonably have expected all triatomic molecules and molecules of higher 
atomicity to be of this type. 

It is, however, quite clear from experiment that for many gases the 
value of 7 is very much lower than 1^. In other words, the molecules of 
many substances must not be regarded simply as rigid bodies, for the 
energy of internal motion is comparable with the energies of translation 
and rotation. 

272. Various attempts have been made to connect the values of n and 7 
with the number of atoms in the molecule. Naumann*, for instance, 
suggested that n is identical with the number of atoms in the molecule, 
while J. J. Thomson f suggests that in the special case of a symmetrically 
arranged molecule, n + 3 may be found to be proportional to the number 
of atoms in the molecule. 

The experiments of CapstickJ have, however, shewn quite conclusively 
that no general law can be expected to relate 7 with the number of atoms, 
independently of the nature of the atoms. For instance, he finds the follow- 
ing values for the methane derivatives : 







1 


n + 3 


Methane 


CH, 


1313 


6-4 


Methyl Chloride 


CH,C1 


1-279 


7-2 


Methylene Chloride 


CHgCl, 


1-219 


9-0 


Chloroform 


CHCl, 


1154 


13-0 


Carbon tetrachloride 


CCl, 


1130 


15-4 



* Annalen der Chemie, czliii. (1867) p. 284. 

t Watt$* Dictionary of Chemistry, i. p. 89. 

t PfUl. Tram, olxxzti. (1895) p. 564 ; clxxxy. (1894) p. 1. 
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Thus the introduction of the series of chlorine atoms increases n very 
perceptibly at every step. 

A similar result was obtained by Strecker*, who shewed that hydro- 
chloric, hydrobromic, hydriodic acids all have approximately the same values 
as hydrogen, namely 

7 = 1-4, 71 + 3 = 5, 

while for chlorine, bromine and iodine, the values are approximately 
Chlorine 7=1-333 n + 3 = 6 

Bromine, Iodine 7 = 1293 n + 3 = 6-8. 

Similarly for the iodides of bromine and chlorine. 

Bromine iodide 7=1 '33 n + 3 = 6 
Chlorine iodide 7 = 1*317 n + 3 = 6-3. 

From these figures it appears that one halogen can be put in the place 
of hydrogen without producing any difference in the values of 7 and n, but 
that the substitution of the second halogen atom causes a marked increase 
in n. Capstickf finds a similar phenomenon in the case of the paraffin 
derivatives. In general the second chlorine atom introduced into the mole- 
cule causes a large change, although the first may or may not do so. 

These facts will probably shew that the problem of determining a 
relation between the value of n and the structure of the molecule is one of 
extreme complexity, and moreover that it is a problem for the chemist rather 
than for the mathematician. 

Non-integral values for n. 

273. A question which is still standing unanswered, is that of why the 
values found forn + 3 are not exactly integral. Now in deducing the result 
that this value ought to be integral, we have throughout supposed the gas 
to consist of exactly similar molecules, whereas it is known that gases may 
be partially in a state of dissociation or molecular aggregation. A gas 
which is partially dissociated may be regarded as a mixture of the non- 
dissociated gas, and another gas of simpler molecular structure. The 
observed value for 7 will in this case not be one of the series of values 
given by the simple theory, but will be intermediate between the values 
appropriate for the component gases, so that the value of n deduced will not 
be integral. The case of molecular aggregation is similar. Obviously dis- 
sociation, being a tendency towards a simpler structure of molecule, tends 
to raise the value of 7, whereas aggregation, being a tendency towards a 
more complex structure, tends to decrease the value of 7. See. Cv^Atr'SBSL 

* Wied, Ann, xni. p. 20; xvn. p. 86. 
t {. c. ante, 
J. 15 
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Since, then, the amount of dissociation in a gas increases with the 
temperature, the effect of dissociation ought to be to cause the value of 7 to 
decrease with the temperature. At any particular temperature we cannot 
say whether the effect of molecular aggregation or of dissociation is likely to 
be the greater. We cannot therefore say whether the actual value of 7 ought 
to be greater or less than that given by formula (522); all we can feel any 
confidence about is that the influence of both ought to be shewn in a 
decrease of 7 as the temperature increases. This decrease is easily observed 
in the case of large numbers of gases, and so £bu: as I am aware, no gas is 
known in which 7 increases with the temperature. 

The consideration of dissociation and aggregation, combined with the 
imperfection of experimental results, may be capable alone of giving a suffi- 
cient explanation of all discrepancies between theory and experiment. 

274. There is, however, another consideration, which ought to be 
mentioned if only for the reason that it is impossible d priori to say how 
much weight ought to be assigned to it. 

We have assumed that the subsidiary temperatures may be neglected 
altogether, and unfortunately the general argument by which this assump- 
tion was justified may break down in exactly those special cases which are 
of the greatest importance. The essential points of the question are all 
contained in the problem of the loaded spherea We found, in equation (463), 
that the normal state at low temperatures is defined by the relation 

^,;K» = 3€H (523). 

Here K is the energy of translation, and h is the energy of rotation 
about an axis which is almost, but not quite, one of symmetry. The quantity 
)9, which could be regarded as measuring the ease with which rotational 
energy was set up by collisions, was small. Hence for sufiiciently small 
values of k, 6H could be small, and the dissipation of energy was small. 
In the case in nature to which this is analogous, j8 is small on account of the 
approximate symmetry about the axis, so that eH can be small, in agreement 
with observation. But there is no evidence that € is not very small : indeed 
the evidence points rather in the other direction, for we have already 
supposed 6 to be very small as regards rotations about axes perpendicular 
to the axis of symmetry. Thus it is possible that instead of equation (523) 
being satisfied by the simultaneous smallness of fi and H it may be 
satisfied by the simultaneous smallness of P and e. This is quite con- 
sistent with the observed smallness of dissipation: it affects the argument 
of § 232 in that instead of the equation for the normal state being equation 
(523) it will be 

i8i;K»(l-i^) = 3€H (524X 
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and h/k is no longer a small quantity. Hence we cannot safely neglect 
those particular subsidiary temperatures which measure energy of rotation 
about an axis of symmetry. 

If we suppose H to be comparable with k in equation (524), the value of 
H in the normal state is given by 

■^26 



1+ 3^ 



so that H and K may be in any ratio. 

In general when a subsidiary temperature cannot be neglected, it is clear 
that the value of 7 obtained after taking account of the influence of this 
subsidiary temperature must be expected to vary with T. 

Neglecting the deviation from Boyle's Law, we may replace vi, by i/, and 
then obtain trova equations (516) and (518), 

2-J(/,(r)+/,(r)+...) 
'y = i+(„+3)+.(/A7)+/,^(i^+...) <^2^>- 

Since /,(r),/4(r)... and /,'(r), /,'(?) are positive and increase with T, 
the value of 7 given by this equation will be smaller than the corresponding 
value given by the formula 

•^=^ + 7^+3' 
and will decrease with the temperature. 

276. We have now found two causes which ought to combine in 
producing a decrease in the value of 7 as the temperature increases. Also 
we can see that the amount of variation in the value of 7 ought to be 
greatest for gases in which the value of 7 is furthest removed from the 
values of the form 

given by simple theory. 

These conclusions are fully borne out by experiment. It is impossible to 
quote the whole experimental evidence. The two following results due to 
Leduc* may be taken as illustrations: 

Gas 7 at 0°0. 7 »t IWC. 

Air 1*4040 1*4031 

Carbon Dioxide 13190 1-2827. 



Ledao, Cotnptei Rendui, oxxvn. p. 661. 



16—2 
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Further experimental data will be found in Meyer's KineUc Theory of 
Oases. 

276. There are two further complications which ought to be mentioned, 
although it seems probable that the magnitude of their effect must be 
considered small in comparison with those just discussed. 

We have assumed that it is legitimate to neglect the cohesion-factor. 
This is certainly not negligible as regards its influence on the boundary- 
pressure and ought therefore to be taken into account in the calculation 
of Cp. On the other hand, it seems improbable that it could affect the value 
of 7 to an extent comparable with the difference between the observed values 
of 7 and those given by assigning integral values to n. 

277. In discussing the values obtained experimentally for 7, it ought 
to be remembered that most of these values have been obtained indirectly 
by observation of the velocity of propagation of sound through the gas in 
question. Now in arriving at Laplace's value for the velocity of propagation 
of sound in a gas *, it is assumed that the ratio of the two specific heats of 
a gas has a definite value, 7, which depends solely upon the nature of the 
gas. This of course amounts to assuming the hypothesis of § 200, namely 
that the mean internal energy of a molecule bears, at every instant, a 
constant ratio to the mean energy of translation. 

After the lapse of infinite time, a gas tends to assume a steady state 
in which the two mean energies may be, as we have seen, supposed to bear 
to one another this constant ratio ; but the case is different with a gas in 
which the value of one of the quantities in question is continually caused 
to vary owing to the passage of a wave of sound. For the mechanism 
by which the balance of energy is adjusted cannot be supposed to work with 
infinite rapidity, so that the ratio in question will never have the actual value 
which must be assigned to it in order to arrive at the Laplacean velocity of 
sound. The question as to whether or not this want of steadiness in the 
ratio of the two energies is sufficient to influence appreciably the trans- 
mission of sound, is therefore seen to be one requiring investigation. 

A full investigation of this question is reserved for a later chapter. For 
the present, we may notice that since there are about 3 x 10* collisions per 
molecule per second in normal air, and 3 x 10* vibrations per second for 
sound of average pitch, therefore each molecule must undergo about lO' 
collisions for each wave of sound. It therefore appears that there will be 
ample opportunity for an approximate adjustment of the ratio of different 
kinds of energy. We should accordingly expect the value of 7 to have very 
approximately the same values, whether calculated from the velocity of 
sound ot by direct methods. 

* Lord Bayleigh, Theory of Sound, § 246. 
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CHAPTER XI. 

FREE PATH PHENOMENA. 

Calculation of the Free Path. 

278. In the problems which have so far been discussed, it has hardly 
been necessaiy to consider the dynamics of individual collisions at all. We 
now approach a class of problems of which the treatment must be made to 
depend mainly upon the occurrences at individual collisions. It is obvious 
that we cannot hope to get results of the same degree of accuracy as before, 
for the results will depend upon the details of occurrences at collisions, and 
of these we know almost nothing. The present chapter deals with some 
problems connected with collisions and free paths in a gas, the molecules 
being assumed for this purpose to be elastic spheres. 

Length of mean Free Path. 

279. In § 30 we gave a calculation of the mean free path in a gas. We 
shall now give a more detailed investigation applicable to the free paths of 
molecules in a mixture of gases, the molecules of the dififerent gases being of 
different sizes, and shall at the same time examine the correlation between 
the velocity of a molecule and its probable free path. * 

We shall suppose the constants of the molecules of different types to be 
distinguished by sufl&xes, those of the first type having a suffix unity 
(vi, mi, (Ti ...), and so on. 

We shall also require a system of symbols to denote the distance apart 
at collisions of the centres of two molecules of different kinds. Let these be 
8u, Suy S„, etc., 8pq being the distance of the centres of two molecules of 
types p, q when in collision. Obviously, then, 

£fu = i (cTi + era), Su^a-i. 

280. Consider a molecule of the first kind, having a velocity c of which 
the* components are u, v, w. The chance of collision per unit time with a 
molecule of the second kind having a specified velocity is equal to the 
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probable number of molecules of this second kind in a cylinder of base irS^^ 
and height F, where V is the relative velocity of the two moleculea If c and c' 
are the resultant velocities of the two molecules, and if these velocities 
are inclined at an angle ^, the value of F is given by 

F» = (^ + c'«-2cc'cos<^ (526). 

The number per unit volume of molecules of the second kind moving with 
a resultant velocity intermediate between c' and c' + dc' is 



^TTv.^^e-^^^c'^do' (527). 



These are moving in all directions equally, so that the proportion for which 
the direction makes an angle intermediate between ^ and <f> + d<f> with that 
of the fii*st molecule is 

^ sin (fxiif). 

Multiplying expression (527) by this factor we obtain for the number per 
unit volume of molecules of the second kind for which the velocity is such 
that c', <f> lie within limits dc\ dij), 



27ri;a y/ ^^%-*"'«^* sin <^d^c'»cfc'. 



The number of molecules satisfpng these conditions to be found inside a 
cylinder of volume irSn^V is therefore 

2v^Sj '^Trh^n^fVe-^'^^ sin <l>d4>c'^dc' (528). 

From equation (526), we obtain by differentiation, keeping c and c' 
constant, 

Vd V = cc' sin <l>d<f>, 

so that expression (528) can be replaced by 

2v,S,,W^;^hJ^' e-^^^' -dc'V'dV. (529). 

c 

Keeping c and & constant, the value of F changes as <f> changea Integrated 
with respect to this variation we have 



/' 



v*dv=uy*i 

in which the limits for F are c-hc' and c - c. 

Separating the two cases of c' being greater and less than c, we find 

jF«dF=|c((^ + 3c'») when c'>c (530), 

or =§c'(cV3c») when c'<c (531). 

If, then, we integrate expression (529) with respect to F, and if, after 
substitution from the appropriate one of the equations (530) and (531), we 



Digitized by 



Google 



280, 281] Calcidatioii of Mean Free Path 231 

again integrate with respect to Cy we obtain for the aggregate chance per 
unit time of a collision between a given molecule of the first type moving 
with velocity c, and a molecule of the second type, 

(532). 

281. The former of the two integrals inside the square bracket can be 
evaluated directly, and is found to be equal to 

The second integral cannot be evaluated in finite terms. If, however, we 
replace hny/^ by a^, the integral reduces to 

1 rc\/hmt 

and this again, after continued integration by parts with regard to a^, is found 
to be equal to 

1 ( fc\/hmt ) 

The sum of the two integrals in expression (532) is accordingly 

-7^ricVAi^e-'^'^4-J(2A7n3C« + l)r ^""'e-^dxl (533). 

c V A'm^* L -^ J 

If we introduce a function* -^ (x) defined by 

ir(x)=xe"^'\-{2a^+l)re'^dx (534), 

expression (533) may be expressed in the form 

and hence if we denote expression (532) by ©„, its value is found to be 

®»=^T^^<''^^> <^3^>- 

With this definition of ©la we see that when a molecule of the first kind 
is moving with a velocity c, the chance that it collides with a molecule of the 
second kind in time dt is Si^dt. 

* The value of i e-'^dx oaonot be expressed in simpler terms, so that ^(«) as defined by 

equation (534) is already in its simplest form. Tables for the evaluation of ^ (x) are given in an 
appendix. 
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282. If we change the suffix 2 into 1 wherever it occurs, we obtain an 
expression Bn for the chance per unit time that a molecule of the first 
kind moving with velocity c shall collide with another molecule of the sanoie 
kind. 

By addition, the total chance per unit time that a molecule of the first 
kind moving with velocity c shall collide at all with a molecule of any 
kind is 

2ei,«e„+e„ + e„+ (536X 

In unit time the molecule we are considering describes a distance c, 
hence the chance of collision per unit length of path, for a molecule moving 
with velocity c, is 

Bc^lt^u (537), 

and the mean free path \c, for molecules of the first kind moving with 
velocity c, is accordingly 

1 c 

^''srt^ ^^^^^• 

Taiea Free PatL 
283. When there is only one kind of gas, this assumes the form 

"X — ^ — hmc? 

^"©"Vw^~(cVA^7 ^^^^^' 

and from this formula we can without difficulty calculate Tait's expression for 
the mean free path defined as explained in § 30. For, in a single gas, thei-e 
is at any instant a fraction 



^/•■ 



IT 



of the whole number of molecules moving with velocity c, and therefore, on 
the average, starting to describe distances — each before collision. Hence 
Tait's mean free path {\t) is given by 



'rrva'Jo 



^(.) <540). 



This integral can only be evaluated by quadrature. The evaluation has 
been performed by Tait* and Boltzmannf, who agree in assigning to it the 
value 0677, leading to the value for Xy which has already been given in § 30. 

♦ Edin, Trans, xxxiii. p. 74 (1886). 

t Wiener Sitz, xcvi. p. 305 (1887) ; Gastheorie, i. p. 78. 
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Maxwell's Free Path. 

284. From the formula just obtained we can also deduce Maxwell's 
expression for the free path given in § 30, and can extend it so that it applies 
to a mixture of gasea 

For, from expression (536), the chance of a collision per unit time for 
a molecule of the first kind moving with velocity c is 20m. a^id out of all the 
molecules of the first kind, a fraction 






4^g-fctn,c='c2^ 



will be moving with velocity c. Hence the average chance of collision per 
unit time, for all molecules of the first kind, is 



and this again, by equation (535), is equal to 



\J^ 1 47re-*"«x^c»(2ei,) do, 
bion (535), is equal to 

S ^""'^i '^^'^' re-^^<^cMc \fhm,) do (541), 

where as before 

y^{x) = xe-^ + (^B* + 1 ) \'e-^dy. 
Jo 
If we put 

c VAm, = X, 
expression (541) becomes 

2 L. ^ — -I ^ • xylr{x)dx (542). 

« /I'm/ J 

The integral, upon substitution for -^ (x), becomes the sum of the two 
integrals 

r e'^^i^^^.) af'dx+r r X (2a^ -{- 1) e~'^~^.'^dxd^ (543). 

Jo JoJo 

The first integral has for its value 



1 / TT 



, (544). 

To evaluate the second we write y = Kx, so that dxdy = xdxdK, and the 
integral 

= r rx'{2af''\-l)e'^(^'^m^dxdK 
Jo Jo 



■1'[V('-"3''V(^-"31 

SVtt ( m,* 1 m,* 



dK 






\/^ rth 
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Adding this to expression (544), we obtain as the value of expression (54*3), 



sjiT nil ^ 



1- 






of which the value, afber simplification, is found to be 

2 m^^V "^m/ 

This is the value of the integral which occurs in expression (542). The 
whole expression is therefore equal to 



j^-'-^-VK^^^) <'*'^ 



This is the mean chance of collision per unit time for a single molecule of 
the first kind, and every collision terminates a free path of this molecule. 
The total number of free paths described by all molecules of the first kind 
per unit time per unit volume is therefore 



n. = 22....^„.V^^(l4j (646). 



This agrees with expression (47), when there is only one kind of gas. The 
general expression (546) also could have been arrived at by the shorter 
method of § 30. 

The distance described per unit time by the v^ molecules of the first kind 
in a unit volume is, as in § 30, equal to 

2i;^ 
'^irhmi 
Hence the mean free path, Xi> of all molecules of the first kind is 

2i;i 



1 



ttIpsSu^k/ 



1 + 



rrh 



.(547). 



These formulae are due to Maxwell 



Dependence of Free Path on Velocity. 

286. The way in which X^. depends on the value of c is of some interest. 
The formula expressing Xe as a function of c is, however, too complex to 
convey much definite meaning to the mind, and we are therefore compelled 
to fall back on numerical values. The following table, which is taken from 



Digitized by 



Google 



284-286] CalmUUiaii of Mean Free Path 



235 



* Meyer's Kinetic Theory of Oases (p. 429), gives the ratio of \0 to MaxwelFs 
mean free path \ for different values of c, from c = to c = oo . 



c/c 





0-26 

0-5 

0-627 

0-886 

1-0 

1-253 

1-535 

1-772 

2 



3 

4 
5 
6 

00 



knu^ 



\J\ 


x/\ 





00 


0-3445 


2-9112 


0-6411 


1-5604 


0-7647 


1-3111 


0-9611 


1-0407 


1-0257 


•9749 ' 



1-1340 
1-2127 
1-2572 
1-2878 
1-3551 
1-3803 
1-3923 
1-3989 
1-4142 



•8819 
-8247 
•7954 
•7765 
-7380 
•7244 
•7182 
•7149 
•7071 



Probability of a given Free Paik, 

286. A further problem which is of importance is the probability that a 
molecule shall describe a free path of given length. 

If /(O is the probability that a molecule shall describe a path at least 
equal to I, then/(i + cK), the probability that a molecule has already described 
a path I and shall describe a further distance dl^ will be the product of 
f{l) and a second factor, this second factor expressing the probability of no 
collision occurring within the length dl. This factor is, however, known 
to be 1 — BcdU where Be is given by equation (537). Hence we have the 
equation 

f{Udl)^f{l){\^Bedt), 

or, what is the same thing, -=^^ = — Bcf(l), 

of which the solution is f{l)-^^^^ (548), 

the arbitrary constant of the integration being determined by the condition 
that/(0) = l. 

The probability of a molecule moving with velocity c describing a free 
path X, of length intermediate between I and 2 + cU, is therefore 

Bcer^^dl (549). 



Digitized by 



Google 



236 



Free Path Phenomena 



[CH. XI 



287. It is clear from the form of this expression that free paths which 
are many times greater than the mean free path will be extremely rare. 
Since B^ is the reciprocal of \<. (equation (538)), the probability that a molecule 
moving with velocity c shall describe a path greater than n times Xe is 
f{n\c) or, by equation (648), is e"*. Thus only one in 148 describes a path as 
great as 5\c, only one in 22027 a path as great as lOXc, only one in 9 x 10** 
a path as great as lOOXei &nd so on. 

This result applies of course only to molecules moving with a given 
velocity c. 

At any given instant the fraction of the whole number of molecules 
which have described a distance greater than I since their last collision, is 



V h^m'lo 



47rc'c"*'"*^^'dc. 



.(550). 



This function is not easy to calculate in any way. As the result of a 
rough calculation by quadrature, I have found that through the range of 
values for I in which its value is appreciable, it does not ever differ by more 
than about 1 per cent from e~^*^^\ the value for molecules moving with 
velocity 1/VAwi. 

Persistence of Velocities after Collision. 

288. We have next to consider what is the average efifect of a collision, 
as regards reversal of path. We shall find that on the average a collision does 
not reverse the velocity in the original direction of motion, or even reduce it 
to rest, but that there is a tendency for the original velocity to persist after 
collision. Obviously it is of importance to form a numerical estimate of the 
extent to which this occurs. 

289. Let us begin by considering two equal molecules colliding with 
velocities a, 6, the magnitude of these velocities but not their directions 
being known. In fig. 17 let OP and OQ represent these velocities, and 
let R be the middle point of PQ. Then we can resolve the motion of the 
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two molecules into (i) a motion of the centre of mass of the two, the velocity 
of this motion being represented by OR, and (ii) two equal and opposite 
velocities relative to the centre of mass, these being represented by RP 
and RQ. 

Imagine a plane RTS drawn through R parallel to the common tangent 
to the spheres at the moment of impact, and let P', Q' be the images of P, Q 
in this plane. Then clearly RP and RQ[ represent the velocities relatively 
to the centre of gravity after impact, so that OP' and 0Q[ represent the 
actual velocities in space. 

In fig. 18, let the directions of motion relatively to the centre of gravity 
before impact be AB^ DE. and let those after impact be BC, EF. Then the 
line of centres bisects each of the angles ABC, DEF, Let us call each of 




Fio. 18. 

these angles ^, measured so as to be acute in the figure. Imagine the 
point E surrounded by a circle of radius a (the diameter of- a molecule) of 
which the plane is perpendicular to the direction AB, Then in order that a 
collision may take place, the line AB produced must cut the plane of this 
circle at some point P inside the circle. Also, all positions of P inside this 
circle are equally probable, so that the probability that the distance EP shall 

lie between r and r-^-dr is — ~, Since r = <r8in^^ this may be written 

sin ^ cos ^ d^. This, then, is the probability that ^ sliall lie between ^ and 

^ -f d^y and therefore that the angle which EF makes with DE shall 
l)e between ^ and <^ + c?^. The expression found is, however, equal to 
^sin ^dif> and therefore to that part of the area of a unit sphere for which 
the radius makes an angle between ^ and ^ + c20 with a given line. Hence 
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all directions for EF are equally probable *. Hence in fig. 17 all directions 
of iJQ', RP are equally probable so that the " expectation " of the component 
of velocity of either molecule after impact in any direction is equal to the 
component of OR in that direction. 

290. Let us now average over all possible directions for the velocity of 
the second molecule, keeping the magnitude of this velocity constant. In 




Fio. 19. 

fig. 19 let OP^ OQ as before, represent the velocities of the two colliding 
molecules. We have to average the velocity OR over all positions of Q which 
lie on a sphere having for centre. It is at once obvious that the average 
component of OR in any direction perpendicular to OP is zero. We have, 
therefore, only to find the component in the direction OP, We must not 
suppose all directions for OQ to be equally likely, for (cf. Chapter II.) the 
probability of collision with any two velocities is proportional to the relative 
velocity. Thus the probability of the angle POQ lying between and 0-\-dd 
is not simply proportional to sin d0y but is proportional to PQ sin d0, for 
PQ represents the relative velocity. The average value of the component 
ON is therefore 

('ON.PQHm0d0 

0N=^^^-- (551). 

I PQsm0d0 
Jo 

To evaluate this fraction, let us write 

OP^a, OQ^b, PQ^r, 

so that r» = a« + &»-2a6cosd (552), 

* This theorem was first given by MaxweU in 1859, Collected Works, i. p. 378. 
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and ON^'^iOP+OM), 

= i (o + 6 cos 0), 

By dififerentiation of the relation (552), we have 

rdr = ah Bind dO. 

Hence the fraction (551) becomes 

/(3a> + 6*-r») 



r'dr 



0N = 



!' 



4aryr 



the limits of integration now being from r = a + b tor^a^b. When a > 6, 
the fraction is equal to 

3a« + 6«_ 3_ fSa^ + lOa^b'-\'b' \ 
4a 20a \ 
and when a < 6, to 

^l+i^_ 3 
4a 20a 



■)• 



(563), 



3a' + 6» 
[ 36' -fa' )'-• <^^*> 



(555). 



(556). 



Expression (553) is equal to 

15o« + f>« 
10a (30" + 6*) 

Expression (554) is equal to 

o (56' + 3o«) 
5(36» + a') 

The essential point is that these expressions are necessarily positive for 
all values of a and b, so that whatever the velocity of the second molecule 
may be, the " expectation " of the velocity of the first molecule after coULaion 
is definitely in the same direction as its velocity before collision. Expressions 
(655) and (556) are too complex to convey much meaning to the mind. The 
following table gives a, the expectation of velocity in the same direction as a, 
corresponding to different values of the velocity b of the second molecule. 

•400 

00 

•333 



^ = •500 
o 


•492 


•473 


•437 


l-i 


n 


2 


3 


^ = •380 
a 


•368 


•354 


•343 



Digitized by 



Google 



240 Free Path Phenomerui [cbl xi 

We have now proved the statement made in § 287, to the effect that there 
is a tendency for the original velocity to persist after collision. It will be 

convenient to refer to the ratio - as the "persistence" of the velocity o. 

The persistence, then, is measured, as we have found, by a quantity which 
varies from 33^ to 50 per cent, of the original velocity, according to the 
velocity of the colliding molecule. 

291. By averaging over all possible velocities we can obtain the mean 
value of this persistence averaged over all collisiona 

From expression (529), we find as the chance per unit time that a 
molecule moving with velocity a shall collide with a second molecule moving 
with velocity 6, in such a direction that their relative velocity is F, 



2va^^fi^fFii?e'^'^^-dbV^dV. (557), 

and hence for the total number of collisions of this type in the gas, per unit 
time, 

8j;><r»A»m»e-*««<«*+*^a6dad6F«(iF (558). 

Let us suppose that of the two velocities a and 6, a is the greater. Then 
the limits for F are a + 6 and a — 6. Integrating expression (558) with 
respect to F we find as the total number of collisions per unit time in which 
the velocities of the two colliding molecules are a, 6, 

^v^a^h^Tn? e'^<^+^ a6» (6» + 3a«) da db. 

If we put a = Kb, ao that tc is greater than unity, then since 

d(a,b) 
diic^b)'''' 
this becomes 

^i;»<r«A»m»e-*«^<i+«^/c6«(3iic« + l)d/cd6 (559X 

Integrating with respect to b from 6 = to 6 = oo,we find, for the total 
number of collisions per unit time in which k, the ratio of the greater to the 
less velocity, lies between /c and k -f dtc, 



'vh. 



"■^'.T-^*''- <'«»>■ 



Since the total number of collisions, by formula (46), is 

hm ' 
the fraction of the whole number of collisions, for which k lies between k and 

ic + d#c, is 

5.(3^+1) ^^ 
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of which the value, when integrated from tc = l to k = qo , is unity, as it 
ought to be. 

From expressions (555) and (556) we find that when two molecules 

collide, having velocities in the ratio k : I, the "persistences" of the two 

velocities are 

15Ar* + l , Bk' + S 

and 



r, 



10ic»(3/€> + l) 5(3ic«+l) 

respectively. Hence the mean " persistence " for the two molecules of the 
collision, the mean of the two expressions just written down, is 

20h^ (3/c« + 1) • 

Multiplying this by expression (561) and integrating from #c = 1 to « = x , 
we find, for the mean persistence of all velocities after collision 

( 25i^-f e/c'-f 1) ^^ 
1 4V2/c(l+#c«)^/* 

of which the value is found to be 

i(l + -^iog,(V2+l)), 

or '406. Thus the average value of the persistence is very nearly equal 
to |, the value when two molecules collide with equal velocities. 

292. For other laws of force between molecules the persistence will 
clearly be different from what it is for elastic spheres. Everything will, 
however, depend on our definition of a collision. If we suppose that a very 
small interaction is sufficient to constitute a collision, then the mean free 
path will be very short while the persistence will be nearly equal to unity. 
If, on the other hand, we require large forces to come into play before calling 
a meeting of two molecules a collision, then the free path will be long, but 
the persistence very small, or perhaps negative. The variation in the value 
of the persistence of velocities just balances the arbitrariness of the standard 
we set up in defining a collision. 



16 
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CHAPTER XII. 

FREE PATH PHENOMENA (continued). 

Viscosity. 

293. We have so far discussed only gases in which the molecular motion 
at every point has been symmetrical with respect to every direction in space. 
We now approach a much more complex class of problems for which this 
property is not true. If we refer to the expression obtained for the law of 
distribution of velocities at any point of a gas in the normal state, namely, 

we notice that there are five independent constants Uq, %, Wq, h and A. The 
constancy of v^, Voy Wq indicates that the mass motion of the gas is the same 
throughout the gas : if this mass motion varies from point to point in the 
gas, the layers of gas move relatively to one another, and we have the 
problem of determining the viscosity of the gas. Similarly the constancy 
of h indicates the equality of temperature throughout the gas : if this varies 
from point to point we have the problem of conduction of heat. Finally the 
constancy of A indicates the mass-equilibrium of the gas : if this equilibrium 
does not exist we have the problem of diffusion. These three problems of 
viscosity, conduction, and diffusion have now to be dealt with. 

294. It may be said at once that there is no general method of the kind 
which was available for the determination of the steady state. The method 
which will be followed first in every instance is of the most primitive kind, 
and the results obtained cannot claim any high degree of accuracy. On the 
other hand the method in question possesses the great advantage of de- 
pending only in a slight degree upon the actual structure of the molecules of 
the gas. And as the exact nature of this structure is very largely a matter 
of speculation, the comparative inaccuracy of the result obtained will be less 
serious than it might have been if we had had fuller knowledge of the 
molecular structure. 

We shall afterwards be able to correct the first general result so as to 
obtain results of considerable accuracy upon the special supposition that the 
molecules are elastic spheres. 
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There is also an entirely different method of attacking the problem, due 
to Maxwell, which will be presented in Chapter XV. This method is an 
exact method, but unfortunately only leads to a solution in very special 
cases. We shall give the solution obtained by Maxwell on the supposition 
that molecules are point-centres of force repelling one another with a force 
proportional to the inverse fifth power of the distance. This exact solution 
will be of interest in that it will enable us to estimate the amount of in- 
accuracy in the results obtained by the general method of the present 
chapter. 

Oeneral Equations of Viscosity. 

296. We shall now discuss the motion in a gas in which the mass- 
velocity varies from point to point. At the particular point tjonsidered, let 
us choose our axes so that the mass-velocity is parallel to the axis of x, 
while the surfaces of equal velocity are parallel to the plane of xy^ so that 
in the neighbourhood of the point in question the mass-velocity is a function 
of z only. 

Let us write /i for mUy the momentum of any single molecule in the 
direction of the a?-axis, so that the total momentum of any element of the 
gas is obtained by summing ii over all the molecules inside the element. 
The mean value of fi at any point will be denoted by m, and of course Ji 
varies from point to point in the gas. At the particular point considered we 
have chosen the direction of our axes so that the gas is arranged, as regards 
the distribution of /I, in a series of layers parallel to the plane of xy. We 
proceed to attempt to calculate the amount of fi which is transferred by the 
molecular motion across any one of the planes z = constant. 

296. The physical principle underlying the calculation can easily be 
explained. Let us, to fix our ideas, suppose that the average value of /^ 
increases as z increases, that the planes 2r = constant are horizontal and 
' that z increases as we move upwards. The molecules will cross the planes 
;g^ = constant in both directions. Those which cross any plane, say z^^z^, in 
the downward direction will, however, be coming from regions in which the 
average value of fi per molecule is greater than it is over the plane z = Zf^, 
and will therefore, on the average, possess a value of fi in excess of that 
appropriate to the plane z = z^. In the same way, those molecules which 
cross this plane in the upward direction will, on the average, possess a value 
of fi smaller than that appropriate to the plane z = z^. Since, however, there 
is no mass motion parallel to the axis of z, the number of molecules which 
cross the plane z^Zq in one direction is exactly equal to the number which 
cross it in opposite directions. There is, therefore, more momentum carried 
through the plane z = Zq in the downward direction than in the upward 
direction. In other words, there h a downward transfer of momentum. 

16—2 
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297. As regards any single molecule which meets the plane z^z^bX, any 
point P, the amount of /i carried across the plane z = z^ will of course depend, 
in actual fact, upon the whole past history of the molecule before reaching 
the point P. We are going to conduct our preliminary calculations upon the 
supposition that the history of the molecule previous to the last collision 
before meeting P, say at Q, is immaterial This would be justifiable if, on 
the average, all past histories previous to the point Q were equally probable. 
This, unfortunately, is not so when the molecules are elastic spheres. From 
the persistence of velocities investigated in the last chapter, it follows that a 
molecule which is known to have arrived at P firom Q has probably started 
originally from some point further away from P than the point Q, Since, 
however, the amount of the persistence depends in general on the particular 
molecular structure assumed, it will be simplest to neglect it altogether at 
first, and subsequently correct our results for it as far as possible. 

298. Consider a molecule meeting z^z^ in P, having previously come 
from a collision at Q. Let the velocity components of the molecule be 
u, V, w, and let the velocity be regarded as consisting of two parts : 

(i) a velocity u^, of components Wo» 0, 0, equal to the mass-velocity of the 
gas at P; 

(ii) a velocity c, of components w — w©, v, «;, the molecular- velocity of the 
molecule relatively to the gas at P. 

Let QP be the actual path described, and let this make an angle % with 
the axis of z. Let the length of the path described relatively to the motion 
of the gas at P be V, and let this make an angle with the axis of z. The 
direction-cosines of the direction of X^ are of course proportional to the com^ 
ponents of the relative velocity c, and therefore to u — Uq, v, w. Since all 
directions of this molecular velocity may be regarded as equally probable, 
the probability of d lying between and O + dd is proportional to sin ddd. 

Also since the projection of the relative path on the axis of ^r is equal to 
that of the absolute path, 

PQGO8X = \rCOS0 (662). 

The z coordinate of Q is therefore 

Zo-Xr (ios0 (663). 

We are working upon the hypothesis that the expectation of fi for the 
molecule in question is that appropriate to the point Q. We shall therefore 
take it to be the mean value of /i at the point Q, 

Since fl, the mean value of /i, is a function of z only, we can denote the 
value of ji over the plane ^ = ? by /Z(g), and the value of /Z at Q will now be 

/Z (^0 - V cos ^X 
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Since X is small compared with the scale of variatioD in jl, this expression 
may be written as 

fi(z,)^XrCO&0(^£] (564). 

This is the expectation of /i for any molecule which crosses the plane 
z^z^, having a relative molecular-velocity c inclined at an angle d to the 
axis of z. 

The number of molecule? per unit volume which have relative molecular- 
velocities for which c and lie within specified small ranges dc, dd may be 
taken to be 

\vf{c)9mddddc, 

where of course I f(c)dc = l. 
Jo 

The number of molecules having a velocity satisfying these conditions, 
which cross a unit area of the plane z = z^m time dt, is equal to the number 
which at any instant occupy a cylinder of base unity in the plane z^z^^ and 
of height c cos Odt, and is therefore 

i vcf(c) cos sin OdOdcdt 

Elach molecule, on the average, carries with it the amount of momentum 
given by expression (564). The total momentum transferred across unit 
area of the plane by the molecules now under discussion is therefore 

^vcf{c) ]/Z (zo) — X cos ^ ( ^ j >■ cos ^ sin OdOdcdt, 

where X is the mean value of Xr for all such molecules. If we integrate this 
expression with respect to 0, the limits being to 7r/2, so as to include all 
directions in which the plane can be crossed from below, we obtain 

i«!/(c){i;s(..)-ix (1)^^ J dcdt. 

and if we now integrate this with respect to c, remembering that 
I /(c){fc = l, we obtain 

|ivCM(^,)-i^x3@^^Jd« (665), 

where c is the mean value of c, calculated as explained in § 131, and Xc is 
the mean value of Xc. We have seen that in general X is a function of c, and 
have calculated the dependence of X upon c when the molecules are supposed 
to be elastic spheres. At present we are not making any assumption as to the 
structure of the molecules, and so cannot carry the calculation of the term Xc 
any further. 
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299. The calculation of the transport of momentum across the plane 
z^Zq m the reverse direction is exactly similar, and we obtain for this 
quantity the expression 

^\vcii{z,) + iv\c(^£j^^ jcft (566). 

On the whole, then, the net excess transfer from above to below, which is 
the diflFerence of the two expressions (565) and (566), is found to be 

Ji/X^(^) dt (667). 

We can conveniently suppose that 

\c^cl (668), 

where Ms a new quantity, which is of course the mean free path of a 
molecule, this mean being taken in a certain way. The way in which the 
mean has to be taken is not the same as the way in which it was taken in 
§ 284, so that we do not obtain an accurate result, in the case of elastic y 
spheres, by replacing I by the X of equation (547). At the same time the mean 
values calculated in diflferent ways will not greatly differ from one another, 
and as our present calculation is at best one of approximation, we shall be 
content for the moment to suppose ^ to be identical with the mean free path, 
however calculated. The extent of the error involved in this procedure will 
be examined later. y 

300. It might be thought that I ought to be replaced by \\ instead of 
by X. For if OQ is the whole free path, t^ere is no reason why PO should 
be less than PQ, so that the probable value of PQ might be thought to 
be iX. 

The fellacy in this reasoning becomes obvious when we consider that in 
selecting free paths at random by choosing points on these free paths, the 
longer free paths have a greater chance of being chosen than the shorter 
ones, the chance of any path being chosen being in fact exactly proportional 
to the length of the path. The average path chosen in this way, accordingly, 
will be much longer than that calculated in § 284. To see that X is the 
right value to assign to 2, we notice that after a molecule has left 0, its 
chances of collision are exactly the same as if it had just undergone collision 
at P, Hence PO = X, and therefore, by a similar argument, PQ = X. 

A simple example taken from Boltzmann's Vorlesungen* will perhaps 
elucidate the point further. In a series of throws with a six-faced die the 
average interval between two throws of unity is of course five throws. But 
starting from any instant the average number of throws since a unit throw 
last occurred will be five, and similarly, working back from any instant, the 
average number of throws since a unit throw occurred is also five. 

* I. p. 72. 
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301. If r is the aggregate transfer of momentum per unit of time across 
a unit area of a plane parallel to the plane of xy^ we have shewn that 

r = ii/cz|^ (569). 

Across the plane z-\-dz the similar transfer is 

hence the gain of momentum to the layer between the planes z and z-vdz\B 

i^l^,dz (570). 

Also if we have a viscous fluid of coefficient of viscosity k moving with 
the mass velocity of the gas, of which the components are v^, 0, 0, the force 
per unit area of the z plane in the direction of the axes of x, acting upon the 
layer of fluid enclosed by the planes z and z + dz ia 

Similarly that on the plane z + dz, acting in the other direction, is 

Hence, acting upon this layer per unit area there is a resultant force 

This force increases the momentum per unit area of the layer per unit 
time at a rate 

-^dz (571). 

In expression (570), we can replace /Z by mv^, where v^ is the mass- 
velocity of the gas, and expression (571) now becomes identical with (570) if 

K=^^vclm^ (572). 

We have therefore found that our gas will behave exactly like a viscous 
fluid, of which the coefficient of viscosity is given by equation (572). If we 
replace mv by />, this takes the simple form 

ic^^pcl^ (573). 

302. From the results of our analysis we can now obtain an insight into 
the molecular mechanics of viscosity in the case of a gas. Let us imagine 
two molecules, with velocities u, v, w and —u,v,w penetrating from a layer 
at which the mass velocity is 0, 0, to one at which it is u, 0, 0. By the 
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time the molecules have reached this second layer we must suppose that 
their velocities are divided into two parts, namely, 

u — tio, % w and zio, 0, 
for the first, and 

— w — 1*0, V, w and t^, 0, 

for the second. The first part in each case will represent molecular-motion, 
and the second part will represent mass-motion. Now in equation (32), we 
saw that the total energy of the gas could be regarded as the sum of the 
energies of the molecular and mass-motiona The sum of the energies of the 
molecular-motions of the two molecules now under discussion is, however, 

J m [(w - Wo)» + 1;" + w«] + i m [( - 1* - lio)" + v» + «;»], 

which can be written 

m (w* -f t;* + vf) + mu^. 

The first term is equal to the energy of the molecular-motion of the two 
molecules at the start ; the second term represents an increase which must 
be regarded as gained at the expense of the mass-motion of the gas. Thus 
the phenomenon of viscosity in gases consists essentially in the degradation of 
the energy of mass-motion into energy of molecular-motion ; and is therefore 
accompanied by a rise of temperature in the gas. 

The phenomena of viscosity in liquids and of friction in solids (as 
explained in § 3) can of course be accounted for in a similar way. 

Corrections when Molecules are assumed to he Elastic Spheres, 

303. For want of definite knowledge of the molecular structure we have 
introduced two errors into our calculations. In the first place, we have 
neglected the persistence of velocities after collision, and in the second place 
we have ignored the diflference between two different ways of estimating the 
mean free path. If we assume the molecules to be elastic spheres, it is 
possible to calculate the amount of error introduced by both these simplifica- 
tions. This we now proceed to do. Both of the necessary correbtions are 
small, so that we shall calculate them as independent corrections, and sum 
the results. 

304. We can begin by an exact calculation of Xc, to replace the as- 
sumption of equation (568). The required value of Xc is 



^ f /(c)Xecdc (574), 

J 



Xc 

' 



where X^ is the same as the Xg of § 282. Substituting the value given for X« 
by equation (639), and putting 

/(c)=A/^47rc»e-*«»^, 
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we find 

J irva^ y^ (c V Am) 
4 ra^e^dx 



"Jo 



and if I is defined by equation (568), we have 

\c = Zc = 



V2Aw ' 
so that in formula (573), we must take 

Z = Xc V2Am 

8 ra^r^dx 



T 

Uo 



V27ri/<r»io V^C^) 

The integral has to be evaluated by quadrature. Tables for its evaluation 
are given by Tail* The integral has also been evaluated by Boltzmannf, 
whose result agrees to three significant figures with that obtained by Tait. 

Using this value for the integral, we find that 

l^\'^h\-=^ (576). 

v2'7ri;<r* 

The value of Z, calculated accurately for our present purpose, accordiugly 
differs by about 5pe r cent , from the mean free path, 

1 

calculated in § 30. 

306. We turn now to the error which has been introduced by ignoring 
the persistence of velocities. We have found that this persistence is measured, 
in a gas of which the molecules are elastic spheres, by a numerical £EU^tor 
which is always intermediate between \ and J, and of which the mean value, 
averaged over all collisions, is '406. 

If, on the average, each particle has described a path of which the 
projection on the axis of jt is f, with a velocity of which the component 
parallel to the direction of the axis of z is t(;, then, on tracing back the 
motion, we know that as regards the previous path of each molecule the 
expectation of average velocity parallel to the axis of ^ is dw, where 6 
measures the persistence, and therefore, on the average, the expectation of 
the projection of this path on the axis of z may be taken to be 6^ Similarly,, 
the expectation of the projection of each of the paths previous to these may 
be taken to be ^f, and so on. 

* CoUecUd Worki^ u. pp. 152 and 178. 
t Wiensr Sitzvangther, lzzuy. p. 45 (1881). 
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It follows that if we trace the motion a sufficient distance back, each 
molecule must be supposed to have come, not from a distance ^ measured 
along the axis of z^ but from a distance 

?+^r+^C+ (576), 

of which the value is 



If we take ^ = |, this becomes 



1-^' 



K (577). 



It would not, however, be legitimate to assume that each molecule on 
arriving at the plane z = z^ has, on the average, a value of fi appropriate to 
the plane z^Zq^^^, For the molecule has not travelled a distance ^^ 
undisturbed, and at each collision a certain amount of its excess of momentum 
will have been shared with the colliding molecule. Of the various simple 
assumptions possible, the most obvious one to make is that at each collision, 
the excess of momentum above that appropriate to the point at which the 
collision takes place is halved, half going to the colliding molecule and half 
remaining with the original molecule. Making this assumption, it is clear 
that the excess of momentum to be expected is not that due to having 
travelled undisturbed a distance equal to that given by expression (576), but 
a distance 

r+H^r+H^?+4(^r+...))) (578). 

of which the value is 



Again taking ^ » |, this becomes 

K (579). 

It follows that the persistence of velocities, when the molecules are elastic 
spheres, can roughly be allowed for by supposing the free path in the viscosity 
formula to be the mean free path multiplied by a factor 1*25. Combining 
this with expression (639), we find that the free path in the viscosity formula 
must be taken to be 

Z=. ^-^— (680). 

Hence for a gas, in which the molecules are elastic spheres, the viscosity 
coefficient (equation (673)) is given by 



*-*^'^=-^;w ^'''^ 
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Comparison with Experiment. 
Determination of Size of Molecules. 

306. Since the value of k can be determined experimentally, it is clear 
that, upon the supposition that the molecules may be regarded as elastic 
spheres, equation (581) will give valuable information as to the magnitude 
of <r. The agreement or disagreement of the value of a obtained in this 
way with that obtained in other ways, can be regarded as evidence as to the 
tenability or the reverse, of the hypotheses on which we have been working. 

In the following table are given the coefficients of viscosity of various 
gases, and the calculated values of ^<r, the radius, obtained by taking 
y = 4 X 10" in accordance with § 8. 



Gas 




K (observed) 
(PC, 


Authority 


Mean 


Calculated valoe 
ofi<rxlO« 


Hydrosen 


H, 


•000084 
086 
088 


1 
2 
3 


•0000864* 


1-024 




HHium 


He 
H,0 


165 
093 


4 
3 


165 
093 


0-905 
1-695 


Water vapour 


Carbon monoxide. . . 


CO 


167 
102 


1 
2 


1628* 


1-448 


Ethylene 


CoH. 


0d9 


2 


0944 


1-883 


Nitrogen 


N, 


167 
166 


1 
2 


1647 


1-448 




Air 


NO 
0, 


168 

191 

189 


5 

2 

1 
2 


1714* 
168 

1873* 


1-430 
1-412 

1-405 


Nitric oxide 


Oxyeen 




Argon 


A 
CO, 


208 

145 
138 
144 


4 

1 
2 
3 


208 
1431* 


1-393 
1-736 


Carbon dioxide ... 


Nii»x)us oxide 


N,0 


144 


2 


1381* 


1-770 


Ethyl Chloride 


CjHjCl 


094 


2 


094 


2-340 


Chlorine 


CI, 


128 


2 


128 


2055 





The meaning of the figures in the third column is as follows: 
* These values are taken from Landolt and B5mstein's tables. 
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1. Calculated by Meyer from Graham's Transpiration Experiments. 
Meyer, Kinetic Theory, p. 192. 

2. From transpiration experiments by von Obermayer. Meyer, Kinetic 
Theory, p. 192, or Weinstein, ThermodynanUk und Kinetik der Korper, 
h p. 332. 

3. From oscillation experiments by Eundt and Warborg. The experi- 
ments were conducted at 15° C, but the coeflScients of viscosity are corrected, 
according to the experimentally observed variation with the temperature, to 
0° C. Meyer, Kinetic Theory, p. 192. 

4. Lord Rayleigh, Proc. Boy, 8oc. ux. p. 108. 

5. The value for air is the mean value of a great number of experiments, 
taken from Landolt and Bomstein's table^. Meyer, also considering a great 
number of experiments, gives the value -000172 {Kinetic Theory, p. 197). 

The mean values in the fourth column are not always the mean of the 
observations recoi-ded in the second column. Where possible I have used 
the mean values given in Landolt and Bomstein's tables, which are derived 
from the consideration of a greater number of experimental data than those 
recorded in the second column. These values are marked by an asterisk. 

The agreement of the values of ^a given in the last column, with those 
already calculated from the deviations from Boyle's law (p. 141), is seen to be 
tolerably good. 



Variation of k with Density. 
307. Since p = mv, equation (581) can be put in the form 

-=-"v£. • ^'''^ 

shewing that theoretically k is independent of the density of the gas. 

Indeed, whatever structure we assume for the molecules of the gas, it is 
clear that I will, to a first approximation, vary inversely as the number of 
molecules per unit volume of the gas. Hence equation (573) gives a value 
of «c which is independent of v, and we obtain Maxwell's law : 

The coefficient of viscosity of a gas is independent of its density. 

In spite of its apparent improbability, this law was predicted by Maxwell 
on purely theoretical grounds, and its subsequent experimental confirmation 
has constituted one of the most striking triumphs of the Kinetic Theory. 
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At the same time, it must be mentioned that the experimental con- 
firmation of this law is by no means complete. Meyer* gives a detailed 
account of expenment€kl work which has been performed to test this law. 
He comes to the conclusion that the divergencies from the law exhibited by 
experimental results are not so great as to be inconsistent with the truth of 
the law, at any rate within the limits of pressure from 1 to ^ atmosphere. 
That the divergencies are very considerable outside these limite will be shewn 
by the two following tables, taken from Weinsteinf. 

Viscosity of Carbon dioxide. 
L Two sets of experiments at pressures less than one atmosphere : 



p (mm. Hg) 


K 


760 


•0001493, -0001624 


380 


1493, 1611 


20-6 


1483, 


8-8 


1606 


2-4 


1467, 1498 


1-5 


1442, 1473 


0-6 


1381, 1433 



II. Experiments at pressures greater than one atmosphere : 



Pressare (atmos.) 


Density 


K 


431 


0100 


•000177 


60-7 


170 


189 


70-3 


240 


212 


76-0 


310 


240 


771 


380 


277 


77-9 


460 


323 


78-4 


620 


370 


- 79-3 


690 


429 


82-3 


660 


499 


- 90-7 


730 


679 


111-6 


800 


683 



♦ Kinetic Theory of Qaset, p. 181, § 77. 

t Thermodynamik und Kinetik der Kdrper, l pp. 825 and 326. 



Digitized by 



Google 



254 Free Paih PJienomena [oh. xn 



Variation of k tvith Temperature. 

^ 308. Since c is proportional to the square root of the absolute tem- 
perature, it is seen that if the molecules were true elastic spheres, the value 
of K would be proportional to the square root of the temperature. 

As a matter of fact, it is found that k varies a good deal more rapidly 
than this, as the temperature increasea The divergence between experiment 
and the theoretical value obtained for elastic spheres is, however, one that 
could have been predicted. The assumption that the molecules are elastic 
spheres is, at best, only an approximation, and we must continually examine 
what deviations are to be expected from the results obtained on this 
assumption. 

The peculiarity of a system of elastic spheres is that the motion remains 
geometrically the same if the velocity of each sphere is increased in the 
same ratio. Thus in order to determine the motion of two spheres after 
collision it is only necessary to know the directions of motion before collision, 
and the raJtio of their velocities ; we are not concerned with the actual values 
of these veloc ities,. When, on the other hand, we suppose the molecules to 
be surrounded by fields of force, this ceases to be true : the paths after 
collision do not depend solely on the raJtio of the velocities, but on the 
absolute maf^jtudes of these velocities. For instance, in fig. 20 let OPQR, 
O'P'QR be the paths described when two molecules surrounded by fields of 
force meet one another, the figure being drawn for the sake of simplicity, for 
the case in which the two velocities are equal and opposite. If now we 
suppose the molecules moving along the same lines before encounter, but 
each with double its former velocity, the paths will be diflferent. For 
obviously the higher velocity will carry each molecule further into the 
other's field of force before the centres of the two molecules reach their 
shortest distance apart, so that the path described, instead of being OPQR 
will be, let us say, 0P8T. 

We can, however, by an obvious geometrical construction find the size 
of two spheres which would describe paths having the same deflections as 
OPQR or OPST. If we perform the construction for the two paths of 
fig. 20 we find that the size of the sphere for the former path described 
with small velocity is greater than for the latter path described with large 
velocity. We can therefore see that, if we attempt to represent our mole- 
cules by spheres, the size of these spheres must be supposed to decrease 
as the mean molecular velocity increases, and therefore as the temperature 
rises. 
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Fio. 20. 



These considerations, then, fully account for the apparent variation of 
a with the temperature. Full accounts of experiments to determine the 
variation of /e with the temperature will be found in Meyer's Kinetic Theory 
of Oases*, From three sets of observations I have calculated the following 
table of values for ^a, the mean effective radius of a molecule of air. The 
first column gives the temperature in degrees centigrade, the second gives /e 
in terms of /to, the value of /e at 0** C. 

♦ pp. 216—231. 
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Temp. 


KJK, 


Observer 


i<rxl0-8 





1-000 





1-428 


14 


1-038 


Holman 


1-423 


43 


1-118 


» 


1-402 


67-8 


1185 


M 


1-377 


88-8 


1-241 


» 


1-375 


99-2 


1-270 


« 


1-369 


124-4 


1-331 


» 


1-359 


442 


1-991 


Barus 


1-288 


665 


2-083 


n 


1-310 


669 


2-149 


» 


1-291 


592 


2-117 


» 


1-310 


982 


2-711 


>i 


1-270 


995 


2-693 


» 


1-278 


1210 


3-214 


» 


1-214 


1216 


3147 


» 


1-230 



309. A table expressing the variation of a with the temperature will 
give some information, although slight, as to the field of force surrounding 
the molecules. For the calculated value of a is, roughly speaking, the 
average distance of closest approach of the centres of two molecules in 
collision, so that the mutual potential energy of two molecules at a distance o* 
is, on the average, equal to the kinetic energy of the velocities along the line 
of centres before collision. 

As in formula (245), the average value of F', the square of the relative 
velocity before collision, is f c*. Thus the square of the velocity of each 
molecule relatively to the centre of gravity of the two colliding molecules 
will be, on the average, f c*. The probability that the direction of this 
velocity makes an angle with the line of centres, which lies between 6 and 
-^-ddyis 2 sin 6 cos Odd, so that the average square of the relative velocity 
along the line of centres is 

|c»r 28in^cos»ddd = ic». 

The kinetic energy which has been destroyed by the intermolecular field of 
force when the molecules are, on the average, at their point of closest approach 
at distance <r apart is therefore 

Thus we may say that the mutual potential energy of two molecules at a 
distance a apart will be RT, where T is the temperature corresponding to the 
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value of a in question. The force of repulsion between two molecules at 

dT 
distance a is accordingly i2 -7— , or more conveniently, since we are regarding 

<r as a function of T, 



R 



Ida 
IdT 



In this way the variation of o- with T can be made to give us some idea of 
the variation and magnitude of the intermolecular forces. 

310. It is found that the variation of k with the temperature can be 
represented with tolerable accuracy by a formula of the form 

'='.(^3)" <^«3>' 

where T is the absolute temperature, measured on the Centigrade scale, and 

n is an index which is different for different gases, its value always being 

intermediate between \ and 1. The constant k^ is of course the value 

of K at 0^ C. 

By equation (682), k varies as r*<r"*, and hence by comparison with 

equation (583), <r varies as r-*<»-*). By differentiation, dTjda varies as 

T 2 

- , and this again varies as a n-k" . 
c 

We may say, then, that on the average, the force between two molecules 

2 



at distance r apart is ^ , where 



« = 



n — \ 



+ 1. 



.(584). 



In a later section we shall deduce this same equation from a discussion of 
physical dimensions. 

311. The following table gives various observed values for n, together 
with the corresponding values for 8 calculated from equation (584«). 



Gas 


Formula 


Atomid^ 


n 


9 


Helium 


He 
H, 

N, . 
CO 

0, 
NaO 
CO, 
C,H," 

c^H^a 


1 
2 
2 
2 
2 
2 
3 
3 
6 
8 


•681 

•70 

•74 

•74 

•76 

•80 

•93 

•94 

•96 

•98 


12-0 
11-0 
93 
9-3 
8-7 
7-7 
5-6 
5-5 
53 
52 


Hvdroflren 


Nitrogen 


Carbon monoxide. . . 
Air 


Oxvflren 


Nitrous oxide 

Carbon dioxide ... 
Ethylene *. 


Ethyl chloride 



17 
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The table is taken from Weinstein's Thermodynamik (i. p. S29) with 
the exception of the entry Helium, for which the value of n is due to 
Lord Rayleigh*. 

A similar table, in which the numbers are in almost complete agreement 
with those given above, will be found in Landolt and Bornstein's tables. 

We notice at once that 8 is greatest for the molecules of which the 
structure is simplest. This is what we should expect. In the case of a 
complex molecule the atoms will not fill the whole of the circumscribing 
sphere, so that it will be possible for the circumscribing spheres of two 
molecules in certain positions to intersect, while the force between them 
remains comparatively small. A glance at fig. 21 will probably make this 
clearer than a loog explanation. The effect of including forces such as 
these in the average of forces at a given distance apart is not only to lessen 
the average force between two molecules at a given distance apart, but also 
to lessen the rapidity with which the average force falls oflf, or, in other words, 
to decrease 8. 




Pio. 21. 
See also Scholtsse, AnnaUn der Pkytik, u. p. 802. 
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CHAPTER XIII. 

FREE PATH PHENOMENA (continued) 
Conduction of Heat. 

Elementary Theory. 

312. An elementary theory of conduction, similar to the elementary 
theory of viscosity arrived at in the last chapter, can be arrived at without 
trouble. The physical principle underlying the phenomenon of conduction of 
heat is exactly similar to that underlying the phenomenon of viscosity ; the 
difference of detail being that instead of an excess of momentum being 
carried in one direction, we have in the present instance, an excess of energy. 
In equation (569), we arrived at the relation 

r^ivcl^ (585), 

and this will apply to the present problem if we now suppose /I to be the 
mean energy at the plane z^Zf^, and T the transfer of energy across this 

fiT 

plane. If ^ is the coefficient of conduction of heat, the flow of heat is ^ y , 

TiT 
so that the flow of energy is J^ -^ , where J is the mechanical equivalent of 

heat. 

Also p,, the mean energy of a molecule, is identical with the quantity 
which has previously been denoted by E, so that equation (585) can now 
be written _ 

^^dT . .J BE 

, ..dEdT 
^^""'^dT'dz' 

from which it follows that the value of ^ is 



vc 



cldE 



17—2 
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From equation (402) we have the relation 



.(687), 



where C^ is the specific heat at constant volume, and again, from equation 
(572), if /c is the coeflScient of viscosity, 

/c = ^vclm (588). 

Hence, by comparison of equations (586), (587) and (588), 

^^kC^ (589). 

Correction when Molecules are Elastic Spheres. 

313. We found that the first formula obtained for the coefficient of 
viscosity was true as regards order of magnitude, but required correction by 
multiplication by a numerical factor substantially different from unity. So ^ 

also here, we shall find that strict analysis leads to a value of ^ which differs I 

very appreciably from that given by equation (589), although the only [ 

difference lies in the occurrence of a numerical multiplier. We proceed to I 

apply analysis as rigorously as possible, to the case of conduction of heat in 
a gas of which the molecules are elastic spheres. The solution which follows y^ j 
is substantially that given in Meyer's Kinetic Theory of Oases. The main 
difference is that Meyer neglects certain terras expressing the variation of 
collision-frequency, although these terms are of the same order of magnitude 
as terms retained. I have found it possible to give the more complete 
investigation in which these terms are taken into account, but find that 
their ultimate effect on the result obtained by Meyer is nil. 

314 We consider any element dxdy of the plane z — z^, and with the 
centre of this element as origin, we take 
spherical polar coordinates r, d, ^, the line 
^ = being parallel to the axis of z. 

The curvilinear element of volume for 
which r, ^, ^ lie between r and r + dr, 
Q and + d0, <}> and ^ + d^ is the volume 
dt;= 7^8m0d6d<l>dc. 

We begin by considering the possibility 
of a molecule undergoing collision in the 
element dv, leaving it with a velocity c in 
such a direction as to pass through the 
small area dxdy, and describing a free path 
which reaches at least as far as the element dxdy without collision. 

Since the whole motion is reversible^ the number of collisions in which 
one of the molecules has a velocity between c and c + dc after collision in the 
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element dv is exactly equal to that of the collisions in which one of the 
molecules before collision has velocities within these limits. 

The number of molecules which at any instant are moving with a velocity 
between c and c + etc in the element dv is 

vr^smd dedit>dr ^ —i^TTd' e-^"^^ dc (590), 

so that the number of collisions experienced by these molecules in time dt is, 
by § 251, equal to 

© d^ X (expression (590)) (591), 

where 

®=^^<^>^) («»2>- 

This, then, is the number of molecules which, in time dt, experience a 
collision in the element dv, and leave it with a velocity between c and c-\-dc. 
All directions are equally likely. Now the element dxdy subtends a solid 
angle 

, , cos^ 
dxdy -^ 

at the element dv, so that the chance that, if a molecule escapes collision, it 
will pass through the element dxdy, is 

^dy^ ..(593). 

Multiplying expressions (591) and (593) together, we obtain 

dxdydt 8m0co&0d0d<l>drv^ — ^ ec'e-*"*^*? (594). 

This is the number of molecules which leave the element dv in time dt 
with a velocity between limits c and c + dc, in a direction suitable for passing 
through the element of area dxdy. 

316. We have next to calculate the probability of a molecule describing 
the free path r from dv to dxdy without collision. 

We cannot use the analysis of § 286 to determine this probability, for in 
the present problem the state of the gas varies from point to point as we 
proceed along the path of the molecule. If, however, we denote by/(Z) the 
fraction of the whole which travel a distance at least equal to I without 
collision, we obtain, just as in § 286, the differential equation 

^^^-BJil) (595). 

in which Be is now evaluated at a point at distance I along the path. The 
solution of this equation is 

/(Z) = r^o^*'' (596). 
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If the path is small compared with the scale of variation of structure in 
the gas, we may to a sufficient approximation write the value of £« t^ ^ 
distance { along the path in the form 

(£,),=(5.).+ z(^'')^ (597). 

SO that 

Hence the fraction of the whole number of molecules which describe 
the distance r from dv to dxdy without collision is 

e'^^ (698), 

where Be is evaluated at the middle point of the path. 

316. By multiplication of expressions (594) and (598) we find, as the 
number of particles which cross the plane z^z^ per unit area per unit time 
with velocities between c and c + dc, having started from the element dv, 

dn = dr sin cos 6 d0d<l> v y -^ e-**^ ^e"^^ d'dc (599). 

In this expression, ©, v and h are evaluated at the point (r, 0, ^) while Be 

is evaluated at the point (o > ^i ^)« Since, however, i/, h and Bo are functions 

of z only and not of x and y, we can write the values of j/, h and Be required 
for expression (599) in the forms 

e-e-rcos^^, 

oz 

j; = j; — rCOSr;r-, 

dz' 

h = h — rco80Tr- , 
az 

Ber^Be-ircos0^, 

in which all the quantities on the right-hand side are evaluated in the plane 



jer=i 



Substituting these values, we obtain as the value of dn 
dn = dr sin cos 0d0d<t>v a/ — ^ 6-*«^ Ser^^ (fdc 



[ 



- ^1 dS n^ ^^ 

l — rcos^^-^j rcos^~-r 

^ az V dz 



o ^\ dh ^ /i.^.io /% dB^ 

— freest J T- + rcos^nic*-T- + Jr* cos ^-^ , 

in which all the quantities are evaluated in the plane z^z^. 
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We next integrate this expression with respect to d sudd (^ so as to obtain 
the total number of molecules which cross the plane z^^z^ from the side z<z^ 
with velocities between c and c-\-dc^ coming from a distance intermediate 
between r and r'\-dr. In this integration, the limits for ^ are from to 27r, 

those for are from to ^ only. If we denote the number in question by 

dn^^ci then, since 

I I sindcos^(Wd^ = i, 

I I Bind cos^ 0d0d<t> = i, 



we have 






-"/^ 



g-*mc» ©g-rB, gieicdr 



r. r dB^r_dv^r^dh 
*""3edJ 3iJdi 2Ad^ 



-Tsnf] w 



We can now sum this number over all possible values of r. The limits 
are of course r = and r = oo . The number obtained, which we can denote 
by drict will be the total number of molecules crossing the plane z=^Zo per 
unit area from the direction zKz^, with velocities between c and c + dc. 
Since 



/, 



-Oc 



L 

I 







2 

-0« 



we obtain, on integration, 



r=0 

r 1 _ 1 de 1 dv 1 dh 



l2£, 3QB/ dz ZfBt' dz 2hB, 

md' dh 1 dBcl 
'ZB,*de SB/ dej 



'e 



^,f + A-,^] (601). 
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We have, however, since there is only one kind of gas, by equations (537) 
and (535) 

SO that 

e dz Be dz ' 

and hence the terms in -^ and -^ destroy one another in equation (601). 

Also 

e ^ hmc^ 

Be^ Vw- va^ (c \/Am) ' 

so that the equation can be written in the simplified form 



_ :iwn'm' P.p 1 dv 1 dh m^dhl ^^^ , 
'" - ^,^Jh^)\:^' Z-vTz-ihTz^ 3 dz^ "^^^ 



317. Clearly the corresponding number which cross the plane in the 
opposite direction, say dn/, is given by an expression which is of the same 
form except that the signs of all diflferential coefficients with respect to -sr are 
changed. Hence Sn^, the excess flow of molecules with velocities intermediate 
between c and c + dc, is given by 

Sn^ = dn^ — dfie 

If we write x for c •Jhm, this becomes 

K 4= r|-? + (l-K)i?V«-^<^ (602). 

318. The total transfer of mass across the plane 2 — ;?, is 

*i* 8« (603), 

ap=0 

while the total transfer of translational energy is 

re = *2*imc»K = i*i*a?*Sne (604). 

Heat can, as we know, be transferred either by conduction, or by con- 
vection. If we are dealing, as in the present case, with conduction only, we 
must introduce the condition that there is to be no convection. This simply 
requires that there shall be no transfer of mass, and therefore that expression 
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(602) shall vanish. This condition will of course lead to a relation between ^ 

and ^ . Substituting for Sn<, in expression (602), the relation in question is 
seen to be 

13j:r^^^iaAr(^zi^d. (606). 

The integrals have been calculated by W. Conrau, and the result is given 
in Meyer's Kinetic Theory (p. 464). It appears that equation (605) can be 
written in the form 

1%-0'''<S <««)• 

so that, instead of equation (602), we have 

K= 7^ -^ (2-21066 -•a^)a^e-^dx (607). 

'ira^whmylr(x) 3 hdz 

Hence, upon substitution for Sn<, in equation (604), we obtain 



where 



r,^ 2 idA^ 



j^r (2-21066 -^)afe-^^ 

Jo -^(a?) 



319. The mean total energy carried over the plane z = Zq by the 
molecules crossing it, no matter where they come from, will always bear 
the same constant ratio to the mean translational euergy, this ratio being 
EI\mC\ or 

^ (610). 

Hence the total transfer of energy V stands to Vt in this same ratio, and is 
therefore given by 

r.^r, 

®— :?^/ (611). 

97ra' V Am h dz 

Also, since the ratio (610) is constant in space, we have 

E^ + k^^O, 
dz dz 



so that r can be put in the form 

Qirtr^Vkm dz 



r= %=^ (612). 



Digitized by 



Google 



266 Free Pdth Phenomena [ch. xin 

As in § 312, the flow of energy is J^ -^ , so that by comparison we find 

^ ^l—^^l (613). 

By equations (273) and (402), we have 

■ ^ 2 

VttAot 

'~JmdT' 
80 that equation (613) becomes 

'"^'"' ■<"*> 

320. We have so far made no correction for the persistence of velocitiea 
We are, however, trying to correct equation (589), namely, 

by determining the numerical multiplier. We are therefore trying to 
evaluate the ratio ^//e. Now ^ and /c are each proportional to the mean 
free path, and are therefore both aflFected in the same way by the persistence 
of velocities. It is therefore clear that the fraction ^//e will be approximately 
unaffected by this persistence. 

Hence, if we use the value of /e which was obtained before correction, we 
can use the value of ^ given by equation (614) without further correction, 
and shall obtain approximately accurate results. 

The value of k obtained before correction (equations (537) and (539)) was 

K = ipcl 

M:^ <-> 

By comparison with equation (614), 

^=ij^*a <^^^>' 

giving the multiplying factor, by which equation (589) must be corrected. 

The value of the integral / has been calculated by P. Neugebauer, and 
from this value Meyer reduces equation (616) to the form 

^=1-6027/^^ (617). 
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Comparison with Experiment, 

321. This relation between ^ and k is found to be in excellent agreement 
with experiment. This is shewn in the following table : 



Ratio of /cCL to ^. 



Gas 


Mean k (p. 251) 


1-6027 kC^ 


^ 


Anthony* 


Mean^ 


Hydroeen 


•000 0864 

•0001647 
•0000944 
•0001628 

•000 1714 

•000168 
•000 1873 
•0001431 

•000 1381 


1 
•000 3346 1 -000 3872 


1 
2 

1 

1,3 

1 
3 

1 
2 
3 

1 

1 

1 
2 
3 

1 
3 


1-70 

'A 

1-77 
161 


Nitrogen 


0464 
0434 
0456 

0468 

0448 
0475 
0337 

0342 


3190 

0512 

0395 

0498 
0499 

0561 
0483 
0513 

0451 

0551 

0335 
0309 
0305 

0353 
0350 


Ethylene 


Carbon monoxide. . . 
Air 


Nitric oxide 


Oxvcren 


Carbon dioxide ... 
Nitrous oxide 










Mean... 


w 



From these figures it will be seen that the agreement between theory 
and observation is in every way as good as could be expected. The mean of 
the entries in the last column is 1'66, which is in excellent agreement with 
the theoretical number 1*6027. And we shall see later that the discrepancy, 
small though it is, is such as could reasonably be attributed to the inter- 
molecular forces in the gas. 

♦ AuthoritieB :--l Winkelman, 2 Graetz (Meyer, Kinetic Theiyry, p. 295), 3 Wiillner 
(Meyer, p. 298). 
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CHAPTER XIV. 

FREE PATH PHENOMENA (continued). 
Diffusion. 

Elementary Theory. 

322. The difficulties in the way of an exact mathematical treatment of 
diffusion are similar to those which occurred in the problems of viscosity 
and heat conduction. Following the method adopted in discussing these 
earlier problems, we shall begin by giving a simple, but mathematically 
inaccurate, treatment of the question. 

We imagine two gases diffusing through one another in a direction 
parallel to the axis of z, the motion being the same at all points in a plane 
perpendicular to the axis of z. The arrangement of the gases is accordingly 
in layers perpendicular to the axis of z. Let us denote the mass velocity of 
the whole gas in the direction of z increasing by w^^^ and the molecular 
densities of the two gases by i/j, i/j. Then vi, v^ and Wo are functions of 
z only. 

We assume that as far as the order of approximation required in the 
problem, the mass-velocity of the gas is small compared with its molecular- 
velocity, and we also assume that the linear scale of variation of either 
gas is great compared with the average mean free path of a molecule. 

We may, therefore, to a first approximation, assume that Maxwell's law 
of distribution of velocities obtains at every point, and that h is the same for 
the two gases. 

Since the mass velocities are small quantities of the first order, and their 
squares are therefore small quantities of the second order, it follows that, as 
far as the first order of small quantities, the pressure p is constant throughout 
the gas. 
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Since, by equation (264), 

p-'-^ («'»). 

and since p and h are constant throughout the gas, it follows that 

i/j 4- 1;, = constant (619). 

This, in fact, is nothing more than a re-statement of Avogadro's Law 
(§ 128). 

323. The number of molecules of the first kind, which cross the plane 
z^z^ per unit area per unit time in the direction of z increasing, is 

^^ jjjp^e-^^^^-^^-^^^'^)'^wdudvdw (620), 

in which the limits are from — oo to + oo as regards u and v, and from to oo 
as regards w. 

These, however, do not all come from the same point, and vi must, in 
accordance with the principles already explained, be evaluated at the point 
frt>m which they started after their last collision. Those which move so as 
to make an angle with the axis of z may be supposed, on the average, to 
come from a point of which the z coordinate is ^o '~ ^ cos 0, and at this point 
the value of Vi may be taken to be 

i'i^i'i(-^o)-Xcos^(^^) (621). 

If, then, we wish to go as far as the first order of small qusmtities we 
divide the integral (620) into two integrals corresponding to the two terms of 
the right-hand of equation (621). 

We obtain as the value of the first 

= p, (z,) y^^^Y//^'"**'^**""'''""''^^ (W + w,)dudvd\N, 

where w = w — Wo 

= vi (-^o) \/^ j^^e-^^^duj'^^e'^^^dv 

I e'f^i^(yN + w^)dyN (622). 

J -too 

Now I «-**^*^dti = j «-*«»'*dv=A/r-» 
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m 

and as far as the first order of small quantities, 

Hence the value of expression (622) is 

ii;,(^o)(^-= + «;o) (623). 

The second integral required for the evaluation of expression (620) is 

^ © \/^///«"*^^^**^^^^''"*'*^cosd«;dudt;dt(; (624). 

Since \ is a small quantity of the first order, we may put w© = under 
the sign of integration, and if we now use the transformation 

«4 = c sin tf cos ^, 

t; = c sin ^ sin ^, 

w = c cos 0, 
the expression 



c=o, e=o, *=o 
-xM /^^ 1 1 

By subtraction of expressions (625) and (623), we find as the total number 
of molecules of the first kind which cross the plane z^z^ per unit area per 
unit time in the direction of z increasing (expression (620)), 

vifi'-w -sdU +*»"■<'•> w- 

Similarly the number crossing in the reverse direction is 
1 



s/irhm 



The rate of increase of molecules of the first kind on the positive side of 
the plane z = Zq per unit time per unit area is the diCFerence of these two 
expressions, and therefore denoting this quantity by Fi, 

■'■-"•'■w-iT^fil <''^«> 
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If the similar quantity for the second kind of gas is denoted by r,, 

■'-«'-<^>-i^(fel w 

S24. The increase per unit time of molecules of the first kind per unit 
volume at £f = 2^0 is clearly -~ , so that 

§-S' («»»)■ 

f-t <«»•)• 

Hence i(^^ + ^«>="^(^^ + ''«>• 

This quantity is in any case independent of z, since vi + r, is constant 
throughout the gas, and vanishes in the steady state. Hence in the steady 
state Fj + Fj is constant throughout the gas. Clearly Fj + F, me^asures the 
net flow of gas per unit area across any plane perpendicular to the axis of z. 
If there is no steady current of this kind, 

Fi + F,= (682). 

We have also the relation (equation (619)) 

i/i + i/j = constant, 
whence, by differentiation, 

©)-(i')-» <«''> 

If we add together equations (628) and (629), simplifying by means of 
the equation just obtained, we get 

r,.r..».<...,-|(|)(j^-^; 

and since Fi + Fj=: 0, this gives the value of w^ in the form 

2 91^1 
^^ 3 9^ / ^ ^ V 

Substituting this value in equations (628) and (629) we obtain 

-r.=r.=2_^/^^.^\ (63,) 
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The coefficient of ^ on the right-hand side is the coefficient of diflfuaion 
(D) for the two gases in question. If we write 

2 ^, 

2 _, 
VTrAma 

so that Ci, c, are the mean velocities in the gases in question, this assumes 
the form 

l\,C,|/,+ \,C.|/. gg. 

3 i/i + y, ^ ' 

S26. If we consider diffusion between two gases in which the molecules 
are approximately of equal size and weight, and agree to neglect the 
differences in size and weight, we may take \ and c to be the same for 
each gas, and so obtain 

3) = JXc (636). 

Comparing this with the value of the coefficient of viscosity (equation (573)) 

ic =iXc/> (637), 

we obtain the relation 2) = - (638). 

P 

Correction when Molecules are Elastic Spheres. 

326. This equation of course requires correction by multiplication by a 
numerical factor, and this we shall now try to estimate. As in the case of 
viscosity, there are two sources of error, the first arising from our inaccurate 
evaluation of X, and the second from neglect of the persistence of velocities. 

As regards the first, it is clear that in expression (624), X must be 
replaced by \ and taken under the sign of integration. Hence instead of X 
in the final result, we must have I, where 

[ XcC-'^'^c^dc r— 
l^'^'^ =^ (639). 

This however is exactly the same as the I of the viscosity formula, of 
which the value was found in § 304 to be 

1-051 

Hence this correction affects 2) and k exactly similarly, multiplying each by 
1*051, but does not affect equation (638). 
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827. We now examine the eCFect of the persistence of velocities. When 
the molecule arrives in a given direction we found that the expectation of 

the distance it had described in that direction was not X, but :j — ^ where 

= '406. Hence the expectation of its belonging to one gas or the other is 

not that appropriate to a distance \ back, but to a distance ^ ^ . The 

eflFect of "persistence" is therefore to multiply the value of 3) given by 

equation (636), by a factor :j — ^ . Also, as we have already seen, the effect 

on equation (637), is to multiply the value of tc there found by .. _ i ^ « 

The two equations, both corrected for persistence, accordingly become 

"^"=3(1-^)^' 

1 

'""3(1-^^)^^' 

so that the corrected form of equation (638) must be 

Putting d = -406, the value found in § 291, this becomes 

2) = 1-34- (640). 

P 

It is of interest to examine the diCFerence between the eflFect of persistence 

of velocities on diflfusion on the one hand, and on viscosity and conduction 

of heat on the other. Diflfusion, it will be seen, is a transport of a qtiality, 

while viscosity and heat-conduction are transports of quantities. The diflfer- 

ence rests ultimately upon the circumstance that qualities remain unaltered 

by collisions, whereas quantities do not. 



Comparison with Experiment, 

328. The last equation gives a quantity which it is impossible to measure 
experimentally, the interdiflfusivity of a gas into itself. 

If, however, we take any three gases, and measure the coeflScients of 
diflfusion Di„ 2)a, 3),i of the three pairs of gases separately, we can calculate 
3)u, 3)ffl and 2)». For our knowledge of 2)m, 2)a and ^^ will, by the use of 
equation (636), lead to three equations between <ri, cr, and cr,. If we solve 
these equations, we can use the values of a-j, cr, and <r, to calculate Du, 
2)a and 2)„. 

J. 18 
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From some experiments of Loschmidt, treated in this way, the values 
of coefficients of interdiffusivity of four gases can be calculated. The follow- 
ing table is taken from Kelvin's Baltimore Lectures (p. 295). 



Oftses 

H,-(l) . 
O. -(2) \ 
CO— (3) 
C0.-(4) 



/ Pain of Oases Sn 

(12, 13, 23) 1-32 

(12, 14, 24) 1-35 

(13, 14, 34) 1-26 

Mean rSl 



Pairs of Oases 



3), 



\ 



Pairs of Gases S),, 

(12, 13, 23) 169 

(13, 14, 34) 175 

(23, 24, 34) 178 

Mean 174 



(12, 13, 23) -193 

(12, 14, 24) 190 

(23, 24, 34) 183 

Mean -189 

Pairs of Gtases ^^ 

(12, 14, 24) 106 

(13, 14, 34) -Ill 

(23, 24, 34) -109 

Mean 109 



The agreement inter ae of the values obtained by a set of three gases 
gives in itself a striking confirmation of the theory. 

Let us, however, carry our test further by comparing the values of the 
coefficients of interdiffusivity just found with those given by equation (640). 
In the following table, the first column gives k, the mean of the values given 
in the table of p. 251, the second column gives /o, the third gives the value of 3) 
calculated from equation (640), and the fourth gives the value of 2) calculated 
from Loschmidt's experiments. 



Gas 


K (p. 261) 


p(p.ll8) 


l-84ic 

9 


5) (exper.) 


JC 


Hydrogen 


•0000864 
•0001873 
•0001628 
•0001431 


•0000900 
•001429 
•001234 
•001974 


1-28 
•176 
•177 
•097 


1-31 
•189 
•174 
•109 


1-37 
144 
1-32 
1-50 


J ■**• ■^o"— • •••• 

Oxyeen.. 


^ «^ ©**** •• 

Carbon monoxide. . . 
Carbon dioxide 










Mean 


1-41 



The mean of the entries in the last column is 1*41 which is in excellent 
agreement with the theoretical 1*34; and, as previously occurred in the 
similar case of heat-conduction, we shall see that the small discrepancy is 
such as could be attributed to intermolecular forces. 
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CHAPTER XV. 

FREE PATH PHENOMENA (continubd). 

Maxwell's Theory. 

S29. The subject of the present chapter is MaxwelFs theory of the 
behaviour of a gas in which the molecules are supposed to be point centres 
of force, repelling according to the inverse fifth power of the distance*. 
Maxwell's original theory has been greatly improved and elaborated by 
Kirchhofif and Boltzmann. In the present chapter we shall follow KirchhofFs 
discussion of the problem more closely than the original investigation of 
Maxwell. 

We have already seen, from the observed variation of the coefficient of 
viscosity with the temperature, that molecules may not legitimately be 
regarded as elastic spheres. If, as an alternative hypothesis, we suppose 
them to be point centres, repelling with a force fir~*, the observed relation 
between viscosity and temperature gives us information as to the value 
of 8. 

For K, the coefficient of viscosity, can only depend on the following 
quantities: m and G which measure the mass and mean velocity of the 
molecules, /i which measures the distance at which their action on one 
another reaches a certain intensity (replacing the " size " of the molecules, 
which has now become meaningless), and v the number of molecules per 
cubic centimetre. It is clear as in § 307, that ic must be independent of v; 
so that K must be expressible as a function of m, G and fi. 

The physical dimensions of /c, m, G and /i are as follows : 
K is of dimensions ML-^T'^^ 
m „ „ M, 

C „ „ LT-\ 

^ „ „ ML'^^T-^. 

Hence we must have that k is proportional to 

1 
(m^^G»-^^fi-^y-\ 

* " On the Dynamical Theory of Gases,*' Collected Work$, n. p. 26. 

18—2 
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this being the only way of combining m, C and /i so as to get a quantity 
of the same physical dimensions as ic. If #e is observed to vary as the 
nth power of the absolute temperature, and therefore as the 2nth power of 
0, we have the relation 

2n = ^ (641), 

* — 1 

the same relation as is given by equation (584). 

From experimental evidence we found values for 8 ranging from 5*2 to 12. 
Maxwell* believed the value of n for air and some other gases to be n= 1, and 
hence supposed that « = 6 gave the true law of force for all gases. It is now 
known that this is not true, but nevertheless the law « = 5 gives an interesting 
mechanical illustration of the theory of gases, and is moreover the only law 
for which the theory has been worked out with strict mathematical accuracy. 

If we make the assumption of a repulsion varying as some inverse power 
of the distance, the value of 8 for all the gases tabulated on p. 257, lies 
between «= 5 and «= x . Now the law of force for elastic spheres is one in 
which the force is zero for r > cr, and is infinite for r < <r. This may suitably 

be represented by the function fi^ ( -] where « = oo . Thus « = oo (the law 

worked out in previous chapters) and *=:5 (the law worked out in the 
present chapter), may be regarded as limits between which all gases lie. 

General Equation of Transfer. 

330. Let Q be any function of the velocity components of a single 
molecule, e.g. momentum, energy. We proceed to form general equations 
expressing the transfer of Q. 

At any point x, y, jg: let ^ be the mean value of Q, so that 



Q=jjjf(u, v, w)Qdudvdw (642). 



If we consider a fixed rectangular parallelepiped dxdydz at this point, 
the number of molecules inside it is vdxdydz, and hence 2Q, the aggregate 
amount of Q inside the element of volume, is given by 

XQ^vQdxdydz (G43). 

We now examine the various causes of change in XQ, In the first place 
some molecules will leave the element dxdydz, taking of course a certain 
amount of Q with them. It has been already found in expression (348), that 
the total number of molecules of class A lost to the element dxdydz in time 
dt is 

dxdydzdtiu^ "*"^5~'^^^) {^f)d'^dvdw, 

* " On the Yifloonty of Internal Friction of Air and other Gasee," Collected Warke, n. p. 1. 
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and hence the total amount of Q lost by motion into and out of the 
element is 

dxdydzdt \\\\ iu:^ '^'^g" "^^3") (^/) Qdudvdw (644). 

If we write 

I / 1 "^QfiM'f '^> ^) dudvdw = uQ, etc., 

expression (644) can be put in the form 

dxdydzdt |"^(^)+/(''^) + 9^(^w^)] (645). 

Another cause of change in XQ is supplied by the action of external 
forces on the molecules. For any single molecule, we have 

d^^d^du^d^dv^d^dw^l/^d^^Y^-^ + Z^-^ 
dt du dt dv dt dw dt m\ du dv dw) ' 

where X, Y,Z are the components of external force, so that in time dt the 
total value of SQ experiences an increase 



^.,^*^[z(|).r(?2).^g 



.(646). 



Lastly, 2Q may be changed by collisions between molecules. If Q is any 
one of the quantities which have previously been denoted by %i, Xa-- Xsi 
namely the mass, energy, and the three components of momentum of a 
molecule, there is no such change, but if Q is any other function of the 
velocities such changes will occur. In general let us denote the increase 
in XQ which is caused in the element dxdydz by collisions in time dt by 

dxdydzdtAQ (647). 

Expressions (645), (646) and (647) now contain between them, the efifect 
of all possible changes in %Q. The value of 2Q is however given by 
expression (643), so that the change in SQ in time dt will be 

^(vQ) dxdydzdt 

Comparing the two diflFerent values which have been obtained for this 
change, we have 

T, M)- - [|<-"5)+8^(>^)+3;(-^)] 



+ , 
m 
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831. From this general equation, we can obtain the equations of 
Chapter VII. as special casea If we put Q = 1, so that Q= 1, the equation 
becomes 






(w/,)+|^(.^„)+|^(wi;,)] (649). 



m- 



the equation of continuity already obtained in equation (352). 
Similarly, on putting Q = mu, we obtain 

When the molecules collide only with other molecules of the same kind, 
AQ of course vanishes, and equation (660) now becomes identical with 
equation (358). 

832. If we multiply equation (649) by Q, and subtract from equation 
(648), we obtain as a new form for the general equation, 

where 2 denotes summation with respect to the three coordinates x, y 
and z, , 

Let us now write 

u = «o + u, etc. 

so that u, V, w are components of molecular velocity. Then 
Hence 



We further have 

dQ^ dQ ^dQ 
du a(i^+u) dUo' 

where Q is now expressed as a function of i^, u, etc., so that 



"d* 



/3Q\ /aQ\ aQ 

\duj \dut/ 9m,' 
>ns, equation (651) I 



Making these substitutions, equation (651) becomes 
dQ 
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or, again, if we write 

D d , a . a , a 
^=^+"*ai + ''*a^+«'«ai' 

80 that jY denotes differentiation following an element of gas in its motion, 
the equation becomes 

'§-^H^'^^^i^i\*^ («^2)- 

As before if we put Q = m in this equation, we have AQ = 0. Also 
Q = 1^, so that 



and also 






uQ = u (u + i^) = u«, 



vQ = V (u + 1^) = uv, etc. 
Hence the equation becomes 

•'^=-a^<''""^)-a^''""^)-al<''""'^>+i^ («^^>' 

an equation of motion which is identical with our previous equation (360). 

There are of course two similar equations obtained from the general 
equation by putting Q = t; and Q = w respectively. When these equations 
were obtained before in § 173, they were regarded as expressing the motion 
of the gas in terms of the forces acting upon the gas. On the present 
occasion it is convenient to regard them as equations expressing Z, Y and Z 
in terms of the motion of the gas. 

From these three equations and equation (652) we can obtain an equation 
which does not contain X, Y or Z, and which is therefore true for a gas 
independently of the action of external forces. Effecting the elimination 
of X, Y and Z, this equation is found to be 

^ Dt 



-^[-i(-«^gi'^+s(-)+i<'-)+3^frm^^ft 



or, arranging the terms in a form more convenient for use. 



[JDQ_dQ Duo_dQDvo_ dQ Dwf] 
^ iDt duo Dt dvoDt dwo Dt ] 



= 2 [-|^(.UQ)+|{3^(.U^ + |(.U-v) + ^^(.aw)}] + AQ ...(654). 
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Since Q is in general a function of u^, Vq^ Wo and the mean values 
U>, uv, etc., etc., the bracket on the left-hand side is seen to be the diflFerential 
coefficient of Q with respect to the time, regarding the mean values as 
functions of the time, but t^, Vo, Wo as constants. 



Special Forms assumed hy Equation of Transfer. 

333. The equation just found is the general equation expressing the 
transfer of Q. Further progress is only possible by calculating AQ, the 
term which arises from collisions, directly from the dynamics of a collision. 
This, however, is only possible when the value of Q is known, and when we 
have made a special assumption as to the law of force between molecules. 

Maxwell uses the same equation (654) for the investigation of the three 
phenomena of viscosity, conductiou of heat and difiFiision, regarding viscosity 
as a transfer of momentum, conduction of heat as a transfer of energy, and 
difiFusion as a transfer of mass. 

Before calculating the form assumed by AQ on giving the requisite forms 
to Q and making special assumptions as to the law of force, we shall find it 
convenient to examine the simplifications introduced into equation (654) on 
giving these forms to Q. 

I. Q=u^ + v^+vf. 

334. Let us first put 
Q=w« + t;» + t<;« 

= V + V+ w^o* + U' + V* + W*+ 2i^u + SvoV + 2t(;oW. 
Thus Q = Uo' + V + Wo' + u"« + V« + w». 



uQ = u (u* + V* + w*) + 2t^oUa + 2t;oUV + 2WoUW. 

We are going to assume the molecules to be point centres of force, 
so that their only kinetic energy is energy of translation. Hence, by the 
conservation of energy, we may take AQ == 0. The equation now becomes 

D 



l'-p^(U« + V« + W*) 

= 2 - g- {i/u (u' + V + w«) + 2imoU"« + 2i;t;oUV + 2j^oUW} 

+ 2..o{3^(.ir.).gy 



...(6»). 



= 2[-34{.u(u> + v» + w«)1.2.(u-.g4. 



+ -(j'UV)+g^(|/UW)|j 



dz 



dy 



')]) 
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336. We shall require to give other values to Q in equation (654), but 
in calculating these it will, for reasons which will be seen afterwards, be 
sufficient to neglect deviations from Maxwell's Law of distribution of velocities. 
We accordingly take 

u» = v* = w« = g, 

uv«vw = wu = 0, 
and equation (654) becomes 

VDQ dQ Du, dQ Dvq dQ DwJ 
^[Lt drh Dt dvoDi dwo Dt ] 

= 2[-4(.TrQ)-hgi(.g)]+AQ (656). 

11. Q = u\ 

336. We first use this equation by putting 

= w« = t£o* + 2u^u + U\ 
so that Q = t^« 4- J, 

uQ = 2woj, vQ = wQ=0. 
Then the equation becomes 

= -2y3^ + Att« (657). 

There are two similar equations for V* and w^. If we add the system 
of three together, we obtain 

•'■■S-='''fs+t+ &)+'^«'+^''+'^«' <«'»>• 

We have, however, 

Au« + At;» + At(;» = A (w'+v" + «(;»)= (659), 

since, as already explained, 2 (w* + 1;* + 1£^) remains unchanged by collisions. 
Hence equation (657) becomes 



s-fe(S-i-s') <"«»)■ 



This equation may be regarded as giving -j^ . Substituting this value 
in equation (657), we obtain 

-•■^(S+l-s^^-^s-^- • *«"> 
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Adxahatic Motion, 






337. The equation of continuity (equation (649)) can be expressed in the 
form 

Dv 

Dt ^ "Kdx ^ dy 

and with the help of this, equation (660) becomes 

qDt 'ivDt' 

^(9.-1) = 0. 

Thus as we follow an element of the gas in its motion qv"^ remains 
constant. Since 

g=ui = j(7« = ^ (662), 

this equation simply expresses that pp-i remains constant, as an element 
is followed in its motion. This is the particular case of the adiabatic law 
obtained in § 201, in which 7 = f . This result we can understand. We have 
neglected the conduction of beat in making the suppositions of equation 
(662), and we have supposed the whole energy to be translational on putting 
A (w« + 1;« + 1(;>) = in equation (669). We therefore get 7 = J, as in § 203. 



III. Q^uv. 
338. We next put Q = uv in equation (656). We have 



Q = (tio + u)(t;o + v) = Wot;o, 
uQ = t;oj, vO = Wo?, wQ = 0, 



so that equation (656) becomes 
giving, upon simplification, 






'^(S+'^)-^<«'')=o <««^>- 
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IV. Q^u{u' + v'+vf). 
339. Lastly, in equation (656) we put 

Q = w (t4» + V* + 1(^) 
= (Wo + U) (Wo' + Vo' + m;o' + 2moU + gvoV + 2t/;oW + U' + V* + w*), 
80 that Q = Wo (wo* + V + Wo') + 5i^g, 

9Q 80 95 



uQ = (8uo» + t;o* + t(;o«)g + u«(u» + v» + w*), 
vQ = 2Mot;o J, wQ = 2uoWo9. 

Since we are supposing the gas to be in a steady state, we may suppose 
U, V, w to be distributed according to Maxwell's Law. Assuming this law 
we have 



so that 



and hence 



Jo 



u*(u' + v» + w*) = 5g*. 
Hence on putting Q = w (w* + 1;* + w') in equation (656), we obtain 

d 3 

+ (3mo* + V + Wo* + 55) ^ (i/g) 

+ 2wot;o g- (1/9) + 2i^t£;og^(i/9) 
+ Au(u* + t;* + t(;») 

r ^ o o "I 

= -?lg^(3tA>' + V + < + 5g) + ^(2wot;o) + g^(2woWo)J 
+ Aw (w'+v* + «;*). 
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If we salMtitnte for ^ from equation (660) and fiutber simplify, ve find 

The Dtnamigs of Collisions. 

340« We DOW proceed to calculate the valaes of AQ which are reqnired, 
directly from the djoamics of ooUisicMis, assaming the law of force between 
molecules to be that of the inverse fifth power of the distance. 

With a view to a subseqaent investigation of diffiision, we shall suppose 
there to be gases of two kinds, the masses of the molecules being fih and nti 
respectively. 

Let us consider a collision between two molecules of different kinda 
Their mutual potential energy at distance r is 



•' OD 






where jBTm, replaces our former ^ for the first kind of molecule, wid Knif 
replaces fi for the second Integrating, we get 

^^-m^m,-^ X665). 

If at any instant a^tyi,Zi are the coordinates of the first molecule, and 
^> ya> ^a those of the second, the equations of motion of the first molecule are 



d<l> 
niiXi = g— + wiiX, etc., 



while those of the second are 
From these we obtain 



94> 

mj^, == ^ — h m,X, etc. 



rrhm^(xi-x^)^mi^ m^^ (666). 

Let us write a^j — ajj « a?, etc., so that x, y, z are the coordinates of the 
second molecule relatively to the first. Then 

r" = a^ + y' + 2^, 

so that since <I> is a function of r, 
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and equation (666) becomes 



Thus the equations of motion can be written in the form 

dx 



^=:^,etc. (667), 



where 



^,^mj_+m,^^_ Z 



341. With the centre of the first molecule as origin, let us take new 
coordinates r, in the plane of motion of the second. The motion of the 
second particle in this plane is, by equations (667), an orbit described by 
a particle of unit mass under the infiuence of a central force of potential <t>'. 

Hence we have the usual two first integrals 

r«d = A (669), 

i(f» + r»^)=<I>' + C (670), 

where C and h are constants. Eliminating the time we obtain as the equation 
of the orbit, 



or 



^-J)'+^=l^^-|<'^+'^>^ <«^i)- 



If we take the direction of one asymptote for initial line this has the 
integral 

0^ 



(' dr 

(672). 



^Aj-j^r'-r'-j^^(my + tn,)K 



342. If F is the velocity at infinity (i.e. the relative velocity before 
collision), and p the perpendicular from the centre on to the asymptote 
described with velocity V, we have from equations (669) and (670), 

h=pV, (7 = JF' (673), 

so that equation (672) can be written in the form 

dr 



= 



o\/5-^-/f«^"*> + '^>^ 



If we now write 11 for - , this becomes 
r 

dff 



0^ 



y.-.-!- 



.(674). 
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where 



Free Path Phenomena 



(7^ + ma)A 



[CH. XV 



.(675). 



The apse is of course given by the vanishing of the denominator in the 
integral of equation (674). If the corresponding positive root for 17 is i/o, the 
angle between the asymptotes, being twice the angle between either asymptote 
and the apsidal line, is given by 



Jo' 



Vi 



n«-X*ri* 



XV 



.(676). 



After collision the velocities parallel and perpendicular t-o the initial 
line are of course 

- Fcos^ and Fsin^'. 

343. There is naturally a doubly infinite series of possible orbits corre- 
sponding to different values of p and V. Except for a difference of linear 
scale, however, these may be reduced to a singly infinite system corresponding 
to the variation of jp'F. In fig. 23, which is taken firora Maxwell's original 
paper*, some members of this singly infinite system are shewn. 



•fi 



Fio. 28. 

344. Let us consider a collision between two molecules, the velocities 
before collision being w, u, w and u\ v\ w. The relative velocity V \& 
given by 

F« = (i^'-w)« + (t;'-v)» + («(;'- w)« (677), 

and V is here the same as the F of § 342. 

* Collected WorkSf 11. p. 42. I am indebted to the University Press for the use of the original 
block. 



Digitized by 



Google 



342-344] Collisions with Law of Inverse Fifth Power 287 

Let us imagine the first molecule to be at rest, and the second to approach 
it with a velocity of components u' — w, v — v, w' — w. Let the dii'ection of 
this velocity meet a plane perpendicular to it through the centre of the 
second molecule in a point of which the polar coordinates referred to the 




Fio. 24. 



second molecule as origin are p, e. Then p is the same as the |) of § 342. 
Let € be measured from OR, the intersection of the plane normal to NP 
with a plane through containing the directions of PN and of the axis of x. 

In fig. 25, every point except is on a unit sphere having as centre. 




Pio. 25. 
Thus if OOy 00' are directions of motion before and after collision, 

therefore cos Q'X = cos OX cos 00' + sin OX sin 00' cos €. 



But 



cos G X = ^— , cos OX = y , 



where u, v!, etc. are components of velocity after collision, so that 

vf -u^iu'- u) cos 0' + VF«-(i*'-'M)«sin ^ cos € (678). 
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If we suppose the angle XGY to be cd, and XOZ to be a>„ we shall have 
in a similar way, 

v'-v =(t/ - v) cos ^ + V F« - (v' - vfBinffcos{€ - ©,) (679), 

uf -w^{w-w) cos ^ + V7«- («/-!(;)* sin ^ cos (e - ©,) ...(680). 

To determine ooj, ©„ we notice that in the triangle OXYy ZF=^, 

z 

XGF=tt>2, hence 



(w'-u)(t;'-t;) + V(F«-(tt'-w)»)(F«-(t;'-t;)«)cos«, = 0...(681), 
and there is a similar equation for eo,, in which vi —w replaces v* - v. 

We are engaged, it must be remembered, in calculating the changes 
in the velocities which are caused by the collision only, so that the changes 
caused by the action of external forces, if any, may be neglected. We may 
accordingly use the equations of conservation of momentum. Thus 

miU + TTiju' = mjU + m,w' (682), 

an equation which can of course be obtained directly, by the integration 
of the equations of § 340. 

Multiplying equation (678) by m, and subtracting from this the equation 
of momentum, we obtain 

(mi + m,) u = miu + m,w' — wi,(tt' — w) cos ^ — tti, V F* — (t^' — tt)» sin ^ cos e, 

so that finally 

u -u== ^ mw'- t/)cos«|^- VF«-(u'-ti)» sin ^' cos el... (683). 

This gives the change in u at a collision of the type we have been 
considering. The changes in v and w are given by similar equations, and 
from these we can calculate the change in Q, when Q is any function 
of u, V, and w. 

345. Before discussing the frequency of collisions of given type, we must 
make a remark as to the definition of the commencement of a collision. The 
law of force assumed is such that two molecules are influenced by one 
another at all distances, but the influence only becomes perceptible when 
the molecules are near to one another. If we suppose the influence to 
be perceptible when the molecules come within a distance o- of one another, 
we may regard a as the diameter of a sphere of molecular action, and may 
define the commencement of a collision as the instant at which either 
molecule crosses a sphere of radius a surrounding the other. This gives an 
approximation which is the better, the greater the value of a. In the limit 
we shall find it possible to pass to the limit and take <r = oo , in this way 
disposing entirely of the error involved in assuming the existence of a sphere 
of molecular action. 
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With this definition, the probability that a molecule of mass voi and of 
class A undergoes collision with a second molecule of mass m, and of class B 
in time dt, the relative position of the molecules being such that p, e lie 
within certain limits dp^ de, is seen to be equal to the probability of finding a 
molecule of mass rrug and class Bin b, certain small cylinder of height Vdt and 
o{hoa% pdpde. The number of molecules of mass m, and of class B per unit 
volume may be taken to be 

^2 f% (^'i v'l ^') du dv' dxu 

so that the probability in question is 

vtfi « v\ w') du'dv'dw' Vdtpdpde (684). 

Let [Q] denote the change in the Q of a molecule of mass mj and of class 
A caused by collision with a molecule of mass tw, and of class B. Then the 
average change in Q for molecules of mass mj and of class A caused in time 
dt by collisions with molecules of mass m, and of class B, is obtained by 
multiplying the value of [Q] obtained from equations of the type of (683) 
by expression (684) and integrating over all values of p and e. 

346. We can conveniently divide AQ into two parts, so that 

the former being caused by collisions with molecules of mass mi, and the 
latter with molecules of mass m,. 

Then in accordance with the definition of AQ already given (ex- 
pression (647)), 

^^^^\\\\\\\\\.Q^ ^i^ifi (^» ^' ^)/« (^'» ^»' v/)dudvdwdu'dv'dw'Vpdpd€ 

(685). 

Since, however, (equation (675)), 

we have 

Vpdp = J (wi + Wj) K ada, 
so that 

A„Q = ^{m, + in,)KJjjjjjjj[Q] p,p,f, (w, v, w)f, « v\ w') 

dudvdwdu'dv'dw'adade. 

If we write | ^ | for the mean value of any quantity ^ averaged over all 
molecules of type 1 and also over all molecules of type 2, so that 

+«0 +00 



I ^ I == 1 1 1 / 1 1 if^f^ (u, V, w)fi (u\ t/, w) dudvdwdu'dtfdv/y 



19 
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then this equation becomes 

e^Sv 0=00 

A„Q = v,!/, ^(fn, + tn,) Z I J J [Q]odad€| (686). 



«=0 0-0 



CcUcvlations of AQ. 
I. Q=^u. 

347. We begin by putting Q = w. The value of [Q], or of m - m, is now 
given at once by equation (683), and we have, by equation (686) 



A„ t^ = i/ii/.Tn^ a/ — — - 
V r/ii + TTij 

«s2irasoo 

I I \2 (u' - w) COS* 2 - VF» - (u' - w)* sin ^ cos el adade 



«=0 0=0 

The integration with respect to e can be effected at once, resulting in the 
disappearance of the last term, and leaving 

, O=Q0 

/ K \ f ff 

Ai2W = 47ri/ii/,maW — — — (ia' -i/)co8«^ ada 

aaO 

= 47r viv^rn^ y ^^^ « - -i^)) j cos« ^ ada. 



0=0 

Maxwell writes 

a=oo 



"Jcos«^ada = ^ (687). 



47r 

= 

Tables for the calculation oi Ai by quadrature are given in MaxwelFs 
original paper. He finds for its value 

ili = 2-6595 (688) 

and we accordingly have 

Ai3W = i/ii/amjy — - il,«-t*o) (689). 

To calculate An, we notice that u^ and i^o now become identical, so that 
AuW = 0. This could have been foreseen : the value of u averaged through a 
system of equal molecules cannot be changed by collisions with one another. 

Thus the expression on the right-hand of equation (689) contains the 
whole value of Aw, so that 



Aw = i/ii/jm, a/ - -— — ^1 W - O 
V mi + m^ 



.(690). 
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348. We require also to calculate AQ where Q is replaced by certain 
functions of the second and third degree, but these quantities will be required 
for a single gas only. In this case equation (686) becomes 



AQ = !/» V2mA' II { [Q] adade 



c=0 0=0 



11. Q=u\ 



.(691). 



349. We begin by putting Q=^u\ The value of v^-u^ for a single 
collision, from equation (683), is given by 

u«-tt« = |w + (w'-t^)co8'^ - 5 VF» - (u' - w)*sin ff cos e\ -u\ 

If we substitute this value for [Q] in equation (691), and perform the 
integration with respect to e, we obtain 

At^« = 27ri/> V2m£' 

I [ (2u(w'-w)cos»| + (n'-w)«cos*| + i(r«-(tt'-w)*)sin»^)ada 

o-O 

(692). 

Since 

F«-(w'-ti)« = (i;'-i;)2 + («(;' -wy, 

and cos* -^ = cos' « ~ i ^^^^ ^» 

the bracket in the integrand becomes 

{v!^^ w«) COS' ^ + ^ {- 2 (u - i^)« + (v' "vy^ {w' - wf] sin" ff. 

Now |u«-u«|=0, 

|-2(w'-w)' + (t/-v)' + (i(/-w)«| 

= |-2(u'-u)» + (v'-v)« + (w'-w)»| 
= 2 (- 2ui + v^ + w5). 

Hence equation (692) becomes 

/•» 

At*' = 27ri;' V2mif • i (- 2u"« + v5 + w) sin' ffada (693). 

Maxwell writes 

irCsm^e'ada^A^ (694), 

J Q 

19—2 
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and calculates for A^ the value 

il, = 1-3682 (695). 

Hence Au* = ^v" ^2mKA^ (- 20* + v^ + w^) (696). 

III. Q^uv. 

360. We also require Awv, but this is more easily found by transformation 
of axes than by direct calculation. 

Let us write Ix + my + m instead of a;, so that we write lu + mv + nw 
instead of u. The left-hand member of equation (696) becomes 

PAu^ + 2lmAuv + . . . . 
The bracket on the right-hand may be written 

u' + v» + w*- 3u*, 
and therefore transforms into 

(P + m» + n^) {u' + v' + w* - 3 (Zu +mv + ww)»}. 
Equating coefficients of 2lm, we have at once 

Awt; = -|i;«V2mifil,uv (697). 

IV. Q=^u{u' + v' + tif). 

361. To evaluate Au (li* + v* + v^), we need the complete system of three 
equations of the type of (683). 

On putting ti^ = m,, equation (683) becomes 

u = t* + a — a'cos(€ — o)i) (698), 



in which 



a = (t4'-w)cos«^, a' = JVr«-(u'-w)*sin^', 



2 

and G), = 0. The angle coi has been introduced for the sake of symmetry, for 
we have now, from equations (679) and (680), 

^ = t; + 6-6'cos(e-cD8) (699), 

t«; = t£;+ c — c' cos (€ — a>,) (700), 

where 6, V and c, & are obtained from a, a' by replacing w by v and w 
respectively, and, by equation (681), 

cos G), = -^^ T-^TYi sin* a, 

wo 

(u' — u)(w' — w) . ,^ 

cos tt), = ^^ /-, ,— ^ sm* ^. 

4ac 
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Squaring the system of three equations (698), (699) and (700), and 
adding, 

m' + 1)" + 1(? = 2 (w + a)* - 22 (w + a) a' cos (e - ©i) + 2a'" cos^ (€ — ©i), 

so that 

ii (u« + tH»+ ii)») = (w + a) 2 (w + a)«- 2 (w + a)2a' cos (e - ©i) 

+ (w + a) 2a'" cos" (€ - ©i) 
+ a' cos €2 (i^ + a)' — 2a' cos €2a'" cos (e — ©i) 
+ a' cos €2a'" cos" (c — coi). 

Hence, on integration with respect to e, 

1 r* 

2^1 [w(w" + t;" + «/")]d€ 

= - ti2w" + (w + a) (2 (t^ + a)" + iSa'") - 2a'2a'" cos ©a (701). 

To simplify this, we notice that 

a'2a' cos Gh = J sin" ^ { F" -(«*'- w)" + {u' - u) (v' - v) + (u' - u) {w' - w)} , 
2 (m + a)" = 2u" + 22w (u - tt) cos" i^' + F" cos^ i^, 

i2a'" = i sin" ^'2 ( F" - (t^' - 1^)") =F" sin" ^^ cos" i^' ; 
so that we also have 

2 (i* + a)" + i2a'" = 2w" + 2 (w " - ia") cos" ^ff. 

It is clear therefore that the right-hand side of equation (701) can be 
expressed as the sum of two terms multiplied by cos"^/2 and sin"^' 
respectively. Simplified as far as possible, we find for this expression the 
value 

(tt 2w'" - tt2w") cos" i^ 

+ J sin" 0" [u (22zt'" - lu" - luu') + u' (22u" - 2i/'" - luu')]. 

After integrating with respect to a, and averaging over all values of the 
velocities, it is obvious that the first line vanishes, while from the second we 
obtain, by the use of equation (691), 

AQ = i/"V2mF I \ [u{u^'\-v^+v/^)]adad€ 



«=0 a=0 

asoo 



W2mK j i 



= 2wv'V2mir| isin'^ada 



aaO 



I M (22u'' - 2«« - Swu') + w' (22«' - 2m'» - Xuu') I 



{4«« (m> + »• + w») - 2u{u' + if+u/') - 2 («,1^ + Vouv + Woww)} 

(702). 
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This, then, is the value of Aw(u'+ 1;* + w»). In terms of u, V and w, it 
becomes 

Au (w'^ + v* + w") = 2AiV' ^2mK 

{i^(u'» + v^+wO-3(t^oU^ + VoUV+M;oUw) + 3u(u' + v* + vv*)}...(70 

362. Substituting the value which has been obtained for Au' from 
equation (696) into equation (661), we have 

Similarly substituting the value obtained for Auv from equation (697) 
into equation (663) 

fW2i;^^uv = -?(g+^) (705). 

and lastly, substituting the value of Aw (m' + v* + 1^;*) just obtained into 
equation (664) we have, after simplification from equations (704) and (705), 

j/V2^^^u(u» + v« + w«) = -5<7^ (706). 

Time of relaxation. 

363. We have now obtained a sufficient amount of mathematical working 
material, and proceed to the discussion of physical phenomena. 

Let us in the first place consider a gas in which the law of distribution 
is initially some law other than that of Maxwell. Our orations enable 
us to determine the rate at which the gas approaches the steady state. We 
take the simplest case, and suppose that there is no mass motion, so that 
tio = Vo = Wo = ; we also suppose that the law of distribution is the same 
throughout the gas, so that u*, uv, etc. are constants in space. With these 
suppositions equation (654) becomes 

i^f = AQ (707), 

expressing that the whole change in Q is caused by collisions. If we put 

Q=u«-t;«=U«-v», 

we have from equation (696), 

A (i^«- 1;«) = - fi;« V2mSr ila(w« - 1^) 

giving, upon substitution in equation (707), 

o _^ 

- (u« - 1;») = - fi; V2mZil, (u» - 1;») 

= -i;i/(i?-i?) (708), 

where 7f=^^\/2mKA^ (709). 
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The solution of equation (708) is 

t4« — t;« = [1*2 _ v'^'lt^Q e"'»*'*, 
shewing that v? — v^ decreases exponentially with the time. The value of 

w* — v* is reduced to Ije of its original value in a time — . This time is called 

by Maxwell, the " time of relaxation." 

Analysis of a similar kind enables us to find the rate at which any other 
deviation from Maxwell's law subsides. For instance, if in equation (707) we 
put Q = uVy and use the value of Awv given by equation (697), we obtain 

__ duv — 

or __- = _^^|^i;. 

01 

Thus the value of uv also decreases to lie of its amount in a time — . 

' 171/ 

It is not possible to find the absolute value of this " time of relaxation " 
from equation (709). We shall, however, be able to compare it with the 
known values of coeflBcients of viscosity, and shall find that it is extremely 
small. 

Viscosity, 

364. We have already seen (§ 175), that the system of pressures at any 
point in the gas is given by the equations 

^-^''^ I (710). 

-Py» = puv, etc.] 

To arrive at these formulae we have taken tJaa= ^xy— . . .= in equations (363). 
This does not mean that we neglect the intermolecular forces which vary 
inversely as the fifth power of the distance, for we have already taken full 
account of these forces in supposing that two molecules are in collision as 
soon as these forces become appreciable ; in neglecting the system of pressures 
«"»> '^seyy ^^' we are merely assuming that no forces exist other than those 
which vary inversely as the fifth power of the distance. 

When the gas is in its normal state, the quantities P^a, Pyy, Pzz each 
become identical with p, the pressure. When the gas is not in its normal 
state, let us define p by the relation 

l5 = ip(u» + v^ + w«), 

so that p is still tw^-thirds of the energy per unit volume, and becomes 
identical with the hydrostatic pressure in the normal state. 
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In calcalations in which we ignored deviations from the normal state, 
we took (equation (662)), 

5=:U*=V' = w*. 
Hence we may now, to the same order of approximation, take 

P 

Introducing rj, defined by equation (709), we can write equations (704) 
and (705) in the form 

V3+w>-2u-^(2g--3(g + ^+^)) (711), 

uv = -.^(|^ + ^^) (712). 

Hence u« = J (uJ+ v« + w«) - J (v» + w«- 2u«) 

i-^;('S-i©-i-S')) <"')■ 

so that Pgat — pu* 

-p-i{'^-i{^-t*'m <'"^ 

Similarly 

-^(g-^) ('">■ 

Now in a viscous fluid of coefficient of viscosity /c, the system of pressures 
is given by equations of the form* 






P - (dv du\ 

These pressures agree exactly with those found for the gas, if we take 

/c = ^ (716). 

Putting p =a lpmC\ this reduces to 

ImC^RT 

so that K is found to be independent of the density, and directly proportional 
to the temperature, in accordance with the results already obtained. 

* See, for instance. Lamb's Hydrodynamia, p. 512. 
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366. We caoDot use this equation for numerical calculation of k because 
it involves the unknown quantity rj. We can, however, use the equation to 
obtain a value for 17, by utilising an observed value for k. 

Let us take the case of air at O^'C. We have /(c = '000172, and the 
general formula is 

RT 

Taking 7 = 273, and using the value E = 9-3x10-" from p. 113, we 
obtain 

17=1-5x10-". 

The value of 171/ is accordingly 6 x 10*, so that the time of relaxation is 

1 



6xl0» 



seconds. 



It is, as we should expect, comparable with the time of describing a 
free path. 



Conduction of Heat. 

366. Multiplying equation (655) throughout by m, we obtain the 
relation 

= s[4{pu(u.4-v.-Hw«)}-2,(u-.g^+u-v| + uw-^)] (717). 

This is the equation of transfer of Q, when Q is taken to be u« + v»+ W«. 
It is therefore the equation of transfer of energy, and this, in the Kinetic 
Theory, is the transfer of heat. 

Writing u« + v* + W« = 3g, the left-hand member becomes 3p^. As 
regards the first term on the right-hand side, we have from equation (706), 

dq 



"^"ta: 



dq 

2 T)V 

by equation (709). The remaining terms on the right hand, containing 
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U», uv, etc., are given by equations (712) and (713). On substituting these 
values in equation (717), we obtain 

3 171/ \dx dy dz) 

^^^fS'-s)' ("«^ 

If there is no mass motion all the terms disappear after the first line, and 
the equation reduces to 

""^ dt'^dx\2riv dx]' 

the equation of conduction of heat in a gas at rest. Comparing this equation 
with Fourier's equation 

we obtain 

^_oqpC^ 

or, introducing k from equation (716), 

^ = f/cO,* (719). 

In Chapter XIII, assuming the molecules to be elastic spheres, we 
obtained the value 

^ = 1-6027 kC^ 

which is only equal to about two-thirds of that just found. Regarding the 
law of force for elastic spheres (w = 00 ) and for the present point centres 
(w = 5) as extremes between which the actual law of force must lie, we may 
say that theory predicts for the ratio ^ : /cO„, a value intermediate between 
the limits 1*6027 and 2*5. 

Diffusion, 

367. In equation (651) we obtained the general relation 






"-^=..1 [«£<->-8^(-«>-^£^©] +^« <^2«>- 



* MaxweU, as the result of an arithmetical mistake, gives the factor as | instead of f . The 
error has been pointed qat by Boltzmann and Poincare. 
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We can use this equation to determine the value of the coefficient of diffusion. 
There must be two kinds of gas, which we shall denote by suffixes 1, 2, and 
which we shall suppose to be diffusing into one another in a direction 
parallel to that of the axis of x. Equation (720) will of course apply only to 
one kind of gas, let us say the first, but there will be an exactly similar 
equation for the other kind of gas. 

In this equation we put Q =ii, so that Q = (wo)i, the mass velocity of the 
first gas. We assume the motion of diffusion to be so slow that the devia- 
tions from Maxwell's law and squares of mass velocities may be neglected to 
a first approximation. 

Then ^^^^^^^^^^ 

Pi 
where p^ is the partial pressure due to the first gas. 

The equation accordingly becomes 

or, simplifying by the neglect of (t^oX*, and multiplying throughout by mi, 
m..;x''-^ = -^+..',^. + m,A(«). (721). 

The value of A(i^) is of course not zero, because collisions with molecules 
of the second kind change the momentum of the first gas. In equation (690) 
we obtained the value of ^{u\ in the form 

A {u\ = mji/ii/j \/ ^^^^ ^1 ((^o>i - {<hy 

If the motion of the gas has become "steady motion," the left-hand 

d 



member of equation (721), namely mii/j ^ (WoX> must vanish, so that the 



equation becomes 



^ = i/iZi + nijTihViVa a/ -— t— - ^1 (K)2 - (^)i)- 
ox y rjii+Tn^ 



Similarly, of course 
dp. 



By addition we obtain 



^ (Pi +i>2) = ViX^ + I/,Za, 



the hydrostatic equation of equilibrium. 
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If there are no external forces, we can put JTi = X, = 0, and obtain 



where u^y xi^ are now mass-velocities. Since the temperature is constant 
throughout the gas, we may take 

'dx dw \2hJ 2A 9a? ' 

dx dx \2h) 2h dx ' 
Hence we have 

fe'=-l^-2'^->-"'"'V^^^'<'^-"'> <^22>- 

The total flow of molecules of the first kind per unit area per unit time 
is clearly ViUi, and is also 3)ia -^ , if 3)u is the coeflScient of diffusion. Hence 

we have 

dvi 



VlUi = 3)„ ; 



..«.-*,.l'=-*»'5, 



so that equation (722) becomes 



From this we obtain as the value of !Du, 



dvi 
dx 



7^2 



3) 1 V"^ + 

For diffusion of a single gas into itself, this becomes 

2AmMii/V K hpA,^2mK' 

and if from equation (709) we introduce i;, given by 

i; = fV2mZil„ * 
this value of !D becomes 

3)= Jj^ (723). 

Introducing the value of the coefficient of viscosity, 

ffv 2hfj 
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we obtain equation (723) in the form 

2) = ?^- (724). 

ill 9 

This equation is of the same form as the equation 

5)=l-34- 

9 

obtained for elastic spheres in Chapter XIV. Using Maxwell's values 

ill = 2-6595, ill =1-3682 
we find that 

?^' = 1-543. 

This numerical factor does not differ widely from the factor 1*34 pre- 
viously found. The values for the ratio of 3) to KJp found on p. 274, are all 
intermediate between the two values 1'34 and 1*543, with the exception of 
Carbon monoxide for which the value is 1*32. 

Energy, 

368. On substituting the values which have been found for Sr, k, etc., we 
find that equation (718) assumes the form 

Obviously the term on the left-hand side is the increase of heat-energy of 
an element of the gas. On the right-hand side, the first term is the increase 
of heat which ordinary physics regards as due to conduction, the second term 
is that due to adiabatic expansion or compression, and the third term is that 
which ordinary physics attributes to the action of viscosity, being in feet twice 
the "dissipation function" of the viscous motion*. 

To the Kinetic Theory, however, conduction of heat, change of tempera- 
ture resulting from adiabatic motion and " heat generated by viscosity " are 
all equally resolved into the transfer of energy by molecules, so that to the 
Kinetic Theory the equation just obtained expresses nothing more than the 
conservation of this energy. 

* Gf. Lamb, HydrodynamieSf p. 518. 
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CHAPTER XVI. 

FREE PATH PHENOMENA (continued). 

The Propagation of Sound. 

369. At the end of Chapter X. (p. 228), it was pointed out that the 
problem of the propagation of sound requires special investigation from the 
point of view of the Kinetic Theory. In any gas for which 7, the ratio of the 
two specific heats, is less than If, the propagation of sound is dependent 
on a transfer of internal energy through collisions, and if this energy is not 
transferred with sufficient rapidity to keep pace with the transfer of trans- 
lational energy, complications will arise which are not contemplated by a 
simple theory of the kind which is given in books on Sound or Hydro- 
dynamics. This simple theory deals only with the mass motion of a gas on 
the assumption that it may be regarded as a homogeneous fluid : it is the 
province of the Kinetic Theory to investigate what modifications, if any, are 
required when the molecular structure of the gas is taken into account 

We shall work out the problem in detail in the special case in which the 
molecules of the gas are loaded spheres. We shall be able to infer the 
nature of the general solution from the special solution obtained in this way. 

The molecules are loaded spheres. 

360. At any point in the gas we suppose as usual that th.e mass 
motion is so small that squares of its components may be neglected. Also 
the mass motion is in one dimension, so that if we choose this direction for 
the axis of a, the components of mass velocity may be taken to be iio> 0, 0, 
and V may be neglected. 

Along the path of the wave, the quantities u^, v, H and k will vary, 
diflfering only slightly from their values in the undisturbed state. The 
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equations from which the propagation of sound is to be deduced will accord- 
ingly be the equations of transfer of the four quantities t^, i/, H and k, 
cocresponding respectively to momentum, mass, and rotational and trans- 
lational energy. 

From equation (648), the general equation of transfer of any quantity 
Q, simplified by the suppositions that there are no external forces, that 
squares of the mass-motion may be neglected, and that the whole motion is 
parallel to the axis of Xy is found to be 

|(^) = -3^(,^) + A(2 (725). 

To find the transfer of momentum we put Q = tt, so that Q = t^ and 
AQ = 0. We obtain 

|(^) = -^(.^') = -4(i.^) = -^|(.K) (726). 

the equation of motion in the simpler theory. 

To find the transfer of mass, we put Q= 1, so that Q = l and AQ=0. 
We obtain 

|=-al^(''»') (^27). 

the equation of continuity. 

To obtain the equation of transfer of H, we put Q^\ml(^w^, so that Q = H, 

dH . 

uQ =WoH, and AQ is the same as the value o{ p-t- given by equation (253), 

namely 

»'^ = -/3l^VK(H-fK). 

The equation of transfer is accordingly 

j^(i'H) = -^(imoH)-^i;»VK(H-fK) (728). 

Similarly the rate of transfer of K is obtained by putting Q = ^mc", so 
that Q = K, and 

uQ = ^ u (tt* -I- v* -h w") 

= im (t/o+ u) (wo* + 2i^u 4- U* + v» -I- w«) 
= Jmt/o(8u»-l-V»-fW«) 
= iwWo(K) 

The equation is accordingly 

J^(^'K) = -^qu,K)+^v'^/K(H-|K) (729). 
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Since x and t enter ooly through the differential operators ^ and ^ , 

ot ox 

there will be a solution in which each variable differs from its value in the 
steady state by a small term proportional to e^^"^, and the solution repre- 
sents wave motion parallel to the axis of x. Let us then assume a solution 
of the form 

in which the unaccented v, H and k on the right-hand side refer to equi- 
librium values. 

The forms assumed by equations (725) to (729), on substitution of these 
solutions and neglect of small quantities of the second order, are as follows : 

P^W-|£(^K' + y'K) = (730), 

pv-qvu^^O (731), 

p(i/K'+i/'K)-J<?Kimo' + t^i/»VK(H'-K) = (732). 

i>i/H'-ti8i^v1<(H'-K) = (733). 

Eliminating the accented letters, we airive at the relation 

^M^.^^lZ^l ^■,u). 

361. If the left-hand member is very great, the relation between q 
and p is expressed by the vanishing of the denominator on the right- 
hand, so that 

9» = n?i'' (735> 

Since ^^ik^iiP"' 

where po is the pressure in the undisturbed gas, the foregoing equation can 
be written as 

' Po 



so that the velocity of propagation is 



"Ji'^ ("«^ 



p 

q \ bp 
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This is simply Laplace's formula, since 7 = ^ for loaded spheres. In fact 
in supposing the left-hand member of equation (734) to be very great, we 
assume that the ratio of the energies adjusts itself with a rapidity which is 
great compared with the rate of wave motion — an assumption which can be 
fulfilled either by the greatness of /Si/Vk or the smallness of p. 

362. If the left-hand member of equation (734) is very small, the 
equation reduces to 



Q''y So' 



and this becomes identical with Laplace's foraiula if 7 = If. The smallness 

of the term can be effected either by the smallness of I3p \/k or by 

P 
the greatness of p. The energy here adjusts itself slowly in comparison with 

the rate of passage of the sound, so that the variations in the translational 

energy are too rapid to affect the rotational energy at all. Here, then, 

we have a gas of which the molecules have five degrees of freedom, and yet 

from experiments on the velocity of sound we should deduce the value 7=1|. 

This is the possibility to which it was necessary to refer in Chapter X., 

although a brief calculation shewed that it was not likely to occur in nature. 

363. Let us write V for Laplace's value of the velocity of sound, so that 

^'=^ (^3^)' 

then equation (734) becomes 
SO that 

f'^-^ <"«> 

If r^ ,- is small, we have as far as the first order of small quantities 



9-f(l-|^^). 



SO that the exponential 
may be replaced by 



^ii.pt'-qx) 



—^ — X 



H'-t). 



J. 20 
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This corresponds physically to propagation with velocity F, the whole 
wave motion being damped with a modulus of decay 

35y9WKF ^^^^^' 

per unit length. 

Thus the first effect produced by the slowness of adjustment between 
internal and translational velocities will not be a change in the velocity of 
propagation, but a damping of the sound. 

364. There is a second cause which tends to diminish the amplitude of 
a wave of sound propagated in free air, namely the viscosity of the gas. 
This has of course been neglected in the present investigation because we 
have assumed Maxwell's law to give a suflSciently good approximation — an 
assumption which, as is evident from the last chapter, includes the neglect 
of viscosity. The effect of viscosity* is to introduce a linear modulus of 
decay 

£r-' <'«"■ 

proportional to the first power of the coeflScient of viscosity /c, when k is 
small, and to alter the velocity of propagation only by terms depending on i^. 

It will be noticed that expressions (738) and (739) are both proportional 
to p^y so that their ratio depends only on the gas, and nob on the frequency of 
the sound. The effect of the lag in rotatory energy can accordingly be fully 
allowed for by supposing k increased to 

3m F» 



/c + 



form 



35y9 Vk • 
4k 



14k 
Since, by equation (737), F* = -— — , this expression can be written in the 



'*w <'")■ 



The last term is independent of the density and proportional to the 
square root of the temperature, as also is k. Hence formula (741) is the 
mathematical expression of an increase in k which depends only on the 
structure of the molecules and not on the state of the gas. To determine 
the amount of this increase, we use the formulae 

K^^mvcl (§301), 

K.J«,0._?=i(8). (1 131), 

* See Lord Rayleigh'a Theory of Sound, ii. § 346. 
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from which we find that 



* 25)9 



~ * (^ ■*■ 800 iV ' 



so that the apparent viscosity would he equal to the true viscosity increased 
in the ratio 

1 + ?^^ (742) 



Molecules of more general type. 

366. This completes the actual calculation for loaded spheres. Clearly 
the result for any other type of molecule would be similar. To illustrate, 
let us consider an ideal diatomic molecule formed by placing two homo- 
geneous spheres each of radius 6, in contact. The value of A:", the square of 
the radius of gyration, is now ^\ while r", the square of the distance ftx)m 
the centre of gravity to the point at which a normal to the surface meets the 
axis, is 6*. Substituting these values, expression (742) becomes 

1 + ^?^. 
^5 800 

277r 
We ought, however, to correct the multiplying factor ^p—, this correction 

being necessitated by the considerations explained in § 109. To obtain an 
estimate of the order of magnitude of the effect under discussion, we may 
neglect this coixection altogether, so that expression (742) must simply be 
replaced by the quantity already found, of which the value is 1*146. 

The damping of sound due to the " lag " in the adjustment of sound is 
therefore about one-seventh as great as that caused by viscosity. 

366. There is less difficulty in forming an estimate of the effect of this 
" lag " upon the velocity of propagation of sound. 

As far as squares of ^ ^ - , equation (738) gives the value 

^ V\ 35i8i/VK 1225 /S'p'k''' J' 
so that the exponential e*^^""^^ becomes 

The velocity of propagation, corrected aA far as squares of the small 
quantity, is therefore 

20—2 



Digitized by 



Google 



308 Free Path Phenomena [ch. xvi 

Using the three formulae of § 364, this reduces to 

-hiSs©"©! <'*»^ 

Now = is, roughly, the time of describing a free path, and is therefore of 
c 

the order of magnitude of 3 x 10~^® seconds. For a sound of moderate pitch 

p is of the order of 3000, so that ?- is of the order of 10~^ For the sounds 

c 

pi 
of highest pitch which are audible, we may take p = 10*, so that ^ still 

c 

remains of the order of 3 x 10~*. It is therefore clear that for all sound, 

the diflFerence between expression (743) and the limiting velocity F is in 

every way quite imperceptible, at any rate upon the supposition that the 

3Jfc* 
factor 2"^ (or the corresponding factor for molecules of different structure), 

is comparable with unity. 
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CHAPTER XVII. 



PLANETARY ATMOSPHERES. 



367. In the last six chapters we worked out certain problems connected 
with the free path in gases and molecular transport. In the present 
chapter we shall apply the results obtained to the discussion of problems 
connected with the atmosphere. These problems will consist of various 
problems of aerostatics, and an investigation into the question of the 
dissipation of planetary atmospheres. 

Aerostatics. 

Atmosphere in Isothermal (Gcmductive) Equilibrium, 

368. In § 79 we obtained the equation 

Va^Dae-^^ (744), 

connecting the molecular density of gas of type a with the potential of a 
permanent field of force. To apply this result to a planetary atmosphere, 
we replace x ^7 ''^^9^* where g is the value of gravity, and z is the height 
measured vertically upwards. The equation accordingly becomes 

i/« = i)«e-^"'*^^ (745). 

In this equation we neglect variations in the value of ^r, and also the 
rotation of the planet. 

If we measure z firom the surface of the planet, D. must be the molecular 
density of gas of type a at the surface, say (i/a)o> so that we obtain the 
equations 

\ (746) 

r^ = („^),e-2*m^i^, etc. j 

for the diflFerent constituents of the atmosphere. 
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These equations are independent in the sense that each is concerned with 
one and only one of the different constituents of the atmosphere. The 
equations therefore contain the mathematical expression of the law formu- 
lated by Dalton for an atmosphere in isothermal equilibrium : 

An atmosphere in isothermal equilibrium may he regarded as the 
aggregate of a numhei* of atmospheres^ one for ea^h constituent gas, the law 
of density in each atmosphere being the same cw if it alone was present. 

369. CoDsidering for the sake of simplicity an atmosphere which consists 
only of two constituents a, /8, the ratio Valv^ will measure the proportion in 
which the gases are mixed at any point. From equations (746), 



Vfi \VfiJo 



^r-ihgzim^-inp) (747). 



If the gas of type a is the heavier of the two, m. — m^i is positive, and 
therefore Va/v^ has its maximum value At z = 0. In other words, the heavier 
gas tends to sink to the bottom. 

To obtain some idea of the magnitude of this imperfection of diffusion, 

3 

let us make use of the numerical values given in § 130. Since 2hm=-^ for 

any gas, we may write the index of the exponential in equation (747) in 
the form 



2%(m.-m,) = f(l,-l,), 



3 V0.« u^-. 

If a refers to oxygen and fi to nitrogen, the value of this quantity at 0° C. is, 
from the table given on p. 113, found to be 

2gz X 10-^* c. G. s. units. 

If we put g = 981, and 2: = 6 x 10*, corresponding to a height of five kilo- 
metres, the value of this quantity is found to be '01. Thus the rate at which 
the proportions of oxygen to nitrogen would change is very small, amounting 
only to about 1 per cent, in five kilometrea 

Atmosphere in Adiahatic (Gonvective) Equilibrium. 

370. The atmospheric distribution which has just been investigated, a 
distribution in which the temperature is constant throughout, while the 
density of each component gas falls off exponentially with the height above 
the earth's surfiwje, is the law which would undoubtedly become established if 
the earth's atmosphere were left at rest for a sufficient time. 

As a matter of fact, however, the earth's atmosphere is incessantly being 
agitated by currents and storms, so that there is a continual mechanical 
transference of air from one part of the earth's atmosphere to another. 
From this consideration, coupled with the fact that the conduction of heat in 
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gases is very slow, it follows that the atmosphere is never permitted to 
assume the equilibrium distribution which has just been discussed. As the 
density of an element is changed by its enforced motion from one layer of the 
atmosphere to another, the temperature also tends to change, but before the 
temperature has adjusted itself by conduction to the temperature of its new 
surroundings the element finds itself again moved away. Hence it happens 
that the factor which determines the distribution of the atmosphere is not 
the equalisation of temperature necessary to a permanent state, but is the 
condition that an element of gas, on being moved from one place to another, 
shall take up the requisite pressure and volume in its new position without 
any loss or gain of heat by conduction taking place. The law connecting the 
pressure and volume in the atmosphere must accordingly be the adiabatic 
law found in § 230, namely, 

|)yy = constant (748). 

371. The equation of equilibrium of the atmosphere is 

dp 

and if, in accordance with the adiabatic law, we write 

p^kpy (749), 



of which the integral is 



we obtain kyp*'^ -^^^gp^ 



h-(p,y-^^py-i)^gz (750), 

7-1 

where />o is the density at z = 0. This is the law according to which the 
density falls oflF with the height. Since by equation (749), T is proportional 
to p>"S it follows that equation (750) can be expressed in the form 

To-T=cz (751), 

where c is a constant, and Tq is the temperature at z = 0. Thus the 
temperature decreases as we move upwards in the atmosphere, the amount 
of decrease being proportional to the height. 

The process of diffusion, as well as that of conduction, is very slow in 
gases, and from this it follows that the constituent gases of an atmosphere 
in convective equilibrium, will be found to occur in approximately the same 
proportion at all heights. This is found by experiment to be true of the 
atmosphere of the eai-th. Frankland* has found that the proportions of 
nitrogen and oxygen in our atmosphere are the same for all altitudes up to 
14,000 feet. As has already been remarked, there would be a variation of 
about one per cent, at this height in an atmosphere in conductive equilibrium. 

* Joum. Chem, Soc, xni. 22. 
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372. On putting p = in equation (750) we obtain 

^(7-1)' 
from which it appears that there is a superior limit to the height of an 
atmosphere in convective equilibrium. Since, by equation (749), p^kpy, 
this limiting height may be written in the form 

Po7 



where j^o, po are the pressure and density at the earth's surface. This again 
can be put in the form 

^ y_ _ y 

Substituting numerical values, this height is found to be about 29 kilometres. 

According to Dewar* the greatest height at which clouds have been 
observed is 17 miles, or 27*37 kilometres. 

Our atmosphere, then, if supposed to be in convective equilibrium 
throughout, must be regarded as a layer of gas of uniform composition 
throughout, having a height of about 29 kilometres, the temperature 
decreasing uniformly as we ascend. 

The rate at which the temperature decreases must be about 10*" C. 
per kilometre, or in English units, about 54° F. per 100 ft. This theoretical 
estimate of the temperature gradient is approximately confirmed by observa- 
tion. In practice, however, the problem is one of extreme complexity, owing 
mainly to the irregularities of the earth's surface which prevent the surfaces 
of equal temperature from being strictly spherical. Detailed accounts of 
observations on this point will be found in Meteorological Reports f . 

Outer Atmosphere. 
Outer Atmosphere in Gondtidive Equilihriwni. 

373. When, however, we examine in detail the molecular mechanism 
by which the adiabatic law is maintained in an atmosphere we find that there 
must be a limit beyond which adiabatic equilibrium is impossible. For at 
the free surface which is predicted from the supposition that the adiabatic 
law obtains throughout, the density would be zero, and therefore the mean 
free path infinite. Hence there would be molecules arriving at this surface 
from layers of gas inside it, with finite velocities and infinitesimal probabilities 

• Royal Inttituiion Proc, xvii. 1, p. 223. 

t See for example a general discussion in the Report of the Chief of the U.S. Weather 
Bureau, 1900-1, Vol. ii. p. 26. 
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of collision. The majority of these molecules would of course pass outside 
the free surface predicted by the simpler theory, in a manner somewhat 
similar to that in which molecules escape from the free surface of a liquid 
and form a vapour. 

These molecules form what may be described as an " outer " atmosphere. 
In this atmosphere, the density is very small, so that collisions are rare, 
and the majority of molecules will simply describe orbits under the earth's 
gravitation, undisturbed by collisions, and will finally fall back again into 
the "inner" or adiabatic atmosphere. This at any rate is true of those 
molecules which start with velocities such that they describe elliptic orbits 
under the earth's attraction. Others, starting with greater velocities, will 
describe parabolic or hyperbolic orbits, and these may be regarded as lost 
altogether to the earth's atmosphere. We shall return to the consideration 
of these losses later. 

374. In nature it is obvious that there must be a gradual, and not 
a sudden, transition from the state of things which we have supposed to 
exist in the. inner atmosphere, to that which has been supposed to exist 
in the outer. There must, in fact, be an intermediate region, in which 
neither set of conditions is satisfied with any accuracy. Passing through 
this layer from inside outwards, we pass from a region at which the mass- 
agitation is suflBcient for the adiabatic law to be obeyed, to a region at which 
the frequency of collisions is so small that a mass-agitation is impossible. At 
this outer region conductive equilibrium must clearly obtain. And outside 
this region, the law of density for gases of type a must be 

j;. = ile-»*x« (752), 

just as if the whole of the atmosphere were in conductive equilibrium, a 
result which can be deduced either as in equation (165), or as in § 178, 
without making any assumption as to the frequency of collisions in the outer 
atmosphere. 

376. There is no superior limit to the height of the outer atmosphere 
which is in conductive equilibrium, since, in equation (752), Va does not vanish 
at any finite height. It must, however, be remembered that in arriving at 
equation (752) no account has been taken of the rotation of the planet, 
and when there is no limit to the height of the atmosphere, the neglect of 
rotation is inadmissible. 

For a planet rotating about the axis of z with angular velocity o>, the law 
of density of the atmosphere is found, after the manner of § 80, to be 

y« = ule-«*Xa+*«»««*<^+y") (753), 

and clearly Va not only does not vanish at any distance, but becomes infinite 
at infinity. 
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The pressure in the atmosphere is given by 

and therefore does not vanish anywhere, and becomes infinite at infinity. 
It is therefore clear that no steady state is possible for the atmosphere of a 
rotating planet, for there is no physical agency capable of supplying the 
requisite pressure at the boundary. This simply means that the atmosphere 
is continually flowing away to infinity, and so rendering a steady state an 
impossibility. 

376. Let us, however, examine the atmospheric distribution expressed 
by equation (753), without at present considering how this distribution is to 
be maintained. The surfaces of equal density for any constituent gas are 
given by the equation 

ma6)' (^ + y*) — 2Xtt = constant. 

If g is the value of gravity at the planet's surface, the value of gravity at 
a distance r from the planet's centre is ^ , so that Xa = — Tn^a^jr, and the 
equation of the surfaces of equal density may be taken to be 

6)«(a^ + y')+—= constant (754). 

The form of these surfaces was first studied by Edward Roche*; a dis- 
cussion of his results is given in a paper by Prof. G. H. Bryan f. Sufficient 
information for our present purpose will be obtained by examining the 
distribution of density in the equatorial plane of the planet. Replacing 
a^+y by r*, we have in the equatorial plane 

Va = Ae L r J (755). 

Differentiating, we find that dva/dr vanishes when 

««'r = ^' (756). 

There is therefore a single minimum of density, and the position of this 
minimum is the same for each constituent atmosphere, being in fact the 
series of points at which the apparent centrifugal force exactly balances the 
gravitational attraction of the planet. As we pass outwards the density 
decreases until this minimum is reached, and afterwards increases con- 
tinually. 

In the case of our ecurth, — , the ratio of the apparent centrifugal force 

to gravity at the equator, is ^, so that the minimum of density occurs at a 
distance from the earth's centre given by 

r = v^'293a = 6-642a. 

* MSmoires Acad, Set. Montpellier, 

t "The Kinetic Theory of Planetary Atmospheres," Phil. Trans, cxcvi. A, p. 12. 
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Constitution of the Outer Atmosphere. 

377. Throughout the whole of the outer atmosphere the law of distribu- 
tion is that expressed by equation (753). We can now carry out calculations 
similar to those of § 369, but having reference to the outer atmosphere'. 

We shall not carry these calculations to a height above the earth's surface 
so great that the rotational term becomes of any importance. We can 
therefore replace equation (753) by the simpler equation 

At a height z above the surface of the planet, the value of x^ is 

TTiaga} 
" a + z * 
so that the equation becomes 

and (I'a)©, the value of i/« at the lower boundary of the outer atmosphere, is 
given by 

{va\=-Ae^aff<^, 

since we may neglect the thickness of the inner (convective) atmosphere in 
comparison with the earth's radius. 

The elimination of A leads to 

v. = (v.\e-'"'''"'(''T.) (757). 

Also at the inner surface the proportion in which the different con- 
stituents occur is the same as throughout the inner atmosphere, and there- 
fore the same as at the earth's surface. 

378. The following table gives the constitution of the atmosphere at the 
earth's surface : 

Hydrogen* less than 1 in 100,000 

Helium t 1 to 2 „ 1,000,000 

Neonf 1 to 2 „ 100,000 

ArgonJ 0-93 to 095 „ 100 

Krypton§ 1 „ 20,000,000 

Xenon§ 1 „ 170,000,000 

Oxygen 2100 „ 100 

Nitrogen 7806 „ 100 

Traces of Carbon dioxide and Ammonia are also present in the atmo- 
sphere. 

• Dewar, l.c, ante. t Travers, Study of Gases, pp. 118, 116. 

t Moissan, Comptes Rendus^ cxxxyii. p. 600. 
§ W. Ramsay, Royal Soe. Proc. lxzi. p. 421. 
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379. To study the way in which these proportions change as we pass 
upwards, we use formula (757). 

If T is the temperature (absolute) of the outer atmosphere, the index of 
the exponential may be written in the form 

^ Va + W RT\a + zJ 
The value of T being unknown, we shall calculate the function in terms 
of m(— T— ] aiid can then calculate values of z corresponding to different 

values for T. The result of the calculations, putting g = 981, and taking the 
values of R/m from p. 113, is given in the following table : 



Temp. 


z in kilometres measured from ontside of adiabatic atmosphere 


273*'=0*'O. 
100'*=-173°C. 
10''«-263''C. 
r=-272'C. 


o o o o 


25 100 

913 36^27 

•912 3^61 

•091 j 36 


200 

80 

711 

•71 


1000 
3333 
3183 
317 


I / az\. 





9120 


36070 


71000 


316800 




Gas 


Proportion measured by volume 


Hvdroffen 


•00001 

•000001 

•781 

•210 

•009 


•00018 

•00002 

•860 

•147 

•003 


•485 
•021 
•473 
•021 
•000 000 


•983 -999 98 j 


■^j *** ''©'«" 

Helium 


•017 -00002 
•00001 1 [io-«] 
•000000 [10-60] 

•000 000 rio-»i 1 


Nitrogen 


Ox vcren 


V-^'aj fev" 

Argon 















From these tigures it appears that as soon as we get beyond a certain 
distance from the earth's surface, the atmosphere may be supposed to consist 
solely of hydrogen. It is difficult to say exactly how far we have to go to 
reach this region, on account of our ignorance of the temperature of the 
upper air. If we regard clouds at a height of 17 miles as evidence of an 
adiabatic atmosphere extending to at least this height above the earth's 
surface, then, since the temperature at a height of 17 miles would be about 
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17° absolute (— 256°C.), we may say that the temperature of the outer 
atmosphere would be less than 17° absolute. In this case an atmosphere of 
hydrogen only would be reached at a height of about 53 kilometres from the 
adiabatic atmosphere — say 80 kilometres from the earth's surface. Any 
numerical estimate must, however, be very uncertain. 



Collisions in the Outer Atmosphere, 

380. It is not possible to form an exact estimate of the frequency of 
collisions in the outer atmosphere, for the obvious reason that we know 
hardly anything as to the actual value of the absolute density of the gas at 
this height. We can, however, easily obtain an upper limit to the collision- 
frequency. As we shall find that this leads, at a certain height, to a mean 
free path many times greater than the earth's diameter, the information 
obtained will be sufficient for our purpose. 

Throughout that part of the atmosphere which is in adiabatic equilibrium, 
the density falls off more rapidly than it would if the equilibrium were 
isothermal throughout, and hence the density at any point is less, for the 
same value at the earth's surface, than it would be if the atmosphere were in 
isothermal equilibrium. On this latter hypothesis, the density at height z 
would be 

where x ^^ ^^^ difference of potential of a molecule between a height z and 
the earth's surface. We accordingly have 

r-a-\rz 



="^"'S-^.) 



mgaz 

as in § 377 and hence the density at a height z is 

,; = i,,c"'*"*^(^) (758). 

in which the variations in gravity are now taken* into account, but not the 
planetary rotation. 

We shall consider a height z^a, at which, it must be noticed, the 
apparent centrifugal force is still small compared with gravity, the ratio 
being about 1 to 37. At such a height, even assuming a temperature as 
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high as 0*" C, the atmosphere may be regarded as consisting entirely of 
hydrogen. If we take 

I/O = 4 X lO^*, 

C=18•4xl0^ 
we have, at height ^ = a, 

= 340, roughly ; 
so that, taking <r = 2 x 10~*, the mean free path is 

-= = 1'6 X 10^* cms., roughly, 

so that even in this least favourable case the free path is many times greater 
than a. 

We have assumed a temperature of 0° C, although the actual tempera- 
ture of the outer atmosphere is probably much lower than this. A lower 
temperature means a greater value for A, and hence a smaller value for v 
and a greater mean free path. The result is therefore A fortiori true at 
temperatures lower than that which we have assumed. 

Thus even on the hypothesis of isothermal equilibrium throughout, the 
calculated free path at a height a above the earth's surface is many thousands 
of times as great as a : d fortiori the result is true when the density is 
diminished by the fact of part of the atmosphere being in adiabatic instead 
of isothermal equilibrium. 

381. It follows that outside a sphere of radius equal to twice the earth's 
radius, we have an atmosphere in which practically no collisions occur. The 
molecules are simply describing orbits about the earth uninfluenced by one 
another, the velocities and directions of these orbits being determined by 
their last collision, which may be supposed to have taken place inside the 
sphere r = 2a. Of these orbits, some will be elliptic, some parabolic, and 
some hyperbolic. As has already been remarked, those molecules which 
describe parabolic or hyperbolic orbits must be regarded as permanently lost 
to the earth's atmosphere. 

Dissipation of Planetary Atmospheres, 

The Earth, 

382. The number of molecules which cross the sphere r = 2a and 
describe parabolic or hyperbolic orbits is identical with the number which 
cross with a velocity equal to or greater than that necessary to carry them 
to infinity against the earth's attraction. At the surfiice of a sphere of 
radius 2a the gravitational potential is ^jro, so that a molecule with a 
velocity c, such that ^—\ga, will just pass to infinity, describing a parabolic 
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orbit. The molecules which leave the earth's atmosphere are therefore 
those which cross the sphere r = 2a with a velocity equal to or greater 
than 'Jga, 

At a point on the sphere r == 2a, of which the latitude is )9, the gas has a 
mass velocity due to the earth s rotation, equal to 2a(» cos 6. This, however, 
as we have seen, is small compared with *Jga, so that the effect of the 
rotation of the earth in determining the dissipation of its atmosphere is 
slight. We shall neglect it altogether, as our calculations are necessarily of 
the roughest kind. 

383. There has, however, been an arbitrary element introduced in 
choosing the radius of the sphere to be 2a. Let us consider the more 

general sphere of unknown radius R drawn in the earth's atmosphere. The 

aa^ 
gravitational potential at the surface of this sphere is ^ , so that the critical \^, \ 

/ ' '1/ 

velocity is c = a/ -^ , let us say Cq. "^ ; 

Maxwell's Law must of course hold throughout the outer atmosphere, ^ 

which is in conductive equilibrium, and we shall suppose the sphere of 
radius JB to lie within this part of the atmosphere. If at any point of this 
sphere we take axes in such a direction that the axis of z coincides with the 
outward normal, we find that the number of molecules of any type and of 
class A (i.e. having velocity components with a given range dudvdw) which 
cross an element d8 of the sphere in time dt is 

vx/^e-^'^^'^'-^-^'^^wdudvdwdSdt (759). 

where v is the molecular density of molecules of this type at the sphere 
r= Rf and is therefore, by equation (758), given by . 

v^v,e''^'^'~^~.^ (760). 

Integrating expression (759). we find for the total number of molecules 
crossing the sphere r = 22 in the outward direction in time dt 

^irB^v /J^^dtjjje-^'^^''^+'^'^wdudvdw (761), 

where the integration extends over all values of u, v, w for which w is 
positive and ^ . f 

384. It will facilitate integration to divide the integral 
into two parts, so that 
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where /i, I^ are formally the same as /, but in I^ the variables are subject 
only to the condition that w is positive, while in Jg they are subject to this 
condition and also to the condition that 

u^^-v^-^'u^<(^ (762). 

We begin by performing the integration with respect to w in /j. The 
upper limit for vip^ is c} — u* — 1;^ the lower limit is zero. Hence 

in which n and v are now subject to 

Writing u—p cos 0^ v = p sin 6, the first integral in the above expression 
for /a becomes 

9=2ir p=«. 



[ [ e'^^'pdpd0 = ~{l^e-^'^% 



fl=0 p=0 

while the value of the second integral is 



- TTCo^e-*'"'^. 



Hence the value of /, is 



Putting Co = 00 , we obtain the value of /,, which is therefore 

I - -^- 

and hence by subtraction, 

/ = /.-/, 

386. The value of expression (761), the number of molecules which cross 
the sphere r = R outwards in time dt, is accordingly 

47ri?i; aJ^'^ Idt = 2R'v/sJ^ e-^^' {1 + hmc,^) dt. 

Replacing Co' by its value -^ and replacing v from equation (760) this 
expression becomes 

= 2i? voe-*"^ /\/^ (l + 2Ani5r ^dt (763). 
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386. This expression is not, however, independent of iJ, as we might 
at first have expected it to be. The reason for this is as follows. In the 
complete atmosphere, supposing it to be constituted according to Maxwell's 
Law throughout, there will be a number of molecules describing orbits which 
never pass within a sufficiently small distance from the earth's centre for 
the chance of collision to be appreciable. Some of these describe hyperbolic 
or parabolic orbits, passing from infinity past the earth to infinity again 
without collision. Now if p is the distance of the apse of any orbit from the 
earth's centre, it is clear that a molecule describing this orbit will be counted 
in expression (763) as escaping from the earth's atmosphere if 12 >/), but not 
if R<p. We should therefore expect expression (763) to increase with R 
as is in fact seen to be the case. 

It is questionable whether molecules of the kind just described ought to 
be supposed to exist in the actual atmosphere. The analysis by which the 
specification of the steady state is arrived at, takes no account of the length 
of time required for the establishment of this steady state. In the present 
instance the steady state implies the arrival of molecules which have 
described hyperbolic and parabolic orbits from infinity. It is therefore 
obvious that it will require infinite time to establish the steady state. 

On the other hand, molecules which are supposed to describe orbits 
in the regions in which no collisions occur have no influence on the rest of 
the atmosphere and may therefore be removed without disturbing the 
equilibrium of the remainder of the atmosphere. In nature these molecules 
cannot be supposed to exist. They would be counted in our estimate of the 
escape of molecules from the atmosphere by taking -K great. We therefore 
obtain the most accurate results by taking R as small as possible, and the 
error vanishes altogether when we reduce the sphere of radius R to such 
a size that collisions may be regarded as frequent everywhere inside it. 

387. In the case of a rotating atmosphere, we found that there must be 
supposed to be a complete atmosphere extending to infinity, lying outside 
the region in which practically no collisions occur. This atmosphere can 
be treated in the same way in which individual molecules coming from 
infinity have been treated. It can be supposed to be removed bodily without 
disturbing the equilibrium of the remainder of the atmosphere. 

It must, nevertheless, be noticed that the order of magnitude of expression 
(763) is determined solely by the exponential e""**"*^, so that the value of 
2hmga determines whether the escape of molecules is appreciable or not. 
This criterion, as we should expect, is independent of -K. 

388. The total number of molecules of any specified kind in the planet's 
outer atmosphere, supposed limited by spheres of radii a and -K, is 



/, 



'^B^vy'^'^dB. 



J. 21 
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This integral cannot be evaluated in finite terms. Since, however, 
we are ultimately going to take R nearly equal to a, we can obtain a 
sufficiently accurate value of the integral as follows. 

The integral may be replaced by 

and this again is equal to 

where a' is some quantity intermediate between a and R. The value of the 
integral in this expression is 



so that the whole expression is equal to 

'^•S('--^-) ('"^ 

389. The loss per second, from formula (763), is 

2B^v,er^'^i^^{l + 2hmg^ (765). 

SO that the fraction of the whole which is lost per second — the ratio of 
expression (765) to expression (764) — is 

1 — 6 \ M / 

As regards order of magnitude, we may replace — -,^- by unity, and 

a' 
1 + ihmg -H by 1 + 2hmga, If for brevity we replace 2hmga by w, expression 

(766) becomes 

gj^d + a:) ?^ (767). 

For the earth and all the other planets j;r is of the order of magnitude 
of 10*. The value of a/ — ia a/ a- p > ^^d may therefore be supposed to 
be of the order of 10~*. Hence, roughly, expression (767) may be replaced by 

10-*(H-a;)e-* 
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This may feirly be said to be negligible when a? = 30, in which case it has 
the value 3 x 10~", and to be appreciable (for our present purpose) when 
a: = 15, in which case it has the value 6 x 10"*. In the former instance, half 
of the upper atmosphere is lost in about two million years; in the latter, 
in about one year. 

We can therefore say that an atmosphere is certainly lost if a? < 16, and is 
certainly retained through millions of years ii x> 30. 



Numerical Values. 

390. The final part of the problem consists of the calculation of 
numerical valuea We shall find the values of C for which a? = 15 and a; = 30 



respectively. Since a?=^-, these values 



are 



^ " 5' 10' 



The Earth. 



For the earth, 

5r=981, a = 6-4xl0«, 

so that the critical values of C are 

3-5 x 10», 2-5 X 10». 

For hydrogen, the value (7 = 2*5 x 10* corresponds to a temperature of 
230'*C. (say 500** absolute), the value (7 = 3*5 x 10* to a temperature of about 
lAXfC Since the temperature of the present outer atmosphere of the earth 
is certainly less than 230°C., it is clear that there can be no perceptible 
escape of gas from our present atmosphere. But if at any time in the history 
of our earth the temperature of the outer atmosphere has been greater than 
about 740°C., the hydrogen atmosphere will have been lost, and the hydrogen 
in the present atmosphere must be explained as an addition, probably as the 
result of chemical action at and near the earth's surface, since that time. 

/Swn, Moon, and Planets. 

391. Other atmospheres are best treated by reference to the earth as the 

standard case. The structure of the planet is involved through the term ga, 

M 
and since g is proportional to — where M is the mass, and a the radius of 

the planet, it follows that ga will be proportional to — . The following table 

a 

21—2 
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gives the values of Jf, a and ga in terms of the corresponding quantities for 
the earth: 





Mass 


Radius 


P« 


Earth 


1 


1 


1 


Sun 


333,432 

•013 
•066 
■8 
•11 
300 

90-0 

140 

16-0 


109 
•27 
•38 
•97 
•63 
11^0 
9^0 
4^0 
4-4 


3060 
•05 
•17 
•8 
•2 
27 
10 
3-5 
3^6 


Moon 


Mercury ... 

Venus 

Mars 


Jupiter 

Saturn 

Uranus 

Neptune ... 



Superior Planets, From this table it appears that for all the superior 
planets except Mars, ga is greater than the case of the earth, so that we may 
conclude that all constituents of the atmosphere would be retained at 
temperatures up to 230'*C. Indeed, the lowest value of ga is 3*5 times that 
of the earth, so that the absolute temperature of the outer atmosphere would 
have to be more than 3*5 times as great as 230*^0., say 1500°C., before the 
loss even of hydrogen would be perceptible. A temperature as high as this 
is highly improbable, so that we may say that, so far as the Kinetic Theory 
is concerned, the superior planets except Mars ought to retain all constituents 
of their atmospheres. 

There is general agreement amongst astronomers as to the existence 
of atmospheres on Jupiter and Saturn. As regards Uranus, spectroscopic 
evidence (absorption bands) suggests an atmosphere. The spectrum of 
Neptune is too faint for any such inference to be possible, but it has been 
suggested that its green appearance is due to absorption bands at the red end 
of the spectrum, similar to those in the spectrum of Uranus. 

The Bun. For the Sun, ga is 3060 times as great as for the earth. The 
temperature of the outer atmosphere could therefore be about 3060 x 500 
absolute, say 1,530,000"C., before any appreciable loss, even of hydrogen, 
would occur from the causes now contemplated. 

Veni^, For Venus the value of ga is '8 times as great as for the earth, so 
that the critical values of C are V'8 times as great as the critical values for 
the earth, and are therefore 

313xl0» and 224 x 10». 
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For hydrogen, the value C = 224 x 10* corresponds to a temperature of 
about 130°C. It therefore seems probable that Venus retains the whole of 
her atmosphere. There is conclusive astronomical evidence of the existence 
of an atmosphere on Venus. 

Mars. For Mars, ga is only one-fifth as great as for the earth. The 
critical velocities are accordingly 

1-6 X 10» and 11 x 10». 

From the table on page 113 it appears that at a moderate temperature 
hydrogen and helium would escape from the planet, while water vapour, air, 
and heavier gases would be retained. 

Mercury, The case of Mercury is exactly similar to that of Mars, as 
regards the evaluation of the critical velocities, but as Mercury is much 
nearer the Sun, the temperature of the outer atmosphere would probably be 
much higher, and therefore the chance of an atmosphere of any kind being 
found on Mercury would be much smaller. The evidence of astronomy leaves 
little doubt that Mercury is entirely devoid of atmosphere. 

The Moon, For the moon the critical velocities are found to be about 

7-8 X 10* and 66 x 10*, 

so that if the moon ever possessed an atmosphere at a temperature much 
above zero, all constituents, except possibly carbon-dioxide and denser gases, 
would rapidly escape. 



The bearing of the Kinetic Theory on the question of the dissipation of 
planetary atmospheres was first brought into prominence by the writings 
of Dr Johnstone Stoney*. An adequate mathematical treatment was first 
given by Professor G. H. Bryan in the paper to which reference has already 
been made. In the present chapter I have borrowed largely from Professor 
Bryan's paper, although not following his treatment in detail. The results 
arrived at are practically identical. 

Dr Stoney now maintains that the Kinetic Theory is not competent 
to decide on the question, being unable to take full account of the physical 
conditions of the problem, and that the conclusions of the Kinetic Theory 
are inconsistent with the facts. His present position is stated in a recent 
letter "Escape of Oases from Atmospheresf." 

* "Atmospheres npon Planets and Satellites,'* Tram. Roy, Soc. Dublin^ yi. p. 305, and 
earlier papers. 

t Phil, Mag, vn. p. 690 (Jane, 1904). 
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CHAPTER XVm. 

MOLECULAR AGGREGATION AND DISSOCIATION. 

392. Through all our investigations we have relied upon the supposition 
that a gas can be regarded as a collection of separate djmamical systems, namely 
molecules, each of which retains its identity through all time. We must now 
discuss what changes are required when this supposition is regarded only as 
an approximation to the truth, and not as expressing the complete truth. 

Molecular Aooreqation. 

393. We have already seen that there must be a small attractive force 
between those molecules in a gas which are sufficiently near te one another, 
or, more precisely, that the potential energy of the total intermolecular forces 
in a gas is negative. 

This result, it is worth noticing, is intelligible without assuming that 
there is any definitely attractive force inherent in a single molecule. In § 86 
we obtained as the laws of distribution for those molecules which were free 
from intermolecular force and for those molecules which were under the 
influence of intermolecular force, equations of the forms 

<l>^^A^e'-^^^a+^a+WaJ - (768), 

ete. 
it being sufficient for our present purpose te consider a gas in which only one 
kind of molecule is present, i.e. a gas which is chemically pure. In the above 
equations Waa is the potential of the intermolecular forces between the two 
molecules. If we denote the potential of the intermolecular forces between 
three molecules by Tfooa, and so on, we obtain as the total intermolecidar 
potential energy of the gas, 

+ ^» jT...F...6-«*(J^a+^a+^a+W-a«.)df, df, ... -hCte (769), 
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where the integrations extend over all configurations in which the inter- 
molecular forces are appreciabla Now if, when the configuration of two 
molecules is selected at random from all possible configurations, W^ is as 
likely to be positive as negative, then the whole of the first integral can be 
expressed as a sum of terms of the form 

this term being obtained by combining two configurations in which the 
values of Waa are equal in magnitude but opposite in sign. This expression 
is, however, negative for all values of TTa*. The second integral can be 
similarly treated, so that we arrive at the final result that * is negative. 

If now i7i, i79...are any of the f's which determine orientation (or any 
other coordinates which enter into the intermolecular potential, but not into 
the internal energy of a single molecule), then the first integral in expression 
(769) can be written in the form 

A^{[ . . . 6-«*(^a+^a) df , d^,,..jj ,,. W^c ^^^dffi di7, . . . , 

and this again can be written as 

where '9^^, is an average intermolecular potential for pairs of molecules of 
which all the coordinates except i/i, i/i ... are specified, and is negative. 

Degree of Aggregation. 

394. Consistently with what has been said, we may now simplify the 
problem by regarding molecules as point-centres of force, acting on one 
another with a force depending only on their distance apart. The chance 
of finding a firee molecule of class A inside an element of volume dxdydz is 
now, by equation (768) 

Ae'-^'^dudvdw dxdydz (770), 

while the chance of finding two molecules of classes A and B in adjacent 
elements dxdydz and dx'dyds! is 

^»e-*« ^<^+^'') -^*dudvdwdxdydzdu'dv'dv/dx'dyfd2f. 

If we take the element dx'dydz' to be a spherical shell of radii r and 
r-\-dr surrounding the centre of the first molecule, this last expression 
becomes 

A^e-^^^'^'^'^'i-'^^ dudvdwdv! dv' dw' ^irr'dr dxdydz, 

"9 being a function of r. If, as in § 30, we use the transformations 

u = J (u -h t*') etc., a = w' - M, etc.. 
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and write 

we can transform the foregoing expression into 

AH-^'^'^'diidYdvrdxdydze-'^^'^^-^^dadpd^^nn^dr (771). 

The first factor after the A^ expresses the law of distribution of transla- 
tional velocities for a double molecule. It is exactly the same as if each double 
molecule were a permanent structure of mass 2m. The remaining factors 
express the distribution of those coordinates which may be regarded as 
internal to the double molecule. 

395. Throughout the motion of a double molecule, so long as it is undis- 
turbed by collisions, c' will remain constant, so that from the energy equation 
it follows that i^mV^ + 2^ remains constant. The possible orbits which the 
component molecules can describe about their common centre of gravity 
fall into two classes, according as they pass to infinity or not. Analytically 
these two classes are differentiated by the sign of ^mF' + 2^. Double 
molecules for which JmF' + 2^ is positive consist of two molecules which 
have approached one another from outside each other's sphere of action, and 
which after passing once within a certain minimum distance of each other, 
will again recede out of each other's sphere of influence. On the other hand, 
double molecules, for which ^mV* + 29 is negative, consist of two molecules 
describing orbits about one another, these orbits being entirely within the 
two spheres of action, and this motion continues except in so far as it is 
interrupted by collisions with other molecules. It is clear that double mole- 
cules of the first kind are simply pairs of molecules in collision. In discussing 
molecular aggregation we must confine our attention to double molecules of 
the second kind, i,e. those for which imF*-h 2^ is negative. It is to be 
noticed that double molecules of this kind cannot be produced solely by the 
meeting of two single molecules. It is necessary that while the single mole- 
cules are in collision something should happen to change the motion — in fiact 
to change the sign of JmF' -h 2^. This might be efiFected by collision with 
a third molecule, or possibly if imF*-h 29 were very small at the beginning 
of an encounter, sufficient energy might be dissipated into the ether for 
\mV^ + 2'*' to become negative before the termination of the encounter. 
We shall return to the consideration of this second possibility later. If this 
were the primary cause of aggregation, we should no longer be able to use 
the equations with which we have been working, since they rest upon the 
assumption of conservation of energy. 

396. Integrating expression (770) over all values of w, v and w, we find 
for Vu the molecular density of uncombined molecules, 



"'^^vjS- 
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Similarly, if i^j is the molecular density of double molecules, we obtain by 
integration of expression (771), 

= A^ \/g^, f [6-*i*«'^*+w I67r» FVdFdr, 

in which the integration extends over all values of V and r for which 
\mV^-\-29 is negative. 

The total number of constituent molecules per unit volume {v) is 
j/ = i/i + 2i/, + 3i/, + ... 

= 1/1(1 + ^ /Tc-*»«'^'+2*] 167r«F«7^dFdr + 4-//.- + - ) ("2), 

so that if we denote the fraction of the whole mass which is free by g, 
we have 



1 + -^^ [j6-*««»»^'+2*]i6^72^dFdr + ... 

Continuity of Liquid and Gaseous States. 
397. At very high temperatures h is very small, so that A, or 



v*^'. 



is very small. Also e-*[*««^"+2f'] jg y^^y nearly equal to unity. Thus at 
these temperatures the series (772) reduces to its first term, and g = 1. 
There are therefore no molecules in permanent combination, as indeed 
we should expect. 

At lower temperatures h is greater, so that not only is A greater, but the 
exponential «-*[iw^+2*], in which it will be remembered that the index 
is always positive, is also greater. The relative importance of the later 
terms of the series (772) is therefore greater. Ultimately we reach low 
values of the temperature for which h has so great a value that the series 
(772) becomes divergent. At this point the molecules tend, according to our 
analysis, to form into clusters, each containing an infinitely great number 
of molecules. By the time this point is reached, however, the analysis 
ceases to apply, as the assumption that the molecular clusters are small, 
made in § 83, is now invalidated. It is, however, easy to give a physical 
interpretation of the point now reached : obviously it is the point at which 
liquefaction begins, and the collection of molecular clusters is a " saturated 
vapour." 
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398. Regarded as a series in terms of A, the series (772) is a power 
series, and so has a single radius of .convergenca Thus for a given value 
of A, say A©, there is a single value of -4, say -4o, such that the series is 
convergent for all values of A less than -4© and is divergent for all values 
of -4 greater than^lo. In other words, corresponding to a given temperature, 
there is a definite density at which the substance liquefies. This of course 
is the vapour-density corresponding to this temperature. Clearly as h 
increases, A decreases, and conversely, so that an increase of pressure is 
accompanied by a rise in the boiling point of the substance. 

399. For very small values of h, as we have seen, v and v^ become almost 

identical, so that we can replace Ahy v k/ —^ , and the series (772) becomes 
very approximately, 

the exponential factor, which is very nearly equal to unity, being omitted. 

The integrals are now all independent of A, and we can suppose the 
integration with respect to F in the first integral and similar variables in 
the other integrals to be performed, so that we are left with a series of 
integrals each extending over a sphere of molecular action — ^integrals, then, 
which depend solely on the structure of the molecules and which may 
therefore be treated as constants. The series is now a power-series in 
ascending powers of i^M, and therefore becomes divergent when vh^ exceeds 
a certain value. 

We are considering only the limit in which h vanishes, so that for the 
series to become divergent, v must, in the limit, be infinite. This is, however, 
inconsistent with the supposed finite extension of the spheres of molecular 
action. Thus when h is very small there is no possibility of the series which 
we have been discussing becoming divergent. In other words, at very high 
temperatures, a substance will not liquefy no matter how great the pressure. 

The Critical Point 

400. We have already found that corresponding to every value of h 
there is a definite value of A at which a substance liquefies. This leads 
to a functional relation between v and T, say 

f{v.T)^0 (773), 

expressing the relation between v and T, at the boiling point of a liquid. 
We have now seen that corresponding to T= oo , there is only a single root 
of equation (773), namely 1^=00. This value of v is, however, prohibited 
by the molecular structure of the gas, firom exceeding a certain critical 
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maximum value, say rent.* consistently with the suppositions we have made 
as to the smallness of the clusters of molecules. Hence there is a certain 
critical value of T, say jTcrit. such that for values of T greater than Terit.* 
equation (773) cannot be satisfied by any physically possible value of v. In 
other words, at temperatures greater than jTcnt.} liquefaction cannot set in, no 
matter how great i/ is; at temperature Tcrit* liquefaction sets in when the 
molecular density is i^crit; ^^^ *t temperatures below Tent., liquefaction sets 
in as soon as the molecular density reaches some value which is below j^crit- 

It is therefore obvious that T^^ is simply the "critical temperature" 
in the ordinary sense, and that i/cHt. is the " critical molecular-density." At 
temperatures above Tcrit* ^^^ molecules can be brought closer together by 
pressure, and the density can be increased to values greater than i/crft.* but 
the suppositions on which we have been working are now violated — ^there are 
no loDger small and separate molecular clusters, but the clusters are crowded 
into one another by the pressure. Thus at densities above the critical density, 
the liquid and gaseous states are continuous. For values of T, v below the 
critical values, it is clear that equation (773) represents that branch of the 
chain line in fig. 10 (p. 133), which is to the right of the critical point P. 



Pressure, Density and Temperature, 

401. From what has been said, it is clear that when a gas or vapour 
is at a temperature which is only slightly greater than its boiling point at 
the pressure in question, it cannot be regarded as consisting of single molecules, 
but must be supposed to consist partly of single molecules and partly of 
clusters of two, three or* more molecules. If m is the mass of a single 
molecule, and if v^, v^, 1/3 ... have the same meaning as before, the density is 
given by 

p = m(i/i + 2i;g + 3i/,+ ...) (774). 

In calculating the pressure, we must treat each type of cluster as a 
separate kind of gas, exerting its own partial pressure. We accordingly 
obtain for the pressure, as in § 123, 

= i2T(i/i+i/a + i/,+ ...) (775). 

From a comparison of equations (774) and (775), remembering that 
Vi, y, ... are functions of T and p,it is clear that neither Boyle's Law, Charles' 
Law nor Avogadro's Law will be satisfied with any accuracy. 
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402. The observed deviations from the laws obeyed by a perfect gas 
must of course be attributed partly to aggregation, as has just been explained^ 
and partly to the causes which have already been discussed in Chapter VI. 
The two sets of causes are not, however, independent; so that it is not 
sufficient to consider the eflFects separately, and then add. The state of the 
question is, perhaps, best regarded as follows. 

The eflFect of the forces of cohesion is .too complex for an exact mathe- 
matical treatment to be possible. We have therefore, in Chapter VI. and 
the present chapter, examined their effect with the help of two separate 
simplifying assumptions. In Chapter VI., following Van der Waals, we 
regarded the gas as a single molecular cluster containing an infinite number 
of molecules, and in replacing the whole system of the forces of cohesion by 
a permanent average force, we virtually neglected the etfect of any formations 
of small clusters inside the large cluster. In the present chapter, on the 
other hand, we have been concerned solely with the formation of small 
clusters, and have disregarded the large cluster altogether. As a conse- 
quence of the omission of the former treatment to take account of the 
formation of small clusters, this treatment led to the erroneous result 
(equation (386)), that the internal pressure is exactly proportional to the 
temperature, whereas as a consequence of the omission of the present treat- 
ment to consider the clustering of the gas as a whole, we are led in the 
present chapter to the erroneous conclusion that the internal pressure is 
identical with the boundary pressure. The situation may then be summed 
up by saying that the treatment of Chapter VI. considers only the tendency 
to maaS'cluetering, while that of the present chapter considers only the 
tendency to molecular-clustering. 

So long as the deviations from the behaviour of a perfect gas are small, 
the two tendencies may be considered separately, and the total deviation 
regarded as the sum of the deviations caused by the two tendencies separately. 
On the other hand, as we approach the critical point the phenomena of mass- 
clustering and molecular-clustering merge into one another and ultimately 
become identical at the critical point. The two effects are no longer 
additive, for each has become identical with the whole effect. 

By the side of these considerations must be placed the consideration that 
we have only found an exact mathematical treatment of either effect to be 
possible by making the assumption that the effect itself is small. In other 
words, so far as our results apply, the effects are additive. It may be noticed 
that the deviations from the laws of a perfect gas which were discussed in 

Chapter VI., fell off proportionally to ^ and ^ , whereas the deviations dis- 
cussed in the present chapter fall off much more rapidly as the temperature 
increases. 
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As a conspicuous instance of a gas in which these laws are not satisfied 
we may take chlorine, of which the boiling point at normal pressure is 
— 33*4'* C. According to Stas's determination of the atomic weight of chlorine 
its density relatively to that of air would be 24501 at all temperatures 
if Avogadro's Law were satisfied. The observed densities are as follows : 

Temp. G. Density 

20° 2-4807 

W 2-4783 

100° 2-4685 

150° 2-4609 

200° 2-4502 

On inspection of these figures, we see that the deviation at 150° C. is 
about 100 times as great as that at 200° C. This rapid diminution as the 
temperature increases, suggests that aggregation plays the preponderating 
part in the production of these deviations. 

Calorimetry. 

403. The total translational energy per unit volume is 

3Er(i;i + !/,+ ...). 

We must also regard each compound molecule as possessing internal 
energy of amount [JmF" + 2^^]. This is negative, the explanation of course 
being that it is referred to the energy of two molecules at rest and clear 
of each other's sphere of influence as zero. Let us write — /j, — /„ ... for 
the average internal energy of double molecules, triple molecules, etc., 
so that the total internal energy of the clusters of molecules, referred to the 
standard already explained, is 

- (i^a/a + 1;,/, + ...). 
The general equation of calorimetry is now 

ddk^d [3fir(i/i + 1/2 + ...)t; - (i/,/, + J/,/, + ...) v\ ^-pdv. 
At constant volume, this becomes 

d® = t;d[3Er(i/i + i/,+ ...) -(1/3/2 + 1/,/, + ...)] 
and since the value of d®, is JpvC^dT, we have by comparison, 

If there were no aggregation, the value of (7„ would be 
a' = ^^[3Er(,/,+ 2i/2 + 3i/,+ ...)] 
so that by subtraction, 

<?;-a = ;^^[3i2r(i/,+ 2r,+ ...) + (i/,/, + i/,/,+ ...)]. 



Digitized by 



Google 



334 



Aggregation and Dissociation 



[CH. xvm 



It would be fruitless to try to evaluate this expression further; we 
cannot even determine its sign with certainty. We shall siraply remark 
that it depends on both the temperature and the density, and this to an 
extent which increases as we approach low temperatures and high densities. 

The case is similar as regards the quantities (7p — 0„, (7„ and 7. We 
should expect them all to depend on the pressure and density to an extent 
of which it is hardly possible to form any estimate. 

404. As an illustration we may take the case of steam. Wet steam 
is steam in which large molecular clusters occur, dry steam is steam in which 
the molecules are all separate, and our quantity q measures what engineers 
speak of as the dryness of wet steam. For the value of 7 for wet (saturated) 
steam, Rankine and Zeuner give respectively the values 10625, 1*0646. 
For dry steam (" steam gas") the recognised value is 1*30. If we used the 
formula 

'^ = 1 + ^3' 

for the calculation of n, we should come to the conclusion that n + 3 had the 
value 32 for wet steam, and 6*6 for dry steam. From what has been said, 
it will be seen that we may with some confidence take the value n + 3 = 6 
for the molecule, this being the value we should naturally expect for a 
triatomic molecule (cf. § 271) and regard the difference between this and the 
apparent value 32 for wet steam, as caused by molecular aggregation. 

406. A further instance is supplied by carbon-dioxide for which we have 
already (p. 252) noticed the large influence of pressure on the coefficient of 
viscosity. The following values of Cp are given by Lussana*. 



Temp. 0. 


Press, in atmos. 


Cp 


13-2' 


85-40 


2-1096 


» 


61-70 


0-8900 


» 


54-10 


0-7301 


114-9^ 


85-40 


0-5324 


» 


61-70 


0-3133 



At normal temperature and pressure, the value of Gp is 02164. The 
variations of Cp with temperature and pressure are therefore enormous. 

From the value Op = 2*1096, we obtain, by the use of the formula (621) 
• Nvjwo Cim. 1894, xzzti., 1896, i. 
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the value w + 3 = 92 ; from the values of Cp, C^ and 7 at normal temperature 
and pressure, we have (p. 222) found the values 

n + 3 = 7-66, 6-60, 6*67. 

We may therefore again, with some show of reason, suppose that if the 
influence of aggregation were removed the value of n + 3 would be six, so 
that the CO, molecule would be a rigid body without an axis of symmetry. 

406. A further instance, as has already been mentioned, is chlorine. 
The value of n + 3 calculated for chlorine in the table on p. 222, was 6*08, 
but it is quite conceivable that if we could dispose of molecular aggregation 
we should find the value n + 3 = 5, so that chlorine would fall into line with 
the other diatomic gases. 

407. There is no reason why we should not go further. On the evidence 
which has been obtained, the supposition that we have 

n + 3 = 3 for all monatomic gases, 

• n + 3 = 6 for all diatomic gases, 

71 + 3 = 6 for all more complex gases, 

seems at any rate to be worth serious consideration. It disposes of the 
tremendous difficulty of explaining how it is possible for the molecules of 
a gas to keep up large internal motions without loss of energy, a difficulty 
which would have to be faced if it were not for the loophole suggested. This 
difficulty, as we shall see later (§ 411), seems almost insuperable in the 
present state of our knowledge of molecular structure. 

Dissociation. 

408. So far as the mathematical analysis goes, there is nothing in the 
preceding treatment to prevent it being applied to dissociation. The former 
molecules must be replaced by atoms, and the former clusters of molecules 
by single molecules. Dissociation has been treated on these lines by 
Boltzmann*, whose analysis is almost identical with that which we have 
just applied to the question of aggregation. The question has also been 
treated by Willard Gibbsf and others by a method which, although at first 
sight appearing very different from that of Boltzmann, will be found, as 
Boltzmann remarksj, to rest ultimately upon exactly the same physical 
basis. On the other hand the question has been treated by Prof. J. J. 
Thomson§ by a method which rests upon a physical basis entirely different 
from that of Boltzmann and Gibbs. 

♦ Varlesungen Uber QastheorU, n. p. 177. 
t Tram. Connecticut Acad, m. (1876), p. 108. 
X Vorlesungen, n. p. 211. 
§ PhiL Mag, [5] xvni. p. 288. 
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409. Let us consider a gas in which the complete molecules are each 
composed of two atoms, of types o, fi respectively. 

As in equations (768) the laws of distribution of dissociated atoms and 
complete molecules are 

where ^ is the potential energy of the two atoms forming the molecula 
The analysis will be simplified, and the theory suflSciently illustrated, by 
regarding the atoms as point centres of force, and supposing the masses of 
the two atoms to be equal, say m. Making these simplifications, we find as 
the laws of distribution of dissociated atoms 

Ae'^^^dudvdw) - /•7»7a\ 

Be-^^'dudvdw] ^^^^^' 

and as the law of distribution of complete molecules 

ABe-^'^dudvdwe'V^'^^^'^^dadlSdy^in^dr (777), 

the law being arrived at in the same way as the law (771). 

410. Although the mathematical analysis is similar to that of aggregation 
there is an important difference in the physical conditions. The law of 
distribution (777) is limited to values of the variable such that ^mF* + 2^ 
is negative ; as soon as ^mF' + 2'^ becomes positive the molecule splits up 
into its component atoms. Now in the case of molecular aggregation, the 
attraction between complete molecules is not great, so that ^ is a small 
negative quantity, and the range of values for V is correspondingly small. 
In the case of chemical dissociation "^^ is a large negative quantity, and the 
range for V is practically unlimited. 

An estimate of the value of '*' can be formed by considering the amount 
of heat evolved when chemical combination takes place. For instance when 
16 grammes of hydrogen combine with 2 grammes of oxygen to form 18 
grammes of water the amount of heat developed according to Thomsen's 
determination, is 68,376 units, — sufficient to raise the temperature of the 
whole mass of water by 3,600° C. The value of V necessary for dissociation 
to occur is therefore comparable with the mean value of V at 3,600° C, and 
these high values of V will be very rare in a gas at ordinary temperatures. 
The exclusion from the law of distribution (777) of high values of V will 
therefore have but little effect either on the law of distribution or on the 
energy represented by the internal degrees of freedom, and we may, without 
serious error, regard the law of distribution as holding for all values of F. 
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This being so, it appears that the molecule has six degrees of freedom — 
the three translational degrees represented by the differentials dudvdw, and 
the three internal degrees represented by the differentials dadffdff. 

We notice first that a, ff, 7, the components of V, enter similarly into 
the law of distribution, so that for the velocity of a single atom relatively 
to the centre of gravity of a molecule, ail directions are equally probable. 
There is no tendency for the atoms to fall into circular orbits. 

We notice next that as there are six degrees of freedom, the value of 7, 
even if we neglect potential energy, must be IJ, and will be less if potential 
energy is taken into account. As we have seen that for diatomic molecules 
7 is fairly uniformly equal to If, this suggests that we are on the wrong 
track as regards imderlying physical hypotheses. 

411. We have made practically no assumptions except that of conserva- 
tion of energy, so that we are again led to examine what modifications have 
to be made if dissipation of energy is taken into account. 

Since the atoms are known, from the evidence of spectroscopy, to be 
capable of internal vibration, it seems extremely improbable that two atoms 77^ 
could describe orbits about one another, and therefore exert varying forces 
on one another, without "forcing" some at least of these vibrations. A ^ 
rough numerical calculation suggests that these forced vibrations would be 
of considerable amplitude. The internal kinetic energy of the molecule, 
JmF', can be written in the form 

m (f * -r r« ^ + r" 8in» 0<f>^\ 

where r, tf, 4> are the polar coordinates of either atom referred to the centre 
of gravity of the molecule. If there were no dissipation of energy, we 
should have, from the law of equipartition, y" 

so that f is, on the average, comparable with C. The value of r, however, 
increases and decreases alternately as the apses of the orbit are described, 
and for a considerable number of the orbits the range of variation of r 
will be small compared with the molecular diameter. It follows that the 
time of oscillation of the value of r is small compared with the time which we 
took in Chapter IX as the most probable duration of a collision, and hence, 
by the analysis of Chapter IX, that the internal vibrations forced in the 
atoms will be large. Thus any initial tendency to oscillations in the value 
of r will be damped, and the atoms will describe circular orbits about one 
another. 

There are now only five degrees of freedom for a diatomic molecule, 
and the molecule is dynamically identical with the single rotating body 
J. 22 
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of § 270. Indeed the molecule is in every way identical so long as we treat 
the atoms as points, each having only three degrees of freedom ; it is merely 
a difference of point of view whether we regard the molecule as a single 
body of which the two components are slightly separated by centrifugal 
force, or as two bodies describing circular orbits about one another. When 
we regard the atoms as something more complex than mere points, a 
distinction has to be drawn between rotation of the atoms as part of the 
molecule and rotation of the atoms as separate systems. This distinction 
can hardly be discussed without formulating definite views as to the internal 
structure of the atom. 

Similar remarks apply to molecules which consist of more than two 
atoms. The condition for no dissipation from the vibrations forced by the 
mass motion of the atoms is that the relative distance of the atoms shall 
remain the same, so that the molecule must rotate as a rigid body. If this 
argument is sound, the molecule must have six degrees of freedom 
altogether, so that if it were not for the influence of aggregation, etc., 
we should have to have 7=1^ for all gases other than monatomic and 
diatomic, as suggested in § 403. 

v/ As soon, however, as we accept the view that dissipation of energy plays 
^^ a part of the kind explained, in the phenomenon of dissociation and recom- 
bination, we have to give up all hope of calculating the degree of dissociation 
from the principles of the Kinetic Theory. For the fectors which are of 
greatest importance in determining the degree of dissociation will be just 
those which measure the dissipation of energy, and of these we know 
nothing. We can only proceed further by introducing some simplifying 
supposition which is altogether extraneous to the Kinetic Theory, as for 
instance that of J. J. Thomson (/.c. anUy p. 335) that there is a definite 
average time during which two or more atoms of known kinds remain in 
combination. 
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CHAPTER XIX. 

THE EVIDENCE OF THE KINETIC THEORY AS TO 
THE SIZE OF MOLECULES. 

412. We may appropriately devote a final chapter to collecting and 
discussing the evidence which has been obtained as to the size of the 
molecular structure. 

Throughout the book we have examined to what extent observations are 
in agreement with theoretical predictions, calculated on the supposition that 
the molecules may be treated as hard elastic spheres. We have also had 
another picture of a molecule before us — ^namely, a point-centre of force, the 
law of force between two molecules being that of the inverse fifth power 
of the distance. Neither of these two representations were supposed to 
reproduce all the properties of the molecule ; we found it necessary continually 
to bear in mind that they were at best only approximations, and to examine 
how the imperfections in our representation of a molecule would affect the 
results arrived at with the help of this representation. 

413. The question which we must attempt to answer first is as to which 
of these two representations gives the better picture of a molecule. In 
deciding this question the following table will be of use : 



Batio 


KG, 


5p 

K 


Calculated : 






General Theory 


1 


1 


Elastic Spheres 


1-60 


1-34 


Inverse fifth power... 


2-50 


1-64 


Observed : 






Mean 


1-68 


1-41 





As regards each ratio it will be seen that the best approximations to the 
observed values are given by the hypothesis of elastic spheres. 

22—2 
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This representation of a molecule has the further advantage that the 
conceptions of " the diameter of a molecule," " a collision," " a free path," and 
so on, have definite meanings when associated with hard spherical molecules, 
but none at all when associated with point-centres of force. 

The Size of Molecules, regarded as Elastic Spheres. 

414 We accordingly agree for the present to regard molecules as elastic 
spheres. Two series of calculations of the radii of these spheres have already 
been given, the first (p. 141) from observed deviations from Boyle's Law, the 
second (p. 251) from the observed coefficients of viscosity. To these can of 
course be added calculations from the observed coefficients of conduction 
of heat and diffusion. Collected together, the four sets of values are as 
follows : 

Values of Jcr x 10*. 



Gas 


Boyle's Law 


Viscosity 


Heat 


DifiFasion 


Mean 


Hydrbflren 


1-025 



1-56 
1-46 

1-60 


1-024 
0-905 
1-695 
1-448 
1-883 
1-448 
1-430 
1-412 
1-405 
1-393 
1-736 
1-770 
2-340 
2-055 
1-74 


0-995 

1-37 
1-94 
1-37 
1-36 
1-41 
1-29 

1-79 
1-74 

1-24 


1-01 
1-46 

1-35 
1-64 


1-01 
0-90 
1-69 
1-43 
1-91 
1-46 
1-41 
1-41 
1-35 
1-39 
1-66 
1-75 
2-34 
2-05 
1-49 


Helium .,,, 


Water vapour 

Carbon monoxide. . . 
Ethylene 


Nitrogen 


Air 


Nitric oxide 


Oxyeen 


^ .^o*'"' 

Araron 


'•■■^o''" ••••• 

Carbon dioxide 

Nitrous oxide 

Ethyl chloride 

Chlorine 


Mercury vapour*. . . 



416. A further way of forming an estimate of the molecular radios is by 
considering the density of the substance in the solid state. This way, how- 
ever, only enables us to calculate an upper limit to the molecular radius. 

* The values for meroury vapour refer to 208^ C, this heing the lowest temperature at which 
K has been determined. I have used Koch's value for k at 208*^ («= -000395, Wied. Awn. xix. 
p. 857) and Schleiermacher's value for ^, also at 208^ (^='0000185, Wied, Ann. xxxvi. p. 346). 
Meyer, from a consideration of the experimental difficulties, doubts the accuracy of the value of k 
(Kinetic Theory, pp. 197, 296), and this doubt is confirmed by the facts that the ratio "S^IkC^ 
is found to be as great as 8-15, and that the calculated values of ^o* are in disagreement with the 
upper limit calculated in § 415. 
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For instance, Dewar* has found the density of solid hydrogen at 13*1° 
absolute to be '0763. The mass of a cubic centimetre of solid hydrogen 
is accordingly *0763 grammes, while the mass of each molecule (assuming 
4 X 10^* for Avogadro's number) is known to be 2*25 x 10~** grammea The 
number of molecules in a cubic centimetre is accordingly 3*39 x 10". If the 
molecules are spheres of diameter cr, these molecules, if packed as closely as 
possible, would occupy a volume 

a* 



3 39 X 10« X 



V2' 



This volume, then, is certainly less than a cubic centimetre. Or, what 
comes to the same thing, the value of the molecular radius of hydrogen is 
certainly less than the value of i<r which makes the above expression equal 
to a cubic centimetre. This value is 

i(r=: 1-734 xlO-^». 
In this way we obtain a superior limit to the value of Jcr for hydrogen. 
The similar limits for other gases can be obtained in the same way, and we 
arrive at the following table: 



Sabstance 


Temp. (G.) 


Density 


Upper limit of 
i<rxl08 


Value of 
i<f X 108 (p. 340) 


Hydroeen* 


-259-9'' 

4-0 

-21-0 

-253-0 

-2530 

-187-0 

-34-0 

-20-6 

0-0 

-80-0 

-40-0 


0-0763 
1-0000 
0-414 
1-0265 
1-4256 
1-396 
1-057 
. 1-003 
0-9253 
1-6602 
14-39 


1-73 
1-52 
2-36 
1-75 
1-64 
1-78 
200 
2-04 
2-34 
203 
1-39 


1-01 
1-69 
1-91 
1-46 
1-36 
1-39 
1-66 
1-75 
2-34 
2-05 
1-49+t 


WAter {liquicTjf 


Ethylene (liauid)! 


Nitrogen* 


Oxycen* 


AnronS 


^"o^" * ••••••••••• • 

Carbon dioxide {liquid) | ... 

Nitrous oxide {liquid)X 

Ethyl chloride {liquid) \\ ... 
Chlorine iliauid)% 


Mercury** 





416. ConsideriDg the general crudeoess of the supposition upon which 
we have been working, the comparative agreement of these two sets of 
figures cannot be regarded as otherwise than satisfactory. In regarding all 

* Dewar, Royal Soc. Proc., Lxzin. p. 261. 

t The density is taken at the point of mazimnm density in the liqnid state, this heing greater 
than the density in the solid state. 

X Cailletet and Mathias, Jour, de Phya, 1886, y. p. 555. 

§ Ramsay, see Lord Kelvin in Phil. Mag, xv. p. 197. 

n Meyer, Kinetic Theory, p. 819. IF Enietsoh, Arm, Chem, 1890, oolix. p. 100. 

•* Mendeleef, ChemUtry, p. 47 (English Trans.). ff At 208° C. 
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molecules, regardless of their true shape, as spherical, we have run the risk of 
an error in ^o* comparable with the value of the quantity itsel£ That dis- 
crepancies of this magnitude occur in the two sets of figures cannot, therefore, 
be regarded as a matter for surprisa At the same time it is worth trying 
whether the errors themselves cannot be reduced to some kind of order. 

417. A first possible cause, which has probably already occurred to the 
reader, is the variation of a with the temperature. We have already seen 
that a must be supposed to depend on the temperature of the gas. Now 
the last column of the above table gives the value of ^o- at 0* C, while the 
preceding column gives the value at temperatures which vary from 
- 260" C. to 4" C. 

If we assume the empirical formula by which k (the coeflScient of 
viscosity) varies as T*, we have seen that a must be supposed to vary as 
y-i(»-i). Values of n for a number of gases are given on p. 257, and 
with the help of these we can reduce the values of ^a for the corresponding 
gases to the uniform temperature of 0** C. Corrected in this way, the 
numbers stand as follows : 



Substance 


Upper limit 
atO°C. 


Mean value 
atO°C. 


Hydrogen 


1-29 
1-52 
2-32 
1-31 
1-23 
1-95 
2-02 
2-34 
1-29 


101 

1-69 

1-91 

1-46 

1-35 

1-66 

1-75 

2-34' 

1-49 1 


Water* 


Ethylene 


Nitrogen 


Ozvflfen 


Carbon dioxide ... 

Nitrous oxide 

Ethyl chloride 

Mercuryt 





From these figures it is clear that the agreement is greatly improved by 
the temperature-correction, all gases except mercury now shewing almost as 
good an agreement as could be expected. It must, however, be remarked 
that the temperature-corrections have, been based on an empirical formula 
obtained from the variation of k at temperatures above 0° C. We are therefore 
on doubtful ground in extending it to temperatures as low as — 260** C. 

418. A large number of the corrected upper limits, it will be noticed, 
are below the corresponding mean value. This, however, is not so incompre- 
hensible as might at first be thought. Owing to the forces of cohesion, the 



* The difference between 4°G. and 0° G. is neglected, 
t Assnming the somewhat doubtfnl valne n=l*5. 



t At 208° 0. 
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molecules inside a solid or liquid are subjected to a pressure of which the 
amount, measured by ordinary standards, seems enormous. The molecules, 
then, may be said to be pressed together by one another's attraction, and so 
to occupy less space in the solid or liquid state than they otherwise would. 

To form a numerical estimate of the amount' of this compression, let 
us consider the process of changing water initially at 0** into steam, the 
pressure being atmospheric pressure throughout. To raise the water to 
boiling point, 100 units of heat are required per gramme. This heat does 
not change the density of the water to any great extent, so that only a small 
fraction of the 100 units will be spent in doing work against the inter- 
molecular forces. To change the water at 100° into steam at 100°, we now 
require 537 units of heat per gramme. Of this heat, part is spent in doing 
external work, and part in overcoming the attractive forces between the 
molecules. The former part can easily be calculated. A gramme of steam 
at 100° occupies about 1647 cu. cms., so that the external work done per 
gramme of steam is equal to the product of the atmospheric pressure by 
1646. In c.Q.s. work-units this is found to be 

1*668 X 10* c.G.s. work-units. 
Dividing by 4*22 x 10' to reduce to heat-units, we obtain 

3952 C.G.S. heat-units. 

Hence of the 537 heat-units per gramme required, about 40 are spent 
in external work, and therefore about 497 in overcoming intermolecular 
attractions. This is equal to 2'1 x 10*<* work-units, and therefore if spent 
in increasing the translational energy of the molecules, would be equivalent 

to a rise of temperature of 

2 21 X lyo 

3 Rjm 

or about 3000° C. It' must, however, be borne in mind that in a liquid 
each molecule is " compressed " at more than one point of its surface. If, 
as a rough guess, we assume contact at ten points, the rise of temperature 
just calculated must be divided by ten. The " compression " of molecules 
in water is therefore about equal to that of molecules in collision at a 
temperature of about 300° C. 

Other substances might be similarly treated. It would be absurd to 
apply the empirical temperature-correction over so large a range of tem- 
perature, and under such dififerent physical conditions, but it is obvious 
that the diflFerence between the two values for \<t is suflSciently explained. 
As regards order of magnitude of the correction, an examination of the table 
on p. 256 will be of use. 

419. There is a further consideration which is capable of reconciling to 
some extent the discrepancies between the two sets of figures given on 
p. 341. If we arrange the substances there given in the order of the 
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diflferences, measured algebraically, between the two sets of figures, we find 
that the order is roughly that of the boiling points of the substances. 





Difference 
percent. 


Boiling Point 
abs. 


Hvdrocren 


+ 71 
+27 
+26 
+ 24 
+ 21 
+ 20 
+ 17 

- 1 
-10 


20 

87 
193 
169-5 

90-5 

77-5 
183-2 
285-5 
239-6 
373 
630 


Areon 


Carbon dioxide 

Ethylene 


Oxveen 


^^^Jo'*" 

Nitrogen 


Nitrous oxide 

Ethyl chloride 

Chlorine 


Water 


Mercury 





This circumstance suggests that as regards the gases which occur near 
the bottom of the table, a considerable error may have been introduced into 
the determination of ^a, by the neglect of molecular aggregation* 

This consideration is of course by no means independent of that of the 
last section. The two considerations together seem to suggest that the 
determination of ^a for some of the vapours tabulated, and for mercury in 
particular, is almost worthless except as regards order of magnitude. 

420. Finally mention must be made of an interesting determination of 
the size of molecules which does not depend upon the Kinetic Theory at all. 
Regarding molecules as spheres which are perfect conductors of electricity *, 
the dielectric capacity iiT of a medium containing N molecules per unit 
volume is found to be given by 

For a gas K will be very nearly equal to unity, so that the relation becomes 

It is therefore possible to calculate a from values of K, On Maxwell's 
Theory K is equal to /a' where fx is the refractive index for light of infinite 
wave-length, so that the foregoing equation becomes 

It is difficult to calculate either fx or K directly, but values of /a for 
different substances can be compared with great accuracy by an interference- 
method. In the following table, many of the values are calculated in this 

* MoBsotti's HypotbesiB: see Maxwell, EUet. and Mag, p. 70 (Third Edn.). 
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way, assuming for (/i— l)air the value 1*000294. These ratios of values of 
(/i — 1) are taJ^ea from Travers* Study of Oases, p. 296. The direct values 
used are taken from Preston's lAght, p. 137. 



Oas 


(m-1)x10» 


i<rxl08(p.840) 


Hftli^irn 


35 
139 
273 
284 
294 
298 
303 
340 
449 
603 
678 
772 
1095 


0-90 
1-01 
1-35 
1-39 
1-41 
1-46 
1-41 
1-43 
1-66 
1-75 
1-91 
205 
2-34 


Hydroffen 


Oxvsen 


Argon ......... . ... 


Air 


Nitrogen , 


Nitric oxide 


Carbon monoxide. . . 

Carbon dioxide 

Nitrous oxide 

Ethylene 


Chlorine 


Ethyl chloride 



The arrangement, it will be seen, is that of order of magnitude of (/i— 1). 
The order is also, with one slight exception, that of order of magnitude of \(t. 
The agreement of these two orders gives a sufficient indication of the general 
accuracy of the values obtained for i<r. 

The absolute values obtained are not so satisfactory, but this is hardly 
surprising. For instance, from the value (/a— 1)^ = '000294 we obtain the 
absolute value 

icr = 1054x10-^ 

of which the agreement with the value 

i<r=l-41 xlO-« 

could not be considered satisfactory if it were not for the large number of 
inaccuracies which have necessarily been introduced in regarding the 
molecules as elastic spheres. It should be noticed that this is the first 
occasion on which we have been dealing with the actual matter of the 
molecule and not with its field of force. 

Perhaps, then, we may see in the difference between the two values of i<r 
some indication of the extension of the field of force surrounding the 
molecules. If so, regarding <r as variable with the temperature, the values 
of <r calculated from /i— 1 must be the limiting values of a when y=oo. 
Looked at from this point of view, the value i<r = 1064 x 10"* is in tolerably 
good agreement with the figures tabulated on p. 256. 
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APPENDIX A. 

INTEGRALS INVOLVING EXPONENTIALS. 

The type of integral which occurs most frequently in the mathematics necessary to the 
Ejnetic Theory is 

ju^e'^'^du (i), 

where n is int^raL This can be evaluated in finite terms when n is odd, and can be 
made to depend on the integral 

/]^«-'"*<'« - (iiX 

when n is even. In each case the reduction is most quickly perfcnrmed by successive 
integrations by parts with respect to u^. Tables for the evaluation of the integral (ii) mH 
be found in Appendix B. 

When, as is generally the case, the limits of integration are from u^O to u=cd, the 
results of integration are expressed by the formulae 

^ A- . 



Jo 2*+^ y \^ 

J 2X*"^^ 



The following oases of the general formulae are of such frequent occurrence that it may 
be usefid to give the results separately : 



/:• 


r *•*»** c?w= 


=2V^' 


r.'- 


km^udu = 


1 

=2Am' 


r.- 


^^^U^U- 


"4V A8m»' 


/:-' 


>^v?du* 


1 


/:- 


^xx^u^du-' 


3 /n 
"8V A«mfi' 


/:-' 


^^r^dw- 


1 
■Aam»' 


r.'- 


i^^ifidw- 


15 / n- 

" 16 V AW 



Each int^;ral can be obtained by differentiating that next but one before it with 
respect to Am. In this way the system can be extended indefinitely. 
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APPENDIX B. 

The following tables will be found of use for numerical calculations in connection with 
the Kinetic Theory. The values of ^ {x) are from a table by Tait in the paper aheady 
referred to (p. 232). 



X 


«* 


e-"^ 


hiy^- 


Defined by equation 








(684), p. 231 


•1 


•01 


•99905 


•11246 


•20066 


•2 


•04 


•96080 


•22270 


•40531 


•3 


•09 


•91393 


•32863 


•61784 


•4 


■16 


•86214 


•42839 


•84200 


•5 


•25 


•77880 


•52050 


1-08132 


•6 


•36 


•69768 


•60386 


1^33907 


•7 


•49 


•61263 


•67780 


r61819 


•8 


•64 


•52729 


•74210 


1-92132 


•9 


•81 


•44486 


•79691 


225072 


1-0 


100 


•36788 


•84270 


2-60835 


11 


1-21 


•29820 


•88021 


299582 


1-2 


1-44 


•23693 


•91031 


3^41448 


1-3 


1-69 


•18452 


•93401 


3^86538 


1-4 


1-96 


•14086 


•95229 


4-34939 


1-6 


2-26 


•10540 


•96611 


486713 


1-6 


2^66 


•07730 


•97635 


5-41911 


1-7 


289 


•05558 


•98379 


6^00570 


1-8 


3^24 


•03916 


•98909 


662715 


1-9 


3-61 


•02705 


•99279 


728366 


2-0 


4^00 


•01832 


•99532 


797536 


21 


441 


•01215 


•99702 


8-70234 


2-2 


4^84 


•00791 


•99814 


9-46467 


2-3 


529 


•00504 


•99886 


10-26236 


2-4 


5-76 


•00315 


•99931 


11-09547 


2-6 


6^26 


•00197 


•99959 


11^96402 


2-6 


6-76 


•00116 


•99976 


1286798 


2*7 


7-29 


•00068 


•99987 


1380734 


2-8 


7-84 


•00039 


•99992 


14-78225 


2-9 


8-41 


•00022 


.OOQQ/> 


15-79255 


30 


9-00 


•00012 


•99998 


16^83830 
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„ analysis of theorem, 59 
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values, 267 
„ convection of, 264 
Historical notes: 

General Theory, 9 
Proofs of Law of Distribution, 51 
Proofs of Law of Equipartition, 79 
Partition of Energy in Loaded Spheres, 

104 
Planetary Atmospheres, 825 
Hydrodynamlcal equations of a gas, 149 

Impact of masses, interpreted by Kinetic Theory, 

2,29 
Incandescence, temperature of, 207 ; of gases, 

208 
Integrating fiutors of energy-equation, 163 
IntermOleoular force in gases, 64, 73, 158, 826, 
345 
„ If in liquids and solids, 848 

„ „ law of force, 256, 275, 

326 
IntermOleonlar pressure, 160, 162, 843 
Internal pressure in a gas, 160, 162, 882 

„ energy of a molecule, 65, 172, 337 
I rrev er slhUlty of motion, apparent, 32, 59, 165 
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Isothermals, 127 
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312 

Latent heat, 343 

Law of distribution, definition, 18 
statistical method, 12 
method of general dynamics, 38 
comparison of the two methods, 53 
extension to complex molecules, 61 
Maxwell's original proof, 51 
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action, 208 
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conservative system, 178 

Uquld in contact with vapour, 8, 181, 330 
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181, 829 
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Mass and IKdecolar motion, 27, 247 
Mass motion of a gas, equations of, 149 
of molecules, 7 



Digitized by 



Google 



350 



Index of Svhjects 



Matter, three states of, 2 
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General Theory, 4 
Equipartition of energy, 92 
Equalisation of temperature, 4, 110, 111 
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„ „ analysis of assumption, 54 
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„ velocity of, 113 
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„ partition of energy between, 69 

„ number of, 172 

Monatomic gases, 172, 223 



NonrConservatiTe gas, general theory, 176 
Normal state, 49; for non-conservative gas, 

190. 211 
NumlMr of molecules per cc., 6 
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„ „ effect on coefficients of viscosity, 249 
„ „ effect on conduction of heat, 267 
„ „ effect on diffusion, 273 
Planetary atmospheres, 309 
Pressure in a gas, 105, 114, 119, 158, 331, 332 
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„ in a mixture of gases, 107 
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3, 131, 330 
„ of radiation, 212 
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PxotMbility, use of calculus of, 13, 53 
Propagation of sound, $ee Sound 

Radiation of gases, 208 

„ caused by electrical or chemical 
action, 209 

„ pressure of, 212 

Bate of dissipation of translational energy, 197 

„ „ of planetary atmospheres, 818 
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by, 345 
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and solids, 341 
„ „ determined from specific inductive 

capacity, 344 
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254, 342 
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** Special state" of Schuster and Hemsaleoh, 

207 
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„ »f of non-conservative gas, 215 
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383 
„ „ experimental values, 217, 218, 

334 
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Spectroscopy, 172 
Sphere of molecular action, 72 
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„ „ equipartition, conservative gas, 

92 
„ „ partition of energy, non-con- 

servative gas, 192 
„ „ propagation of sound, 302 

State, change of, 2 

,, continuity of, 114, 131, 329 
Statistical mechanics, 91, 187 
Statistical method, 11 

„ „ imperfections of, 12, 91, 

165 
Steam, wet and dry, 334 
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Transfer of energy by collisions, 197 
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Yaeaum-tube, free path in, 8 

„ light emitted by, 209 

Yan der Waals' equation, 115, 186, 148 ' 
„ „ treatment of cohesion, 117, 

124, 832 
Yapeur, 3, 181, 829 
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